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Nonelementary Computational Complexity of Substructural Logic
(b M 1 e B D FER R G TR )

(NEDEF)

o HEEFR I (substructural logic) 1%, MBS FRinPECL ML/ & ORBER DR 4 7
PR R & E ORFRIZIND DI IR THh D, FOREL, —FTEAE, £
< OFmEIZ3m L THN 2 E OEHER - i—RtgIcdh 5. £ 9 Licflie g
DOHTY, FMBEARICATEET 2R ERMBEOMHE OB A Y = T — 7o 5EiE
ThD. Rz, imBROFEHTREMEREE (provability problem) DOUYE (R) AJREME (72
b, BXONZHOGEN RTREME 2 A REFHNICHEST 2 7 v 3 Y X ARFIET H00E
IM) ERAOLNITHZ LT FEERT—~THDH. MAT, sEARREMEREZ M DI
ENFEIFOFHBEER BIZILFHEORT » 7HOREEKO®) 2 HT 500 150
D2 &b LIXRUISRMEFEOBLHE L s, EE, WMEBOFERIIZITRO >0
BEEEATD

(1) HUZOFGRHENHEIZIREFRETH 2 0E 0 &0 ) M e I Nbin T, £ 05

HoOBRMAIO X0 EMRiGe 525 &) HimiR B,
Q) YUHOMmMBN EOREEMRICMZ D20 EWMUIRT EVNWI TT 7T 4 HVIRE
7.

REMEIZENZEL DICET HHAEEROLEIS U TFICAZ DB (tractable
problem) & FIZE 272V & (intractable problem) (Z KBS D. LorL, FICAZZR
WD TFRICAX RS FMEICIVFELLE D, FIZAXRWREEOFTH, 1]
HERIRRERE] T T e WEE, Thbb, O AR H)% B2 (elementary
recursive function) THIZ B2V K 5 R REEDFIET 5. AGw 3L TlE Z OFE O ] % 1k
FEIZIN$E72[#H (extremely intractable problem) & FES. FRFEIC K72 MME %2 0T 5 7=
DOREAFDORE & L TlE, Lob and Wainer (1970) (Z & 5 JiL5E Grzegorczyk [/ (extended
Grzegorczyk hierarchy) OY|ERENN— 3 A HILTWA. Lo L, JE3E Grzegorezyk
BEfE (OHEMENN—T 3 ») TR &R Lo BEERE TH DR EMEOTLMEE 2
SHIRTE RN EWV S FIRERZ T 5. Sylvain Schmitz (2016) [X¥E5E Grzegorczyk B
JEDZ 5 LT RISEFER Lz T, ZNaME L o2 b M IZ KN EE 2 ME O 725751
% AIREICT 2 MM 2 Bk A 42 L7c. Schmitz (2016) IZ KV #EH SN OB LW
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INT HA KNTEIEINEH R EMEE (fast-growing complexity hierarchy) & FEIZILS.

2010 FARICBIT 2 IMEFH A EIR LOZ 5 LIz T L—27 ZA)b—0—J5 T, Hisi
FER D R TIE, Chvalovsky and Horéik (2016) 23304 & 3w EE FLe O RERA nlREMERTE O
WEARREMELFE L7z, 2T kv, AR HIEFREE (basic substructural logics) & #
IHD 14 O b EEEN 705 G R OFEA AT REE O A B O EFRH 6 L 7e o 7.
TV, FRERLICKT L CHERE S D0 E R & FER rTRBMERTEICIR & 72\, 51T
EZONDHH 9 — OOREMBEIL, Hi%EREM:ME (deducibility problem) & FEIEIL 5 FIE
B ATREMERTE D H AR e — kb TH 5. GEF ATREMERTEDS B 2. D AVIZ O M O Iz B
FHEE ATREME A2 BLICR O olcxE LT, TR rTREERTEITHOAIRES S L H—DIH A
DOAEANSE L, SICET2HEZIEGHVAI L L TR & IS OMmELT A 255E
RIREZNE D D& 9 . R ATReME SR vIBEME DO — i k72 2 BT LUI A TRES S 2254
B & UTCHEE LRk 7 — ADSGEA AT REEREICHE S 972720 TH 5. EE T &1,
HHGRELCES ERRE O X O R I ML —HofoEmEIc BN T I b =
RO MBEZWRRT 5 BN ARKENZIZ W E WS Z & ThDH. ZOMBITHIZ, Hit
i BRSO [ELBL - e PR C IR AR E BRIC K o TR T REME NGB W REPEIC RIS (70 b
HZEARH T) BILAEETH L6 5720, T, £ < O #EmE Tl
EREEBRDN AL D SLT2 72 W T2 01T, AR rTREMEE IE A W 703 AR & L T 975,
ZUDNER Sy WS i PR A 38U T A AT e ME B RE S RIERA AT REME R 2> B RS U 72 B A DO BA.O
ZEOLHEETHD.

