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Fig.6. 
Sketch of flow of Whirli昭 WatEr

through an Elbow. 

been No民 :-Sornecopies giving the rnain feature of this paper has already 

distributed by the Author in Oct. 1941. 

Bending of a Circular Plate of 

Non-Uniform Thickness. 

Kito* 

A circu1ar p1ate whose thickness vぽ ieslinearly with the radius r is subjected to non-
UI;uform 10ad which is a specified function of γ. This prob1em of. bending of p1ate has 
been studied thω~retical1y ， and the result obtaim:d is shcwn as charts，..: so t~t the designer 
cou1d make estimates of stresses etc.， in such a p1ate with easiness. 

Fumiki Recieved J an. 15， 1949. 

Seetion 1. Preliminary Remarks. 

Let us consider a circular plate of radius R， as sqown in Fig. 1. Its thickn.ess h 

is not uniform， but it is a function of radial distance γ. On this plate lateral load 

of strength pjunit area is applied. This distributed load p is also a function of radial 

distance γ. Thus， all things. being symmetrical about the center 0 of the plate，.. the 

stre部esoccurring in the plate must also be functions of radius γonly. The Author 

has made some calculation on such a state of stress， ~nd it is reported here. A case 

of stress in blades .of a marine propeller (especially wide-bladed Qne) under the action 

Dr. of Eng. Prof. of Keiogijuku University. 
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Behding of a Circular Platβ. of Non-Unitorm Thickness 

of hydraulic pressures upon their surface， has 

some resemblance with the case of the presant 

paper. 

ln order to obtain simple 叫 utionas far as 

po回ible，we confine ourselves to the case in . 

which the thickness varies linearly with the 

radius 1'， and we use the following notation: 

E=Young's modulus of the material of the 

plate，γ=its Poi部 on'sratio， h=thickne関 atr， 

N =Flexural rigidity=Eが/12(1ーγ2)，σr=radial

stress，σt=tangential stress， p=load per unit 

area of plate surface， Pr=shearing force at 

circular section r， w=lateral deflection，伊=

inclination of middle surface= dw/，か， R=Out-

side radius of the plate， Rl =virtual radi句 at

which the thickne部 hvanishes. 

Fig. 1. 
Circular Plate of non-uniform 

thickness. 

'17' 

The thickne.回 hof the plate is givEm by h=ho(Rrーγ)/Rl・ Further，we put x=γIRJ， 

and regard x as new independent variable. At the outer edge of platc we have x= 

的 =RIRl・ん beingthe thickn邸 sa t center， we put 

No~Eho'l/12(1 ー γ2)・…(1)

As ωthe dependent variable， we take instead of伊;.thequantity y clefined by the 

formnla 

x 
伊=万二可"2Y

Using these notations， it is found out that the equation of equilibrium of plate as 

given in usual text-books can be transformed into:ー

必(14)33+(8一勧)23+8(1-Y)ν=会7pp 仰

The homogenωus equation to be obtained by putting the r~h.g. -0/ this eq. to zero 

is of hypergeometric type and could be solved. by_' means of the hypergeometric 

functions. But ifwe a路 umetentatively thatγ=1/3， then，they reduce into elementary 

functions， and the complementary solution of eq. (2) can be written in the form; 

(.. 2. ¥ _ ....... 1 
y=A~lーず)+B王子

Knowing the complem~ntary solutioIl， we can build up t~e general. solution of (2) 

by四国1methω. 

S舵 tion11. αrc叫町 Plateund~r the action of Lateral Loads along the Edge. 

Thus the general solution of eq. (2)， beωmes‘ '  

(.. 2 ¥ _' B 
y=A~l- ix)+子
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RJ2 rXI/"1 2 ~ ¥ &2 (1 2 <'::¥ I 'Pr(e) 
一一， 1(1 ー ~X) 一一山一-Ell--1dE …(3) 22¥ToJoL¥.L 3'̂"J x2

¥.L 3"';Jい-&)

and if we know the value ifJr of the shearing force at radius ηthe integration in 

the formula (3) could be performed. When the plate is acted upon by edge load 

of strength P per unit peripheral length， and there exist no distributed load， we 

must have rpr=RP (a const.) so that 

PR 
Pr(ξ)一一一一-Rt& 

and we can obtain value of y by putting this expression for Pr(&) in加 theequation (8). 

