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Swinging of Wires of Overhead Transtn.ission 
Line due to Short Circuit Current, ( II ) 

Transient State 
( Received June 10, 1949) 

Fumiki KITO * 
Ads tract 

Swinging motion of wires of overhead transmission line, when a heavy short 
circuit current is flowing along them has been studied theoretically. (I) Non-linear 
oscillations of wires has been solved in a form of successive harmonic oscillations. 
( II) Also in form of a power series of time t, which is suited to the case of 
monotonic motion of wires. 

I. Introduction 

In a long distance overhead transmission line, when a heavy short-circuit 
current-flow occur along its wires, there acts large attractive or repulsive electro­
magnetic force between the wires, and the swinging motion of wires is set up. Due 
to this swinging, there is a danger of the second short circuit or flashover between 
the wires to occur. About this problem, the Author has made some theoretical 

Fig. 1. 
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122 Fumiki KITO 

study and reported in this J ournal.n In the present report, the result of further 
study on this problem is given, The main result obtained is as follows: 

a) Static Problem. In the previous paper, we first obtained tensions Th T2 of 
wires and deduced from them the values of sags Y1, Y2 • But here we made formula 
giving dirctly the values of Y1, Y2, thus simplifying the calculation. 

b ) Dynamical Problem. We made approximate solution for the dynamical equa­
tion of swinging motion of the wires, which is a system of non-linear differential 
equations. The result is represented as a sum of series of simple harmonic motions. 
V\f.j hav2 also obtained the solution in a form of power series of time t, which is 
suited in treating the case of monotonous (non-oscillatory) motion of the wires. 

II. Fundamental Equations 

Here we use the same notation as in the previous paper, viz.; 
Th T2 = Horizontal tension of wires (kg). F~, }~ = attractive (repulsive) electro­

magnetic force due to short circuit current. ( kg/m ) L = Span ( m) d = vertical 
spacing of wires ( m ). w = weight of wire itself ( kg/m ) A 0 = cross-sectional 
area of the wire ( m2 

) E 0 = Modulus of elasticity of the wire. ( kg/m2 
) 11 = Spac­

ing factor = ( yl - Yz) I d, Yl, r2 = Sag of wires. The suffix f.!'i attached to any 
letter shows that it represents the value for upper conductor, whereas the suffix 
r;2r; indicates that it referrs to the lower conductor The suffix "0; shows the value 
when short circuit current is zero, and is the same for upper and lower wires. 
The equation of motion may be written in the form:-

- w .a.zy .. l + T acyl _j_ F - - 0 
1 ·;::, .2 l l w-

/JOt' v. 

( 1 ) 

Io being the short circuit current. The equation ( 1) is a system of nonlinear par­
tial differential equations. In the previous report, we have seen that when y1, Y2 

are independent of timet (namely the static case ), the form of wires may approxi­
mately be represented by parabolas:-

y; = yi f~ ( X - L ) + c ( i = 1, 2) ( 2 ) 

vVhen wires are swinging, it may also be permissible to assume that the wires 
form at every instant nearly parabolic curves. So we assume tGntati vely the rela-

1 ) This Journal Vol. 1, No. 2, 1948. 

( 8) 



Swinging of Wires of Overhead Transmission Line due to Short Circuit 123 

Current, ( II ) Transient State 

tion ( 2) to hold at any instant t, Yi being now functions of t which are to be de­
termined hereafter. Now integrate both sides of the equation ( 1) from x = 0 to 

x = L. Then 

zvd2 [fL l [dy JL fLI ~ J - - -i 2 y1dx J1 + 2TJ 
1 

1 + 1 J-. - w dx = 0 g l t 0 (.;{' 0 II I __ 
( 3) 

Putting expressions ( 2 ) into ( 3 ) we have 

( 2wL_) ¢_
2
Y; + ~I£ Y;- wL + La rp ( 77o) = 0 

3g dt2 L - d ( i = 1, 2) ( 4) 

where we have put as an approximate estimate ( see Rep. I ) :-

f:'pl dx = - L:J rp ( 7Jo) 

III Approximate Values for Static Case 

When the form of wire is given by eq. ( 2 ), the length S of the wire span will 

be given approximately by 

S=L+~(r~r 
whence we have 

8 [ ( Yi )
2 

( Yo )
2 J Tz = To + 3 AoEo t- - L ( i = 1, 2) ( 5) 

For a static ~ase, the terms d2Y;/dt2 in the eq. ( 4 ) disappear, and putting ex­

pressions ( 5) into them we have 

whence, by taking differences and rearranging; 

_ ( La/d) ( L/d) rp ( 7Jo ) 
no- 4[8/3 (A~Eo/D~-rcr .. {+ Y1Y2 + Y{.:.::._Yo:!)- To J 

Putting (as in Rep. I), TdTo = t1, T2/T0 = fz, we have approximately 

1 + 'YY ( 77 ) 1 + PP ( 77o ) tl = -- . ·: --- -- -- = ---- ---~-~ --- ----
v1I + r) ( t 1 - 1 ) v 11 + r)y(p( ''7o ) 