RIS B ORI FTREME D FHE EFENT DI LI RIBIZH LT, M EmER O
FERTREMEITEH A EICBA L TRIEZ S Ok L & B ITERORMAZIEL TV D, Km0+
REVE, Bk 2 723055 1 0 fm PR 0D {7 Re M T R oD i B8 TR e 1 2 B N E H R B g ol i)
ODHALNITLHZETHD. LIT, AWEOFH R E & bITmL ORI~ 5.

1 ETIE, ARmXofs, B, BLOHEBZ S OICHELIE~S. H2ETI,
53 L 4 EOERROGEMIZLERBEM OIS (BHEHoMEmEoy —7 =
RNEFE, MREEFFE X7 MUINRE T AT A, SIINGHEEMRE, SFFERENE E) %6
HIZHAT 5.

F3WEH AR TEIARLOEMREZAN T L. B3 ETIE, HoMERE FLew (B
L O ORREMRR) OEFEFTREMEOME R ERELRET 5. (B3 BEONRITEES
i TR B ER YT S am LD IS ) RIS - T, FLew & X EBLF Fdn S m B
2> BAEFIBLE 2 BRDN TR O D BRASR I 5. FLew 1L LoD & L 72RO BRI 2 Fr
TR VERETZ BIX, Bd 5 aEEmEL O R TH IR 2 H O T s, BEE, Zh
O O LI RO FE AP & HEF JE M A4 WNL T 2 BAMER TR O A a3 & v 5 B
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TRACIHE T HGREE EORFMEGTR DO URIZB W THH 2O TE 7.

AR ATREMERTEIZ SR > TF 21, FLew DO IEfERFHREEIIBEIZE 541 TV % . Hordik and
Terui (2011) 1% FLew DREF AIHEMEDS PSpace (ZHEAZERLEAIRERED 7 7 ) 128
WTHEETHAHZ LEFE L7z, ZHIZx L, Blok and van Alten (2002) (% FLew D%
ATREPERTEN R EFRECTH D 2 L ZFEH L7223, Z LA FLew O IEAE AT REMEIZBE L CHF
ICENL - T ERIT <, TOEMARFHERIIRHTH 72, RIRTED, FLew DIEHNE AIHE
PEDOEFEEIX, Logic Colloquium 2008 235\ T Bilkova (2008) 12 & ) RfiFRHEE LT
Skanr oz, L E L HEERIN ORI N REFELE LGRS T\
L9 THD. &THoréik and Terui (2011) DFEFRAD, FLew DIEFEATREMEN D72 & 1
PSpace R#ETH L Z LN AWITIFIET 5. LL, FxIL T ORBED R &3 FEE
I HEAZE TR A EFIRRRT O /BB L TWD Z LA L, Al o RARR
DOREAZ RS 5. IEMEICITIREZGE T % -

FLew D% rIREMEI X BB NG R BFEE O 25 3 J& (EBFR Tower) IZBWTHETH 5.

ZDORERIT, FLew DOTEFERTREMEITMENICIEVIFEFIZIITIEDH D bOD, (A 7+
—v A RREZHOIUL) HETHAH UTHFMERRBITHLHIZWBE 20, L)
ZEEBRTVD.

