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Introduction

[1.1] Dimensions of labor supply in Classica! and Neoclassical theories.

The quantity of labor supplied can be expressed as the product of three
factors of different dimensions: (1) the size of population in the economic
system P, (2) the ratio of persoﬁs willing to work to the size of
population Xy and (3) the average hours_morked by individuals H. Putting
the - question of labor quality aside; the product of these three factors
determines the labor supply L in-man-hours, that is,

L = p . X . H
In retrospect it appears that at various stages in the historical
development of the analysis of labor supply, different or different combinations

of the three dimensions have been emphasized by different theories.

(1.1.1) In Classical theorys {or exawple the “Malthusian Law", changes in
labor supply meant the unavoidable demographie increases and decreases induced
by changes. in the price of labor, The number of persons who want to work,

P.Xy was assumed implicitly by Classical Economies as being approximately equal
to the working age population. Hence, the size of the wofking age population
and the quantity of labor supplied were not clearly distinguished in the

classical theory,

(1.1.2) It has only been since the emergence of Neoclassical theory that
the third factor, an individual worker’s supply of lghgg hours, has been
explicitly treated. S.Jevons proposed an analytical framework in which
individuals, the decision making units of labor supply, adjust their hours of
labor supply, to what they regard as theboptimal amount, In other words, he
introduced into the analysis the utility maximization principle, This gave rise
to the concept of optimal hours of [abor supply, a conéept which had not been
explicitly treated in classical theories, On the other hand, the first factor,
the size of the population, was regarded as given. In this sense, the guantity
of labor supplied was distinguished from the size of the total population
and the working age population.

Thus Neoclassical theory was more autonomous and consistent in the sense



that it was deduced from the utility maximization principlesesg.s
the theories of S.Jevons.

(1.1.3) In this paper I shall be using three different units of labor
supply; labor supply in man units, in hourly units, and in man-hour units,
The first cateéory, labor supply in man units, indicates the guantity of
labor supplied as weasured by the number of persons who are willing to work.
Labor supply in hourly units refers to the quantity of percapita labor supply
weasured in hourly units, Finally, labor supply in man-hour units indicates
the quantity of labor supplied by a group of persons measured in man-hours.

While Classical theory mainly treated the quantity of labor supplied in
wan units, Neo-Classical theory wmainly discussed labor supply in hourly units
or in man-hour units. These various dimensions of labor supply have not yet
been fully unified analytically, and it is the goal of the models presented in
this book to present a framework in which to treat explicitly all three

dimensions of labor supply.

{x) I would like to acknowledge Prof, W, Leontief for his valuable diseussions
and suggestions concernig the early formulation of the model. Prof.s A, Maki,
A.Seikes Dr. Jim Vestal (Keio Econo;ic Observatory, Keio University) and Mr.
T.Miyauchi (graduate school of economics, Keio University) gave indispensable

assistance for preparing this paper. Thanks are due to them all.



[1.2] Neo-Classical theories of an Individual’s Supply of Labor

(1,2,1) The Neo-Classical theory of an individual's supply of labor may

be stated as follouws.

(1,2,1.1) An individual’s supply of labor in hourly units

Let the utility indicator function of apn individual be

(1.2-1) Ut = U(lt: q;'»x """ s q; )!

where 1Y stands for leisure in a given tiwe period, t(t=1,---,T) and qk(k==1.

sesee K) stands for the quantity of commodity k consumed in the same time period,
t., Let T be the individual's total amount of disposable time for each given
time period. This quantity T is of course constant over time. Now, assuming

no savings we have the identity
K
(1.2-2) WHT-1Y) = 3 o} of
. k=1

where T—1t equals the hours of labor supplied,

Pi(k==1, ----- K) stands for the price of the k-th cowmodity in time period t and

VVt is the wage rate for the individual in time period t. Deleting hereafter
the superseript t, the equilibrium condition obtained through maximizing

(1.2-1) under the constraint (1,2-2) is given by
.qy U = 32U =1, e
(1~2 3) al/w aqk/Pk * k 1., 1K .
Solving (1.2-2) snd (1.2-3) simultaneously with respect to hours of labor

supplied, T —1, we get
(1.2-4) H = {(W,py---- !I’k)1

where H represents hours of labor supplied, i.e.,
H =T — 1.