1 - yqJ ( 77o ) 
t2 = . v1 - r) ( t2 - 1 ) 

where we have put 

a 
r = dw 

l - yrp ( 7Jn) 

v 1 - l)ryqJ ( 77o ) 

Values of sags Y1, Y2 will then be given by 

Y 1 = [ wL ± ( lj-) rp ( 77o ) ] S~~ = Yo [ 1 ± ~ orycp ( 'lo ) ] 

Whence we have 

( 9) 

( 6) 

( 7 ) 
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r;o = K"oOYIJJ ( r;o) = 3 ( JL) ( ~'[o __ ) ( ~To) (p ( r;0 ) 
d dw AoEo dw 

( 8) 

IV Approximate Equation of Dynamic Case, ( Swinging Motions ) 

When the wires are making swinging motions, we may assume that the relations 
( 5 ) to hold approximately at every instant. Putting ( 5 ) into the eq. of motion 
( 4) we have 

( ?:u!J~ \) ~Yi + ~~ y [ r, + § &rEo ( y~ _ y2 ) J 
3g , df2 L , o 3 £2 t o 

i 

- wL + ( ~f ) cf' ( 77 0 ) = 0 ( 9 ) 

Now, before any short circuit current flows, sags were Y 0• Under short circuit 
current I, the static values of sags are to be found by the above mentioned 
method. We denote them by Y1s, Y2s, and put 

Yi = Yis + Ui ( i = 1, 2 ) ( 10 ) 
where u1, u2 may be understood to represent so called "transient" terms. We have 
also 

(11) 

where t; represent transient term of 170• On the other hand, the function q1 ( 17o ), 

being nearly represented by a parabola (see Fig. 4 of Report I), we may put 

lp ( 'l'?o ) = 1 + kt!o2 at least for a limited range of values of r;0• Putting these values 

into the equation of motion ( 9) and rearranging, we have 

+ ( Ld ) 2kYJoo l; - ( ~i) (Az!fo) [ 3YtsU~ + u~J 

± ( ?; ) kl; 2 = 0 ( 12) 

where i = 1, 2. This is a system of nonlinear differential eqaution with regard to 
unknown quantities Ut, u2, the time t being the independent variable. 

When the short circuit current is not very near to critical value 10, nonlinear 
te:.'ms in the equation ( 12 ) have smaller values than linear terms. In order to 

see this fact, we estimate values of the ratios 

A _ [ 64 Ao Eo 0 v- 2] . [ 8 T J 
1 - 3L ~L 2 - ~ • ·> .._ is ui -.- ----L o Ut 

A _ [ La k !-'":! ] • i 8 T. J 
2 - d s -;- L L () Ui 

These ratios can also be written in the form 

( 1~) 
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A2 = t~ k ( ~ ) ( ~ ) 
This A1 has value of order of the difference of tensions when sag has changed from 
Y1s to Y,s + U1 to initial tension T 0• Taking L = 300 m, T 0 = 200 kg, a = 0.1 
( these values being the same as numerical example given in Rep. I ) , we have 
( L 2a ) I ( 8T0 ) = 5.625. Further, 'Y = a I ( dw ) = 0.10 I ( 2.5 x 0.43 ) = 0.093 and 
T1/T0 = t1 =1 + yep( r;0 ) = 1.093. Now, if we wish to include value3 of the ratio· 
A1 up to 0.20, we may cover the value of a up to 0.22 into our range of treat­

ment. This means that the value of short dcuit current under 1400 amps comes 
into this range, while the critical short circuit current has value of 3160 amps. 

V. The First Approximate Solution 

The differential equation ( 12) can be written in the form 

~~1 + A u2 - Edt; = - C ( eui + u~ ) + Gt;2d 2 

( 13) 

where r; = ( u1 - u2 )/d. As a first approximation let us take only linear terms 
in the eq. ( 13 ). In order that it may have solution containing sin ( cos ) pt as 
factor, we must have 

r -p2 + (A-B) 
B 

B 

- P2 + (A-B) 

whence we have two values of p, namely, 

P1 = v1A~ P2 = -v.A~ 2B 
and the solution must be of the form :-

u1 = Kcos ( Pd + fJ ) + Mcos ( P2f + cp ) 
u2 = Kcos ( Pd + fJ) - Mcos ( P2t + rp) 

0 

The initial condition is, at t =0, tt1 -= Y0 -' Yis, u2 = Y0 - Y2.~, dutfdt = 0, du2/dt = 0. 
Determinining the arbitrary constants K, llf, 0 and cp by this condition, we 

have for the first approximate solution, 

Uu = Kcos Pd + Mcos P2t 

u21 = Kcos Pd - Mcos P2t 

where we put 

K = ! ( 2Yo - Y1s - Y2s ) 
2 

M = ~ ( Y2s- Y1s) 
2 

} 

VI. The Successive Approximate Solutions 

( 14) 

( 15) 

In order to form the second approximate solution, we substitute the values ( 14) 

( '11 ,) 
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into the right-hand side of eq. ( 13 ) , thus 

d
2
u12 A B( ) -df2 + U12 - U12 - 'U22 

= - Ce [ Kcos Pd + Mcos P2t ] 2 

- C [ Kcos Pd + Mcos P2t ] 3 + G [ 2M cos P2f ] 2 

~~22 + Au22 + B ( U12 - U22 ) 

