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Swinging of Wires of Overhead Transmission

Line due to Short Circuit Current, ( II)
Transient State

( Received June 10, 1949)
Fumiki KITO *

Adstract

Swinging motion of wires of overhead transmission line, when a heavy short
circuit current is flowing along them has been studied theoretically. (I) Non-linear
oscillations of wires has been solved in a form of successive harmonic oscillations.
(II) Also in form of a power series of time ¢, which is suited to the case of
monotonic motion of wires.

I. Introduction

In a long distance overhead transmission line, when a heavy short-circuit
current-flow occur along its wires, there acts large attractive or repulsive electro-
magnetic force between the wires, and the swinging motion of wires is set up. Due
to this swinging, there is a danger of the second short circuit or flashover between
the wires to occur. About this problem, the Author has made some theoretical
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122 Fumiki KITO

study and reported in this Journal.® In the present report, the result of further
study on this problem is given, The main result obtained is as follows:

a) Static Problem. In the previous paper, we first obtained tensions T3, T: of
wires and deduced from them the values of sags Y3, ¥s. But here we made formula
giving dirctly the values of Y;, Y., thus simplifying the calculation.

b) Dynamical Problem. We made approximate solution for the dynamical equa-
tion of swinging motion of the wires, which is a system of non-linear differential
equations. The result is represented as a sum of series of simple harmonic motions.
We have also obtained the solution in a form of power series of time 7, which is
suited in treating the case of monotonous ( non-oscillatory ) motion of the wires.

II. Fundamental Equations

Here we use the same notation as in the previous paper, viz.; ;

T, T; = Horizontal tension of wires ( kg ). Fi, F; = attractive ( repulsive ) electro-
magnetic force due to short circuit current. (kg/m ) L = Span (m ) d = vertical
spacing of wires (m ). w = weight of wire itself (kg/m ) A, = cross-sectional
area of the wire (m?) FE, = Modulus of elasticity of the wire. ( kg/m? ) » = Spac-
ing factor = (Y, — Y:)/d, Y1, Y. = Sag of wires. The suffix /1’ attached to any
letter shows that it represents the value for upper conductor, whereas. the suffix
727 indicates that it referrs to the lower conductor The suffix ‘0’ shows the value
when short circuit current is zero, and is the same for upper and lower wires.
The equation of motion may be written in the form:—

—WIN L OV LR =0

gof o
_ggzz..f.TQSEZZJrz«;—w:o o "
(
“h=h= 0, i
0= 00 () |

I, being the short circuit current. The equation (1) is a system of nonlinear par-
tial differential equations. In the previous report, we have seen that when yi, ya
are independent of time # ( namely the static case ), the form of wires may approxi-
mately be represented by parabolas:—

yizyii‘f,(x—z;)+c (7=1,2) (2)

When wires are swinging, it may also be permissible to assume that the wires
form at every instant nearly parabolic curves. So we assume tentatively the rela-

1) This Journal Vol. 1, No. 2, 1948.
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tion ( 2) to hold at any instant £, Y; being now functions of # which are to be de-
termined hereafter. Now integrate both sides of the equation (1) from z = 0 to
z = L. Then

wd L 1 T e e N -
gdszoyld”J+2T’[dx]o+5ni._" w]de =0 (3)
Putting expressions ( 2) into (3) we have .

2wL\ d*Y: |, 8T v _ — La - ;=
(3g”)‘dt’2 T Yi—wl F () =0 (t=1,2) (4)

where we have put as an approximate estimate ( see Rep. I) :—

L
[ Fiae ==L (m)

III Approximate Values for Static Case

When the form of wire is given by eq. ( 2), the length S of the wire span will
be given approximately by

S:L+8(Y—f)z

3\L
whence we have
neneSan[(FV-(BY] m1e 5

For a static case, the terms d2Y:/d#? in the eq. (4 ) disappear, and putting ex-
pressions ( 5) into them we have

STn+8am (Y)Y = (P} ]vi—wis (4 )g(m =0

whence, by taking differences and rearranging;

— (La/d) (Ljd) @ (n0) (6)
CTALSBOAEJL) (Y Y+ YY) — To

Putting (as in Rep. 1), T/T, = t;, To/T, = £, we have approximately

poo Yrwy(a) 1A ye(m)