FLew D% FIREMED Tower 522 1L (a) Tower FTEM: & (b) Tower [KI#EM: % IE |2 FiERH
THZEICEVIERT D, £, FLew OEFEATREMDS Tower IZBT 5 2 & AR T 7201Z,
Lazi¢ and Schmitz (2015) (2 X ¥ & A X #17= ABVASSy (alternating branching vector addition
systems with states and with full zero tests) & FEINAERRICERT5H. —F TR,
ABVASSo L 1ZERT X MBS ERIloRWh U o2 —t% 3 FEOF Luomaic k-
THEIET 5 Z & THONDIREER X X7 MUVIIRE AT A (vector addition system with
states) DO—FET&H 5. Lazi¢ and Schmitz (2015) 1% ABVASSo D R]ZEMERRE (reachability
problem) O—FfETdH 5 v v > —r[ZEM:[E (lossy reachability problem) 7% Tower 542 C
HHZLEEFA L. SLICZOFEEREHANTHSIET 7 7 4 inBLORER Al GE MR
b EFRIC Tower S22 TH D Z L &G LT-. 2D EHBE ZAUE, b L FLew D JHAE AIHE
PERIEZ ABVASSo D 1w 2 — A EMEREIC R T RE/R 2 & 27" 2 L 3 TE AUE FLew
DEFEFTREMED Tower FTBMENIRRET 2 &0V Z &M h 5. LarL, T L5 7%En
DAFAEZFE T D BRICIE LD OEMBREENE T 5. EOREX, Fx OmEED AL
W2y MREZLELT DI 0D LT, IEmIAIANE A5 72 Flew TIZ—MXIZ A v
FEREDHSL LW Z LIZEKRT D, 29 LEEWEEA RS 572012, Ty MERENK
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DSLDOR D RBEBERT 7 7 A4 VimBROERE (ILZ,) ([ZIHEHT 5. Fx 1L ET FLew Ol
T RTREM: 2 ILZ,, DRE ATREME~ &R IE L, £ D% ILZ, DRE B 2 ABVASS) D &
—rEMEREA~EE LT D, 22T, ILZ, DOFERAAREMERTE )Y S ABVASS) D H v v
— A EEMERBE~ DR JC 13 Lazié and Schmitz (2015) O FEIZH KILL T\ 5. BHRIOIE
TEDFIETNDIXILZ, & FfER & LTRSS E 25 2 & CRE &SN 5.

56V T FLew O ] REMERTB D Tower IWEEMEDVR S 5. T4 1L £ 7, Terui (2002) 73
HBALREIAY — 27 = b (I-prenex sequent) & FEINAHIEFICHIBEINTZEZ H OV
— 7T MIERT D, Fxld, ERBIERRET 77 A UiaEIZBIT LY — 7 =
NMZBAT 2 REM ATREMERTEDY Tower REECTHH Z L 2R L, S HICZ OREZ Flew
DOIFEME A REMERIEA~ E D RANGE LT A2 LIk OB REES 5. KRS, UHEEY —
sy MIETLEBIEERET 7 7 A i PLOGER FTREMERIE O Tower WIEEMEIX
Lazi¢ and Schmitz (2015) IZ X 2FERAZH WD Z LTV HIIRSIND.

%5 3 EOFE CTlEefA% 1@ U C Lazié¢ and Schmitz (2015) (2 £ DB 72 FIEOM R
D72 BB 2 B 72378, 2t Avron (1988) DIEFETEFE, Laurent (2018) D/8T7 A — X
£ & EFIER (parametrized negative translation) 72 &, #RIEIHERICIIT DEEF O A - #
EDPIRANAER SN D, £, Fix OBRDEISIE FLew DWW D OW i (BCK FmER
72 E) TR LT O RIBRICHRE T 2728, & 5 L7ziali i OFEFEATREM: D Tower 5224
LIRS T 5. S 618, Bx OFEREIEO YA T —RRkEE LT, WI%T 774 Vi
P (elementary affine logic) DFEM FIREMERTED Tower SEEME LRI NLD.

% 3 ETIIDBOREMRROEE RO HEEZFFE LA, F 4 B TH L R4
% DIFAHE L SRR O R BRI Th D, ZORT, #H4 mEOHEBITEH S
BEREEOT LI AT =T L VAL D E S 2 5. FaxOE/RICBENDFHE
7 T AIBEFEORER, B2 Hor¢ik and Terui (2011) 12 K 5%55%, TS &L S5 PSpace
R coNP 72 EOMMFRFHES T ALY b@NCERTHL E V) HTHETHD.
o U, o IR PR DR EE (IR 0 AR PTREME A P D DIXE OFGEEN & D L 9 25t
il & 0 E NG EERE OB PO LTS, ERERIILTTH S -

L ZoiEmBEl e 35, LUFOKTENKD LD ¢

(i) L 23 EERREE Flew £ 0 592 H1F, L OJEE A REME R R X IEW S FHIR0Y
(Tower H#E) Th 5.

(i) L DG FHEE Fleco £ 0 592 H1F, L O rlREME R I FE IR AR PR Y
(Ackermann [K#) TH 5.

(iii) L 23ERo i smPE FLw £ 0 590 72 51X, L OffE [ REMERIEIZIES E RN
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(HyperAckermann (K#) THh 5.

Z 2T, Ackermann & HyperAckermann | X% ZNEHINFIEEREO L~ o DL A
Y=L LoD A Y —ZNETNET.