(1.2-4) is the labor supply function of the individual in hourly units,

(1.2.1.2) Application of the theory of an individual’s labor supply to a

set of individuals,

The scheme mentioned in (1.2.1.1) could be applied to a set of individuals.



Let the utility function of the i-th individual be
(1.2'1' ) UI = U(III Qi! """ tqll(r V')

where v, stands for a random variable characterizing the -i-th individual's

preference amoﬁg ' and the various qﬂ's(k=:1, ------ ).

We have
. K .
(L.2-2") W(T-1") = 3 pa
k=1

corresponding (1.2-2) in (1.2.1.1), where

W and Pyt respectively, stand for the wage rate and prices of goods and

services, The equilibrium condition corresponding to (1.2-3) in (1.2.1.1) is
given by

(1.2-3" ) ﬁa’ll/w = aby

Pk-
day

i
The optimal hours of labor supplied which waximize the i-th individual’s

utility function (I1.2-1" ) can be obtained by solving (1;2-2' ) and (1.2-3; )
with respect to T‘—-li:

(1.2-4 ) Hi = (W, L 1P V;)
where

H.=T - Ii.

i
In order to clarify the core of the problem, let us specify simply that the
randon variable in (1,2-4° ) is additive: -

(A) H; = (W, pjoeean) + o

where
u; = ui(vi)-

and

E(ui) = 0.

Rewriting (A) gives
(1.2-4" ) Hi = g(W) + u.

where the pk’s in {A) are deleted for simplicity. This is the i-th

individual's labor supply fumction in hourly units,



From (1.2-4” ) it can been seen that different individuals supply different

hours of labor at the same wage rate, w, because of the presense of Uy

the magnitude of which is specific to the i-th individual?

Let us exaetly determine the quantity of labor supplied by a set of
individuals under a comnon wage rate,‘m. To begin, obtain mean values of both
sides of (1.2-4" )2

(.2-5) 1
i

M=

Hi = g(W),
1 .

where n stanas for the number of individuals. Alternatively we have
(1.2-5" ) 01 = g(W)
where

H = L
n.
i

M=

H. |
1

1

(1.2-5" ) is the supply funetion in hourly units of an “average individual" or
a “representative individual™ of the set of individuals, The guantity of labor

supplied by the set of individuals, L, is obtained by summing up (1,2-5" ):
{1.2-6) L = a-g(W)

where L = nH,

(1.2-6) gives the quantity of labor supplied in man-hours for the set of n

individuals when the wage rate is common to all,

{1.2.2) Per capita hours of labor supply and the number of persons supplied,

—Effective suppliers of the first kind

Equation(1.2-5" ) which gives the quantity of labor supplied in terms of

hours, fi, is usually thought to be an equation for an average individual or
representative individual. However, it should be noted that the quotient
obtained by dividing L, the quantity of labor supplied in man hours given by
equation (1.2-8), by Fl, the quantity of labor supplied in hours described by
equation (1.2-5° ), does not necessarily give the number of individuals whose
hours of supply are positive for a given value of the wage rate, w, In other
words, the value of the quotient will be larger than the number of individuals
with positive hours of supply except for special cases. This i1s becausse there

way exist individuals whose optimal hours of supply are zero for the given wage



ratey w,

{(1.2.2.1) With respeet to (1.2-4" ) let the number of individuals with

positive }ii be n;, where

(1.2-8) ni < o

1

We shall call ng “the number of effective suppliers of the first kind”.

“Effective supplier of the first kind™ indicates an individual whose optimal

hours of supply for the given wage rate is positive,

If Hy > 0 for all i(i=1, .n)

we have 1

(1.2-9) ng = n

that is, the number of effective suppliers of the first kind, nl, equals the

total number of individuals, n, Only for this special case, in (1.2-5° ), can

H be regarded as the hours of supply per one effective supplier which we denote

A

by }{S. Hence in this case we have

(1.2-10) FIS =0

(1.2.2.2} When PII>'0 for some of the n individuals only and H f=0 for
the remaining individuals, we have
(1.2-11) al < n.