TNV —1) V14 O0ye(me)
1—yp(n) _ 1—yplin)

tg:1714(3\(2‘2—-1)7{/1—()‘7(/)(770)

where we have put

Y= dw s=2 (o) ()
Values of sags Y;, Y. will then be given by
Ve = [l (Ld“) {7)(770):[ ‘s’LT; - Yn[1iéé‘f}/(p(ilo)] (7)

Whence we have

9
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n=Joyp(m) =3 () (%) (g2) e () - (®)

1V Approximate Equation of Dynamic Case, ( Swinging Motions )
When the wires are making swinging motions, we may assume that the relations
(5) to hold approximately at every instant. Putting (5 ) into the eq. of motion
(4 ) we have

2wl &Y | 8 1 8 AE ,
(G )G+ L[ meg (=1 ]

—wL 5 (XY () =0 (9)

Now, before any short circuit current flows, sags were Y, Under short circuit
current I, the static values of sags are to be found by the above mentioned
method. We denote them by Y5, Y, and put

Y=Yy + u (7=1,2) (10)
where #;, #, may be understood to represent so called “transient” terms. We have
aiso
9= (Y1 = Yy)/d = (Yis = Yas )d + Crur — w2 )/d = moo + & (11)
where { represent transient term of n;. On the other hand, the function ¢ ( 7 ),
being nearly represented by a parabola ( see Fig. 4 of Report I ), we may put
@ {(m)=1+kn?® at least for a limited range of values of 7y. Putting these values
into the equation of motion (9 ) and rearranging, we have

(wL ) A, 8 [To §A0Eo( Y2 — Ynz>]uz

g di‘ L
= (5 )t - (57 ) (58 ) [ 8¥ut + ]
“ ()= i

where ¢ = 1, 2. This is a system of nonlinear differential eqaution with regard to
unknown quantities u,, #., the time ¢ being the independent variable.

When the short circuit current is not very near to critical value I, nonlinear
terms in the eguation ( 12 ) have smaller values than linear terms. In order to
see this fact, we estimate values of the ratios

A = ;321: 1‘110250 3V, uﬁ] = [%4 Ty uz]

- [g3][8 7om]

These ratios can also be written in the form

w4 () (3)

(10)
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L2a € €
AZ 8T()k(d)(z;[)

This A, has value of order of the difference of tensions when sag has changed from
Y:s to Yis + #u; to initial tension 7,. Taking 1. = 300 m, T, = 200 kg, a = 0.1
( these values being the same as numerical example given in Rep. I ), we have
(L%a)/(8T,) = 5625. Further, v =a/(dw) =010/(25x0.43) = 0.093 and
TyTo = t, =1 + yp( o) = 1.093. Now, if we wish to include values of the ratio’
A, up to 0.20, we may cover the value of @ up to 0.22. into our range of treat-
ment. This means that the value of short cicuit current under 1400 amps comes
into this range, while the critical short circuit current has value of 3160 amps.

V. The First Approximate Solution

The differential equation ( 12 ) can be written in the form

D Auy — BAC = - CCeut + ul) + G
(13)
dd?z“rAuz + BdC = — C(eut + uy) — G

where £ = (u; — u2 )/d. As a first approximation let us take only linear terms
in the eq. (13 ). In order that it may have solution containing sin ( cos ) pf as
factor, we must have
 —p*+ (A —-B) B =0
B -+ (A - DB)
whence we have two values of p, namely,
br=4+A P2=+A —-2B
and the solution must be of the form:—
#, = Keos (it + 6 ) + Mcos ( pat + ¢ )
= Kcos (it +6) — Mcos(jm‘—%—(p)
The 1n1t1a1 condition is, at # =0, u,=Y,— Yy, #s = Y,—Yas, du/dt = 0, dus/dt = 0.
Determinining the arbitrary Cons‘rants K M, 0 and @ by this condition, we
have for the first approximate solution,

uy, = Kcos pit + Mcos pst : ,

us, = Kcos prit — Mcos pst J (14 )
where we put

Kz%(2Y0—Y13"‘Y23)

