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The project focused on mathematical analysis in fluid dynamics, particularly on developments of
numerical methods. The central issues were the incompressible Navier-Stokes equations (NS) and
the linear transport equation (LT). The velocity field is governed by (NS); in an inhomogeneous
fluid flow, the density field satisfies (LT); in a two phase fluid flow, the level-set function that yields
the free interface solves (LT). In mathematical analysis of the system of (NS) and (LT),
investigation of (LT) plays a key role; especially, if the velocity field belongs to a Sobolev class,
(LT) must be solved in the class of DiPerna-Lions weak solutions. In two phase flow problems,
even if the velocity field is smooth, one has to deal with complicated issues of construction of
geometric quantities of the level-set out of a solution of (LT) such as the normal field, the mean
curvature, the area element, etc.

Achievement 1. New finite difference methods were developed to solve (LT) with a given velocity
field. If the velocity field is given from a Sobolev class, it is unbounded in general and the standard
framework of explicit finite difference methods does not work. In this project, a new technique with
cut-off arguments for the velocity field together with a measure estimate for the trimmed part and
the generalized hyperbolic scaling limit was proposed so that a explicit finite difference method
works for (LT) with an unbounded velocity field. It was also shown that the new method yields
DiPerna-Lions weak solutions. Furthermore, it was demonstrated that, if the velocity field is
smooth, the above mentioned geometric quantities of the level-set can be rigorously constructed
by the finite difference method.

Achievement 2. A new finite difference method was developed to construct weak solutions of the




system of (NS) and (LT) for inhomogeneous incompressible flows. A new finite difference method
is under discussion to construct weak solutions of two phase problems.

Achievement 3. An Inhomogeneous flow with mass diffusion are described by modified (NS) and
(LT) with the diffusion term, which is known as Kazhikhov-Smagulov model. Existence of a weak
solution of the model was proven without any simplification of nonlinearity.

Achievement 4. Nonlinear modification of (LT) so that numerical computation of the geometric
quantities becomes more accurate has been a recent development in literature of computational
fluid dynamics. The project gave a mathematical justification of the modified (LT) by proving
solvability in the class of spatially local classical solutions and viscosity solutions.
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The project focused on mathematical analysis in fluid dynamics, particularly on developments of numerical methods. The central
issues were the incompressible Navier—Stokes equations (NS) and the linear transport equation (LT). The velocity field is governed by
(NS); in an inhomogeneous fluid flow, the density field satisfies (LT); in a two phase fluid flow, the level-set function that yields the
free interface solves (LT). In mathematical analysis of the system of (NS) and (LT), investigation of (LT) plays a key role; especially, if
the velocity field belongs to a Sobolev class, (LT) must be solved in the class of DiPerna—Lions weak solutions. In two phase flow
problems, even if the velocity field is smooth, one has to deal with complicated issues of construction of geometric quantities of the
level-set out of a solution of (LT) such as the normal field, the mean curvature, the area element, etc.

Achievement 1. New finite difference methods were developed to solve (LT) with a given velocity field. If the velocity field is given
from a Sobolev class, it is unbounded in general and the standard framework of explicit finite difference methods does not work. In
this project, a new technique with cut—off arguments for the velocity field together with a measure estimate for the trimmed part and
the generalized hyperbolic scaling limit was proposed so that a explicit finite difference method works for (LT) with an unbounded
velocity field. It was also shown that the new method yields DiPerna—Lions weak solutions. Furthermore, it was demonstrated that, if
the velocity field is smooth, the above mentioned geometric quantities of the level-set can be rigorously constructed by the finite
difference method.

Achievement 2. A new finite difference method was developed to construct weak solutions of the system of (NS) and (LT) for
inhomogeneous incompressible flows. A new finite difference method is under discussion to construct weak solutions of two phase
problems.

Achievement 3. An Inhomogeneous flow with mass diffusion are described by modified (NS) and (LT) with the diffusion term, which is
known as Kazhikhov—Smagulov model. Existence of a weak solution of the model was proven without any simplification of nonlinearity.

Achievement 4. Nonlinear modification of (LT) so that numerical computation of the geometric quantities becomes more accurate has
been a recent development in literature of computational fluid dynamics. The project gave a mathematical justification of the modified
(LT) by proving solvability in the class of spatially local classical solutions and viscosity solutions.
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