FRROFRIIEADBEZOIFEEZLT-6TH, Z2TEENLD I BLIFAO—FIZE
N4 5. #ER &b oERHANT S — 27 =0 FOEDICHN D HO B A S E D LW
O IBDKE A FFD. ZDOZLITEAT, HBSELHOHENT A=t T D52 LI
L0, sk LM OHAZ WIREOBAFESN & LT 22N TES. ZokHIiTL
TH BN 5 HAIRE%, Hori, Ono, and Schellinx (1994) 1355 OVH MR (knotted rules) & 44 f+F
F e, A REERIE FLe 2 b X 9 E— 20RO HBRAIZMZ 5 Z LItk vEGEonsd
E TR BMARSR b AR FTREMEIZ R L CIREFTRE Tdh 5 Z & A% van Alten (2005) 1T & D AR
FTZRER S e, LovL, £ 9 LIERRDOIZE A EATIZE U CEERTREM: O I 72
FHREIMRARE LTRATH S, & 2AD, Fx OFILE 5 LT TR e
<HVEFIFRH CITRERR TH D Z & A RAET D, ZHUTF % O EfRER OB % i)
IR LTS,

HA4ABEOTREROMINIFER TH S, TR () 2773 72DIll, FIEO/HEREEBREL
T FLew OEAEFTRENEDY S FLew £ U & 55V MEE O M Gm B O % Al gEME~ D LI
WERFH L ATRE 7 B A A AR 95 . Z OB STITAZHI & A2 A O 5 LRI 2 FEsREERY A 1
Z ANT FLlew & D 59V EEGRELONEI T R 2 L— M5 2 LIZ IV REND. &
DT A 7 71X Lincoln, Scedrov, and Shankar (1995) 73 — [ H B &L T F T IEHIE iR B OFE
HATREME NI ERRE TH D Z L n TR THWET 7=y 7 2B sw 5. =21,
Fex DIEHNZIERXIFMNRTIC R > TV D Z & ZFEHT HBITIE, 565 3 FOFEH DRI
AT b LREORENE LS. TORNEEZERET 272012, 53 B THWZESE
BT 774 Vim (OERE) #FHONERT 5. £, REMITRT X5 28 881X i) &
(i) OFERHICBNTHHERET 2. I 6IZFHAIE, 29 L7 A T 7 28145 2
Clzky, BEEEEMERIELD LHVEE OSSR EHE AT REMEICBEI L T
PSpace K CTH 5 Z & HEEHT 5.

BEOFSETE, F4EITICEON/BRENSFIEHE LR &N OICBET
B KRR DB ZDOWNTIRR D,
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Thesis Summary

Substructural logic is a far-reaching concept encompassing a wide range of nonclassical logics. Estimating
the computational complexity of a logic is a central concern for substructural logicians. In the literature, a
well-investigated complexity question is the provability problem, i.e., the problem of determining whether a given
term is provable in a logic under consideration. However, there is no doubt that a more general problem can be
considered. A typical generalization of the provability problem is the so-called deducibility problem, i.e., the
problem of determining whether a given term is deducible in a logic augmented with a given finite set of
nonlogical axioms.

A decision problem is classified as tractable or intractable, according to the computational resources it
requires. Additionally, the degree of intractability drastically varies from problem to problem. We refer to a
nonelementary problem (i.e., a problem for which there is no elementary recursive algorithm) as an “extremely
intractable problem.” We aim to present the extreme intractability of deducibility in many logical systems in terms
of the fast-growing complexity hierarchy (Schmitz, 2016), a game-changer in the literature on nonelementary
computational complexity. Our contribution is twofold.

We obtain a sharp complexity estimate for deducibility in full Lambek calculus with exchange and
weakening (FLcw, for short). Although FLcw-deducibility is decidable (Blok and van Alten, 2002) and requires
polynomial space (Hor¢ik and Terui, 2011), its exact complexity bound remained open (Bilkova, 2008). We fill
this enormous complexity gap; that is to say, we show that deducibility in FL.y is complete for the class Tower,
the third layer in Schmitz’s hierarchy. Our proof relies heavily on the novel ideas of Lazi¢ and Schmitz (2015).
We also prove the Tower-completeness of provability in elementary affine logic.

The central mission of substructural logic is not merely to show that a given logic possesses a desired
property but to characterize important properties shared by many logics in a uniform way. Our second
contribution aligns with this broader aim. We present simple conditions under which the worst-case complexity of
deducibility requires nonelementary time. More precisely, we establish the sufficient conditions under which
deducibility in a substructural logic is: (i) Tower-hard, i.e., not elementary recursive; (ii) Ackermann-hard, i.e., not
primitive recursive; and (iii) HyperAckermann-hard, i.e., not multiply recursive. As a corollary, it follows that
deducibility in any extension of full Lambek calculus with exchange by any one of the knotted rules introduced

by Hori, Ono, and Schellinx (1994) is nonelementary.
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