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Large Eddy Simulation for the dynamic
Clark model with an anisotropic filter

Hiromichi KOBAYASHI

Summary —— The asymptotic behavior and the performance of the dynamic Clark model with
an anisotropic filter are analytically and numerically revealed in comparison with the dynamic
Smagorinsky model and the dynamic mixed model. In the dynamic Clark model, the change of
the isotropic filter-width for the Clark term to the anisotropic one makes it possible to apply to
turbulent channel flows. Then, the near-wall scaling of the model coefficient for the dynamic
Clark model is also corrected as y°. The performance of the dynamic Clark model is the almost
same as that of the dynamic mixed model, which is better than the dynamic Smagorinsky
model.
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1. Introduction

2 In LES larger properties than a grid-scale

Large eddy simulation (LES) is one of turbulent models.
(GS) are directly calculated, whereas smaller properties than the GS, that is, properties of a subgrid-scale
(SGS) are modeled. The velocity and the pressure fields (/) are decomposed into the GS and the SGS

components using a filtering procedure:

f(x) :/OO F(x)G (x,x")dx! (1)

where G (x) denotes the filter function, and 1 is the filtered or the GS component. In the filtered Navier-

Stokes equation for the GS flow field, there appears the SGS stress tensor 7;, which is defined by

‘L','j = (uiuj - B,ﬂj)z, (2)

where u; is the i-th component of velocity vector, the overbar # denotes the GS component of u, hereafter

(45) s means the traceless matrix 4;—98; 4., /3, and the summation convention is used for repeated
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subscripts. The SGS stress tensor 7; can be decomposed into the Leonard term L;, the cross term Cj; and

the SGS Reynolds stress R;; as follows:

Ly = wuy — w; )
Cz] = EI‘ u/] + u’ﬂtj’ (5)
R; = uu} 6)

where u'; denotes the SGS part of u;, defined by
l/l' = u — ﬂ,- . (7)

1°!. However, some modified models to

The most famous and useful model is the Smagorinsky mode
obtain higher performance and accuracy are proposed. Clark, Ferziger, and Reynolds™ proposed a SGS
model in LES, which is composed of two parts: one is the eddy-viscosity representation for the SGS
Reynolds stress, and the other is the Clark term L; + Cj for the sum of the Leonard and the cross terms,
which is obtained by a Taylor expansion of the velocity fields. This model is called the Clark model, the

gradient model, or the tensor diffusivity model. Bardina, Ferziger, and Reynolds"

proposed a SGS
model which is composed of also two parts: one is the eddy-viscosity representation, and the other is the
similarity term u;—u; , which is based on a scale similarity of the velocity fields ;= u;. This model is
called the mixed model or the similarity model. The SGS eddy viscosities in the Clark model and the
mixed model are modeled by the same expression as the Smagorinsky model™, so that each model
“constant” (the Smagorinsky constant) needs to be tuned depending upon the turbulent flow to be

16,7

simulated. Vreman, Geurts, and Kuerten™” proposed the dynamic Clark model (DCM) based on the

dynamic procedure,” and found its better performance for the turbulent mixing layer. Shimomura'”
pointed out from a mathematical view point that the (dynamic) Clark model is consistent with the
constraint of asymptotic material frame indifference (AMFI) , while most of the existing models
including the dynamic Smagorinsky model (DSM)® and the dynamic mixed model (DMM)™ are not.
In fact, Kobayashi and Shimomura" have recently demonstrated a good performance of the DCM and
an unphysical behavior of the DSM in LES of rotating homogeneous turbulence.

Until recently, the DCM has not been applied to LES of incompressible turbulent channel flows. For
the DCM with an isotropic filter it has been revealed that the reason is neither a negative SGS eddy
viscosity nor an incorrect near-wall scaling, but a negative effective viscosity in the viscous sublayer for
the Clark term."” Vreman commented that although above discussion is true for the DCM with isotropic
filters, for the DCM with anisotropic filters such as channel flows the expression of the Clark term
]

should be changed to the anisotropic version as follows:"
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The isotropic Clark term:

N & ou;  Ou; ou;  Ou; O -
12 le axl aXZ aX2 aX3 8x3 ’
The anisotropic Clark term:
L [, du; Ju; — 2 Ou; Ju; —2 Ou; Ju;
12 1'ox; ox 2 Ox, Ox, 30x3 x5 |’ ©

where A the isotropic filter width, (x1, X,, X3) = (X, ¥, 2), (A1, Ao, A3) = (As, Ay, A.) , the GS velocities (),
ux, u3) = (u, v, w) , and x, y and z denote the streamwise, the normal and the spanwise directions of the
channel flow, respectively. The relations between the isotropic and the anisotropic filter width are as
follows:

The isotropic filter width:

The anisotropic filter width:
A+ A #R,#8, A=(AAA)", )

where the last relation is usually adopted for the Gaussian or the top hat filter.®! His comment is
completely correct, then in its response it has been mentioned that the Clark term for the DCM with
anisotropic filters and the similarity term for the DMM have the same leading term up to the accuracy of
O (A») , where A, is the maximum filter width.""

In the present paper, the near-wall scaling of the model coefficient for the DCM with an anisotropic
filter is revealed. Furthermore, the performance of the DCM with an anisotropic filter, the DMM, and the
DSM is compared in actual LES.

In Sec. 2., the model expressions of the DSM, the DCM, and the DMM for the SGS stress tensor are
described. Moreover, the asymptotic behaviors of the DSM, the DCM, and the DMM in the viscous
sublayer of turbulent channel flows are given in Sec. 3.. In Sec. 4., the analytical results are numerically

checked for a turbulent channel flow with LES at Re,= 590. Section 5. presents the conclusions that can

be drawn fromthe present work.
2. Expressions of Dynamic Models

First, let us remember the model expressions of the DSM, the DCM, and the DMM for the SGS stress
tensor. The derivation is referred to, for example, Kobayashi and Shimomura.™"? In the following, Cp is
the model parameter, and is denoted for each model as Cpsy, Cpey, and Cpuys for the DSM, the DCM,
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and the DMM, respectively. They are dynamically evaluated by using the least squared method."’ The

GS rate of strain tensor Sj and its magnitude | S| are defined by

5. Lo o )
ST g ox;  ox; )’

51 = 25,5, e

]A’ is the test-filtered field of f, and A is the test-filter width. The filter width and the test-filter width are
related to the double-filter width A by

~2 PN ~ ~

—2 ~ ~ ~ = = =~
A=A+ A%, A=(A AN, A=(A,A,A)", (14
In the following, the repeated subscript (a) means the special summation convention:

1 (2 ou; o ) 1 (zaui o1 +Kzaa,- o1 +f28a,~ auj) "

12 <a> aX(a) a)C(a) 12 1 axl axl 2 aX2 axz 3 ax:; ax:‘,
The DSM:
72 _
;= —2CpsuA 1SSy, (16)
Ly My)
CDSM: # (17)
(My; Myp)
The DCM:
Y PR R <
T 12 9x, ox, . DCM i 19
((Ly +Gi) M)
Cpeyr= —————. (19
(My; Myp)
The DMM:
== = = 2=

((Ly +Hy) My
C = 21
DMM My M) @

In the above expressions,
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—_— ~ A~

Ly = (wu; — wy)y,

== =2, =
My =2A°|S|s; — 2A°[s]s,

G _ (A%@ o, 0=  Aly Om Ou )
= _
12 9x() 0x( 12 0x(y Ox(y [~
Hy = (wwy — wg)y — (W — vy

3. Asymptotic Behaviors

Next, the asymptotic behaviors of the DSM, the DCM, and the DMM in the viscous sublayer of

turbulent channel flows are studied. The coordinate (xi, X, X3) = (X, ¥, z) and the GS velocities (u, 12, u3)

= (u, v, w) are normalized by the channel half-width J and the wall-friction velocity u., which give the

Reynolds number Re,= u.6/v with the kinematic viscosity v. Again, x, ¥ and z denote the streamwise, the

normal and the spanwise directions of the channel flow, respectively.