Section 111. Circular Plate under the action of non-uniform lateralloads. 

Here we take， k being a numerical parameter， 

P=Po[f(x)+kg(x)] 

where 
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Putting this exp阿部ionfor p，. in旬 theeq. (3) we obtain:ー

(1 2 ~ ¥ ，B POR13 
y=A¥l-ず)+;-2瓦 -[Ft(x)+kxtF2(x)] ・ (4)

where Ft(x) and .F'1(X) are functions of x which is shown later on. The arbitrary 

eonstants A a"'l.d B are to be determined by Boundary Condirions which we也ke

-to be as follows; 

(a) owing句 symmetrywe must have伊=O，or勾 =0，at x=o (γ=0) 
(b) the outer radiusγ=R， being free edge， we must have at X=Xt • 

Mr==N[~~ +r~]=O 
which is tbe回 methings as 

dy ， 2 
(l-x) d~ + 3 (2+x)y=0 

In this way， arbitrary constants A， B are determined. The st民 間esσ，.and σt in the 

platesaref.len 'given'-by， 

_ _ 12Nrd伊 ，~I 伊 1 1 
o，.=-一hi1 仁dr'i" rr-J I 

σ一 12互に仰.伊11 
tー が L'dγrγJ  J 

The Author has carried out the calc'lIation foI"σt aI1dσr and obtained the following 

く84)
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result， the detail of which， being lengthy， is omitted here. 

where we put 

2POR13i[i(6-4叫が)C+G1(桝 k伯仲)]-ho2(1-x.)2 L 3 ¥'J -，，;"'" I "'" ''-'''--~l\'''''r，'''''''''''U'~，'''， J 

2PoR/' fo(o 8 _. _2¥ . TT 1_¥. J__ TT.:!__¥l 

σt=取f[寺戸L2~2-γ+x2)+広(幼+kx4H2{x)J 

r 1 ~， ，_. 1 ~， " r 2 ，~ _，' C=L吾G1(x什 kx)x言G2(的)J+L --~(6-4xl+げ)j

and the functions GJo G2， Hl and H2 are defined as follows:ー

1/4 2 ¥ 
日(x)=互い-刻印)一読ん(x)

1/_ 2 ¥ 
凡(♂)=ポ1ーず)I2(x)一読ん(x)

1 ...， ，_ 1 
Fγ(x)=一言IJ(x)+王子ι(x)

帥 )=-3A伸長五(♂)

的)=い村+(l-xl)log (l-x) 

1 ~ 2 ( 2 ~2 1 r.. 1 ¥ ιμ)=ず Eぎが一ず-l)x

1 n/2 ， 1 1 ¥ _ 1 11 _ ¥ 
一i--x3

(.ーがー←必ー -I+~xr ~x+1) 3"'" ¥ 5 _ 4 .v 3) I 3 ""'¥ 2 ノ

ペ(1ーげ)log (l-x) 

14 . 1 1 n¥ 
Is(x)=(1-J.，J3) log (l-x)+ペ1+ず+ずつ

1 n 12 n 1 4¥ 
ん(X)=]-x1勺 ず

2ーず-1)

1. ../1 n 1 1 ¥ _ 1 14 _ 1 _ 1 0¥ 
ーーがi ーがー~X一一 1+ ~xf1+ ~x+ ~X勺3 ~ ¥ 3 .v 5 .v 4) I 3'" ¥ -L I 2 -I 3 "'" J 

+i(1ーが)log (l-x) 

GJ(x)=3x(1-x)Fγ(x)+2(2+x)F1(x) 

G2(x)=3x(1-x)凡ヤ)+2(2+x)九(x)

Ht(x)=x(l-x)Fγ(x)+2(2-x)F1(x) 

H2(x)=x(1-x)Fγ(x)+2(2-x)F2(~) 

79 

-・・(6)

.-.(7) 

Practically， the calculation of stresses as given by the Formulae (6) and (7) can 

easily be carried out if we know values of the functions G1(x)， G2(x) ， H1(x)， and 

H2(x). The numerical values of these functions has been obtained by the Author ~ 

and . they are shown as curves in Figs 2 to 5. 
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Fig. 2. Chart for Gt(x). 
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Fig. 4. Chart for Ht(x). 

Fig. 3. Ohart for G2(x). 
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Fig.ら. Ohart for HJ..x). 
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