(15)
MZ%(Ym—'Yls)

VI. The Successive Approximate Solutions

In order to form the second approximate solution, we substitute the values (14)

1)
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into the right-hand side of eq. ( 13 ), thus

d;;;;z + Au12 B( U2 — Uaz )

= — Ce[ Kcos p:it + Mcos pot 12

— C[ Kcos it + Mcos pst P + G 2M cos psot 12

d*tss
de

= — Ce [ Kcos pit — Mcos pat 12
— C [ Keos pit — Mcos pot 13 — G[ 2M cos pst ]2 (16)
Now, we have for example,
[ Kcos pif = Mcos paf 12
= ;—(KZ + M2) + %chos2j)1t+—12-M2c032pgti- KM cos ( py + pa )i
+ KMcos(pr — pa ) ¢

+ Attos + B (ttha — taz )

Thus, to solve the system of differential equations ( 16 ), we only require to solve

the following system of equations (17 ), the solution for eq. ( 16 ) being easily
deduced from that of eq. ( 17 ).
ddt;‘ + Au, — B( u; — uy ) = Hcosgt J

i (17)
‘{dt;_? + Aus + B( #; — us ) = = Heosgt
For the case of + sign in eq. (17 ), the solution of ( 17 ) may be written

% = A_I!_@? cos qt + kcos( ot + 6 ) + mcos ( pat + ¢ )

uzzzl{ qzcosqt+/ccos(p1t + 0) — mcos ( pot + @ )

while for the case of — sign in eq. (17), we have,

- H
U = mf}i}]} cos gt + kCOS(plt + 60) 4+ mcos (paf + (,())
Z{z:_A—-ng —, €0S gt + kcos (pst + 6 ) — mcos (Pst + @)

Thus we see that the second approximate solution of eq. ( 13 ) can be expressed
as a ‘sum of terms of sines and cosines of Pf, paof, (P1+ P21, (P — P2 ) ¢, ete.
And we obtain, by actual calculation;-

g Ctt ) =— 1S Cr s p2)
-1 Ce K2 —1—4271—2 cos 2pi¢
-1 5 Ce M 4 4p a5 COS 2paf

12)
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r3 :
—C| K+ ’KZM]ENW(OWI
[". B 1 cOoc £ O
CLL M | a = Capr=pr e =S (#e — P
— F"L), 2 1 I ¥, -
Cl KM ] (2pe T30S (20 4 D E

—Cl: JA_g-.cosE%p,t
4+ kcos (pit + 8)

B o 1
(m Uy ) = CeKMA—ZB—'.'(@—km)zcos(ﬁl + pa )t
—_— S 1 —
ceK‘I‘lA—ZB—-(p]-——pZ)ZCOS<pI pz)t
TR ens B 1
C[ZKM+ZM]A_ZH cospoz
3 i 1 —
4 CK MA—Z.B—(Z;)I—pz)ﬁcos(zh b2t
“Sexr 1 cos ( 25y + po )
4 A —28B — (2p1 + P2 )? o
Y I :
4CMA T cos 3p.f
Al D 1
1627 O
w A —=2B
+ 2GM?2 1 - COS2Pat
’ A 2B —dpg?

- m cos (pot -+ @)
where k, ), @ are arbitrary constants as before.

VII. The Solution as the power series of time ¢

When the wire makes a monotonous motion, instead of swinging motion, or when
we wish to know values of Y, Y, for very short period of the swinging, it is
preferrable to obtain solutons for Y, and Y. in forms of power series of time
Thus assuming the power series

Yy = Yy -+ mift 4+ nft 4 stt -
Vo= Vy A /2 4 n'tt 4 /69 4 -
and putting these expressions into ( 19 ) we obtain

3ga
4aod

o RO (L) ]

m o=
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s = = gga [ (g v 20e) Yo

b (T BAEy) ]y kL

m = —m, n'=—mn,
¢ = - [ (BAE, 2Yo) Y,m?

_ 16AOE0 _ akg 1

For practical purpose, what is required iz a convenient chart or diagram to

facilitate quick estimate. The Author wishes to be given opportunity of publishing
them in near future.

(14)