Each component of the GS velocities has the asymptotic form in the viscous sublayer (v = Rey < 5)

as follows:
u= <) +u'=@ +a &z)y+a,(xz)y2+---,
vy=y'= b, (x,z,t)y2+ cee
w=w'= oz yte(xz )2+,
where

1
() =Re, (y—2y2+ 0] (y4)) .
It is noted that the incompressibility condition requires the relation between a,, b,, and ¢,

aCl

0z

aal
— +2by + =0.
ox

From Eqs. (0), 27) and (8, the gradients of the GS velocities are
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ow _oa, on_, o1 da
ox ox & oy ot oz 0z .

ov ob, , Ov ov ab, ,

ox  ox° oy . 57T 57 @
ow 8cly ow ow dc

_—— — , — ~C —_ N N

ox ox oy b 0z 0z

where the ~ means the leading-order-equality in a Taylor expansion with regard to y < 1. The

following relations of the anisotropic filters width in channel flows are usually realized:

A=A>A,, A= A>A,, ATA>A,. (32)
Let us evaluate the resolvable tensors L;, Mj, G;, and H;. For the filtering in all directions (3-D
filtering) , we assume the Gaussian or the top hat filter function."” Then a Taylor expansion of the fields

f and g gives the following formulae

~7 2—
= - ANw Of ~4
=7t ET— +0(A,), 63
24 Jx(, 9x(,
— = Al Of 9g -
—fg=== +O(AL Ay, 5

12 ax (a) aX(a)

» 9 o7 ~2 2 o o'g

(

Ox () 0% () Ox(y) OX ()
2 of o’g

-~ 2 -~
+ C; A A
3 <a) (b) aX(a) aX(a) axz(b) (35)
37 P
~2 22 of g
T GAGAE

; :
OX () 0X () Oxp)

where C,-C, are numerical constants. As mentioned in the next section, since the filtering and the
derivatives are evaluated by the finite difference method with the fourth-order accuracy of the & or the
mesh width in actual LES, the fourth-order terms derivable from the Taylor expansion are
indistinguishable from the numerical truncation error. Hence, the important matter in Eq. 39 is not the
numerical constants but the asymptotic behavior.

With the aid of Eqs. (14) and (33 - 3), we obtain

~ 2 _ _

Ala) Ou; Oy ~2 2

Lij 12 ox. . ox +0(A, A)). (36)
(@) @/
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My~ 24 [s]s; +o@h, k)

~2

A Ou; Oy ~2 2

G ~Hy~ ~| 3 dx(, 0x(, OB ), ¥
a a

z
Hence, Eqs. (30) and (38) give

Ly +Gy~Ly+ Hyj~0(A A). )

From Egs. (12), (13), 3), 32), and (36) - 39,
S|~ Re+ ay, i)
(My My ~2(M;y) ~ 2K Rez | )

(LM ) ~2 L12 Mi2)
A’/ da 96y ., 2 Bay by,

~—_—— _— 3 2a,b, A 4+ — 3 2
6 <ax ox Syt Ea R0yt o azA3y>Ref’ )

~2
A <6’a18b2&2 da ab2A2> 23

~" % \ 5x ox 1+az 3, A5 )Rery,

6

~2 ~2 2 203
<(£ij+gij)jwij>NCAa AbA Rer y 0
~4 ~2 ~2 ~4\ ~2 2 03
~ (C, AT+ G AT AT+ Ay ) ARer
~2 ~2 ~2 2 3
<(£U + HU) M]>’\’ CAa Ab A RE'[ Yy, (44)
~4 ~2 ~2 ~4\ ~ 2 3
~ (€Al +G AT A +GyAY) ATRe? ¥,
where C, C', and Cs - C), are numerical constants.
Now, we are ready to evaluate the model parameters from Egs. (17) , (19), 1), and @) - @4) as follows:
1 aal abz,\ aa] ab2/\2 3
CDSMwi 77A?+ A3 Azy 7 (45)
12 \ Ox Ox 0z 0z A Rer
~4 ~2~2 ~4 :
Coou~(C A +G ATAT+CAY) 7 0
A Re T
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3
~4 272 ~4 y
CDMMN (C8A1+C9 A1A3+C10A3)£272~ (47)