- Ce [ Kcos pd- Mcosp2t] 2 

- C [ Kcos Pd - Mcos P2t ] 3 
- G [ 2M cos P2t ] 2 

Now, we have for example, 

[ Kcos Pd ± Mcos p.,t ] 2 

= ~ ( K 2 + M 2 
) + ~ K 2 cos 2Ptf + ~ M 2 cos 2p2t ± .KM cos ( P1 + P2 )t 

± KM cos ( PI - p2 ) t 

( 16) 

Thus, . to solve the system of differential equations ( 16 ), we only require to solve 

the following system of equations ( 17 ), the solution for eq. ( 16) being easily 
deduced from that of eq. ( 17 ). 
d2u 
dt1 + Au1- B( u1- u2) = Hcosqt 

d2
U2 dt'!. + Au2 + B( u1 - u2) = ± Hcosqt 

For the case of + sign in eq. ( 17 ), the solution of ( 17) may be written 

u1 = A I-f_ __ 2 cos qt + kcos( Pd + fJ ) + mcos ( P:i + Cf' ) 
-q 

u2 = A __ If__ 2 cos qt + kcos ( Pd + fJ)- mcos ( P2t + 1p ) 
-q 

while for the case of - sign in eq. ( 17), we have, 

U] = ___!!_ ___ 2 cos qt + kcos ( Pd + e ) + nz cos ( p2t + rp ) 
A-2B-q 

H u2 = - -------- cos qt + kcos ( p2t + fJ) - m cos ( P2t + rp) 
A-2B-q2 

( 17) 

Thus we see that the second approximate solution of eq. ( 1:3 ) can be expressed 
as a sum of terms of sines and cosines of Pd, P2t, ( P1 + P2 ) t, C P1 - P2 ) t, etc. 

And we obtain, by actual calculation;-

~- ( u1 + u2 ) = - J i_.! ( /(2 + M 2 
) 

- ~ Ce K 2 A _! 4p
12 

cos 2Pd 

1 1 - 2 Ce M2 A _ 4Pid cos 2p2t 

( 12) 
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- Crl 3 3 3 2 J ] -1-- 4 K + 2 K M _ A~~-p1-2 cost~~-

- CIa K 2 M -l 1 "' '2 · ) t 
L 1 J A ( 2 ., ~..:.os \ ·P2 - P1 . 

'i' - - :p2 - jJJ )'· 

- c [: K 2
M J A:--=-c2'f2-+P~7J cos c 2Jh +PI) t 

- C [ ~ K=1
] A-=-\P~ cos Bp1 t 

+ 1c cos c Pd + e ) 
1 1 

( l/.1 -- Zh 1 = - CeKl\1. ----.-- --------- cos ( P1 + P2 )t 
~ - / A - 2B - \ P1 + P2 ) 2 

1 
- CeKJ\Il A ..:..:: 28 _ ( p

1
-=p

2 
) 2 cos ( PI-P2) t 

C [ 3 K:>.M , 3M3 J l ~ p ' - -z -r- 4 A ~-·zii=--p2~ cos 2r 

- ~ CK 
2 Af A _ 'LB _ ]( '2p

1 
_ p

2 
y cos ( 2p1 

- 3 Cl{"'j[ ---~--1~----- eos ( 2fJI 
4 A - 2B - ( 2p1 + P2 ):! 

- ! Clli3 . .. ___ }_~-- cos Rp2t 
4 A- 2B- 9Pl· .. 

+ 2c; :'Vf2 A- --~-:Axs 

+ 2Givf2 ---, _l __ o cos2p<>.t 
A-- '2B- 4p2~ 

+ m cos ( P2t + rp ) 

where k, e, <p are arbitrary constants as before. 

VII. The Solution as the power series of time t 

When the wire makes a monotonous motion, instead of swinging motion, or when 

we wish to know values of Y1o 1'2 for very short period of the swinging, it is 
preferrable to obtain solutons for Y1 and Y2 in forms of power series of time t. 
Thus assuming the power series 

Y1 = Y 0 + mt2 + nf:l +sf' -I-··· 

Y2 c.c Y 0 + nz't2 + n't' + s' t' + · · · 
and putting; these expressions into ( 19 ) we obtain 

m = 3ga 
4wd 

n = - Er [ 1 + 136 ( Ai~o ) ( ro r J m 

( 13 ) 



128 Fumlki KITO 

s -- __ g~-2 [ ( B~ofo + 2Yo ) Y(Jm2 

5wL 3L 

+ ( To+ 
16~o§o Y 0 

2 
) n J + ::: X g m 2 

m'=-nz, n' = - n, 

s' = - ~_[{__ [ (-~4_11~o 2Yo) Yom2 

5wL2 3£2 

- [ (To + !~ff-§Zq Yo2 

1 n J - ~~1 X ~ m2 

For practical purpose, what is required is a convenient chart or diagram to 
facilitate quick estimate. The Author wishes to be given opportunity of publishing 
them in near future. 

( 14 ) 