That isy the number of effective suppliers is less than the total number of

individuals considered. In this case, since H in (1.2-5" ) represents the
average hours supplied by each of n individuals, the average hours supplied by

1

each of ng effective suppliers, P{S, is larger than H?:

(1.2-12) f < I:IS*.

(1,2,2,3) Making use of the notion of effective suppliers of the first kind,

“the supplier ratio of the first kind”, mys can be defined as

{1.2-13) = ni/n



In (1,2.2.1), we have
(1.2-14) mg = 1

and in (1.2.2.2)y we have
(1.2-15) my < 1.

The number of effective suppliers of the first kind equals the product of
the total number of individuals, n, and the corresponding supply ratio of the

first kind, s namely

(1.2-16) n! = nem, .
s 1

Also, the quantity of labor in units of man-hours supplied by the A effective
s

supplier is given by

(1.2-17) ﬁnl = fa-n .
s 1

where T is given by (1.2-5" ) in (1.2.1.2).

(1.2.3) Effective supplier of the second kind

The notion of effective supplier of the first kind would be a useful one
for the purpose of deseribing the supply of labor in man units or the number of
suppliers only if individuals could easily adjust actual working hours to
optimal levels for a given wage rate, In fact, in the case of self-employed
workers, the adjusment mentioned above would be fairly easy, and hence the
notion of the effective supplier of the first kind would be useful. However,
in the case of employees in a firm, this notion of the first kind is not

particularly useful in describing the supply of labor in man units,

(1.2.3.1) In a wmodern labor market, where individuals work mainly as
employees, the adjustment of sctual working hours to their optimal levels is
difficult because the former is normaly assigned by the employers, Althoushr
there does exist some leeway for adjustment of working hours, actual working
hours in a given time period (e.g., & day, a week) are practically determined
and restricted by the firm. Hence, it can be said that in a modern labor
warket, working conditions are not given by the wage rate only but rather by a
combination of Lhe wage rate and assigned working hours. Denoting assigned

working hours and the wage rate by h and w respectively, the i-th individual’s



optimal hours of works H.y for W in (1,2-4” } would rarely be egual exactly to
i

h., As long as this difference is not very large, the i-th individual will
accept the given working opportunity with wage rate, W, and assigned working
hours, h. -

The size of the discrepancy between h and }{i’ h-}{i, depends upon the
value of us in (1,2-5" ) which affects the characteristics of the individual's

preference between leisure and commodities, The Neo-Classical theory of an
individual’s labor supply does not explicitly deal with the question of the size

of this difference, h-}ii, which is the eriterion by which an individual accepts

or rejects a given work opportunity, Although we shall clarify this point later,
it is useful to make a preliminary and introductory discussion here.

Suppose among the n individuals whose }{i’s are positive or zero, }1Igo,

n. individuals accept the work opportunity characterized by the wage rate, W,

and assigne working hours, h, (henceforth we shall denote this work opportunity
by (ws h)). We shall call those who accept the work opportunity (w, h)

“effective suppliers of the second kind”, The number of effective suppliers,

of course is nz. This stands for the quantity of labor supplied in wan units
for the work opportunity (w, h). In man-hourss this quantity of labor supplied

is given by nz-h. [t is clear that

(1.2-18) o < ni.