Ref

It is well known that the DSM is numerically stable with the positive Cpsy, which indicates the sign of

the factor on the right-hand side of Eq. (5) as

da, 0b, . oa; 0b, .
< L2222 2A2> <0. )

ox ox !V 9z 09z 3
As it should be, Cpsy is asymptotic to 3 in the vicinity of the wall. On the other hand, Cpex with an
isotropic filter shows negative value with the incorrect scaling of y ", but Eq. () for an anisotropic filter
shows the correct scaling of * as mentioned in Ref. [13]. Eq. #6) is very similar to Eq. @7) , and both Cpex
and Cpu have the same scaling of y°. However, it is unknown without carrying out actual LES whether

Cpeum and Cpyy near the wall are positive or not.
4. Numerical Evaluation by LES

Let us numerically check the above analytical results for a turbulent channel flow with Re,= 590. For
the DSM, the DCM, and the DMM we carry out LES with the grid-points 32X 64 X32 and the
computational domain 276 *x26*xnd for numerical evaluation. The filtering and the derivatives are
evaluated by the finite difference method with the fourth-order accuracy of the & or the mesh width. The
time marching scheme is a third-order Adams-Bashforth method, and the coupling between the velocities
and the pressure is calculated by the MAC scheme. The normalized time step is 1.0x10™ and the
statistics are obtained by averaging over 10 non-dimensional time units.

I also confirmed that LES for the DCM with an anisotropic filter can be carried out, although that with

1074 T T T
105 | T
10-6 N i
10-7 B i
-8
PQQ 10 3 +2 ]
0107 | 1
10° 1oL 3 3Rle)i?1i93%ﬁlter
1077 ~bem N
10_12_/' —-—DMM
10—]3 1 i | 1
0.1 1 10 100 1000

+
y
Fig.1 Asymptotic scalings of CpA” for the DSM, the DCM, and the DMM near a wall.
22



Large Eddy Simulation for the dynamic Clark model with an anisotropic filter (Hiromichi KOBAYASHI)

an isotropic filter could not be carried out as mentioned before. Figure 1 shows the asymptotic behavior
of CpA? for the DSM, the DCM, and the DMM near the wall. The DCM with an anisotropic filter has the
correct scaling of y, although that with an isotropic filter has the scaling of y". The DCM with an
anisotropic filter has the same scaling as the DSM and the DMM. All of these results agree with the
analysis of the asymptotic behavior.

Figures 2, 3 and 4 how the profiles of the mean velocity, the shear stress, and the root mean square
(rms) of the velocity fluctuations for the DSM, the DCM, and the DMM with the result of direct
numerical simulation (DNS) "%, respectively. The profiles of the DCM and the DMM completely
overlap each other, and the performance of both models are very similar. The mean velocity and the rms

of the DSM are slightly overestimated in comparison with the others in Figs. 2 and 4. On the other hand,

25 e

L | Re=590
20| 3D-anisofilter 3
C DNS ]
t | —DsM 7, 1
+ [| = —~DCM 7 N
s 15F| Z.Zpum 1
10F ]
5k .
0k il ad e vl

1 1())r 100

y
Fig.2 Mean velocity profiles for the DSM, the DCM, and the DMM.

1 T T ! | ' T T | i T T
i Re=590 1
0.8H TN 3D-anisofilter ]

I~ DNS

N |
. 0.64 N\ | - ovm _
T > I N\ 4
T50.4 4
0.2% _

Of N W R SRRV SR N

0 100 200 300 400 500

+
y

Fig.3 Profiles of the shear stress for the DSM, the DCM, and the DMM.
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R —

Re=590 1
3D-anisofilter
DNS 1
—DSM
u - =DCM g

ms —-—DMM

L

Urms> Vrmss Wrms
.

0 100 200 300 400 500
+
y

Fig.4 Profiles of the root mean square of the velocity fluctuations for the DSM, the DCM, and the DMM.

the shear stress of the DSM is underestimated in Fig. 3. This is why the DCM and the DMM indicate the
higher performance than the DSM.

5. Conclusion

In the present paper, the near-wall scaling of the model coefficient for the DCM with an anisotropic
filter has been revealed, then the performance of the DCM with an anisotropic filter, the DMM, and the
DSM has been compared in actual LES. By improving the isotropic filter-width for the Clark term of the
DCM into the anisotropic one, the DCM can be applied to turbulent channel flows. Then, the near-wall
scaling of the model coefficient for the DCM is also corrected as y°. The performance of the DCM is the
almost same as that of the DMM.
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