s
That is, the number of effective suppliers of the second kind for the
opportunity(w, h) is equa! to or less than the number of effective suppliers of

the first kind for the common wage, rate W,



(1.2.3.2) Ewploying the notion of the number of effective suppliers of the
second kind we can define “the supplier ratio of the second kind",
(1.2-19) mo = 02 /n
where n stands for the total number of individuals considéred. From (1.2-14),
(1.2-15),(1.2-18) and(1.2-19) we obtain
(1.2-20) w2 £ 1,
The quantity of labor suppliers of the second kind awong n individuals in

nan-hours, hn;, is given by

(1.2-21) hn; = pemz-h,

(1.2.3.3) In the cases where n;‘(n and n;‘in, to what extent n; and n;

differ from n ultimately depends on the characteristics of the

distribution of u; in equation (1,2-4" ) in (1,2.1.,2). In other words, the

magnitudes of the supplier ratios of the first and second kinds are determined

by the distributicn of U Hence, theory of labor supply which explicitly
deals with the distributionof the random variable us s in individuals®

labor supply functionss (1.2-4" ), is indispensable if one wishes to analyze
the guantity of labor supplied in man units for the following cases:

(1) there exist individuals whose optimal hours of supply equal zero for a
given wage rate and actual working hours can be adjusted to their
optimal hours, or

(2) working conditions are given by a combination of wage rates and

assigned working hours as is common in & modern labor market,
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[1.3] On Implicit Design of Experiments

(1.3.1) As was discussed in (1,2.1) through (1.2.3), Neo-Classical theories
of labor supply deal with the determination of the individual's optimal supply
of labor in terms of hours. Hence, quantitative analyses of labor supply have
often measured the individual's labor supply 'in hours. When these quantitative
analyses are carried out, however; problems sometimes occur belween data
availablity and data reguirements generated by theory,

The most suitable data for the Neo-classical theory of an individual's
labor supply might be given by information (if any) obtained frow relevant items
in household income and expenditure surveys, However, in usual household income
and expenditure surveys in Japan, working hours of household members are rarely
available although very recently a modest amount of this kind of information has
heen accumulated, Normally, the inforwation wost relevant to the supply of
labor is the number of household members gainfully employed together with
househo!d members’ earnings. Hences in early studies which used household

income and expenditure surveys, the number of working persons and their earnings

a¥

in a household were taken as a measure of labor supplie
In some cases, the ratio of the wife's earnings to her husband’s full time
earnings was taken as a proxy of the wife’s working hours, while in other cases,
the ratio of the number of wives gainfully employed in a group of households to
the total number of wives in the group was regarded as a measure of labor supply

*(2)

in hours per wife in the group.

(1.3.2) We shall examine the plausibility of ewploying the ratio of wives
gainfully employed to the total numwber of wives in a group of households as a

measure of supply of labor in hours per wife. Several conditions which will be

given in (1.3.3) are necessary in order that the ratio of the number of wives
gainfully employed to the total measure of hours of work per wife in the group.
(% }{1) Rosett Richard.N, “Working Wives: An Econometric Study.”

in Study in Household Economic Behavior, Yale Univ. Press 1958

(x)(2) The pioneering work which makes use of the participation ratio is
J. Mincer: “Labor Force Participation of Married Women™ in Aspects

of Labor Economics Princeton Univ., Press 1962
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{1.3.2.1) Suppose a person whose hours of labor supply is defined for a
given time interval (horizon) which is measured by some unit period, To make
the argument simple while keeping the core of the problews; let the time unit
be a month and the time interva! by which the quantity of labor supplied is
defined be four months! in other words, the person’s quantity of labor supplied
is defined as the four month total because his “horizon™ of supply planning is
four months,

Suppose the person wants to work for the given wage rate, w, in two months
freely chosen by him(her) during the four months, Here, let us assume hours ofw
ork (supply of labor in hours) in each wonth are the same in all months in
which he(she) would like to work., {e.g.160 hours per moath). Therefore, the
hours of labor supplied by the person should be propotional to the number of
wonths he wants to work, Suppose further that the time distribution of the labor
supply of the person in a given time interval is randow: that is, his/her
decision in which two wonths he/she will want to work{160 hours for a month)} is

made at random,

(1.3.2.2) Civen the assumptions in (1.3.2.1), the possible ways in which
the person chooses two months out of four number six in total, These are listed
below,

{1) in the first and the second months, or

(2) in the First and the third wonths, or

(3) in the first and the fourth months, or

(4) in the second and the third months, or

(5) in the second and the fourth months, or

(6) in the third and the fourth months.
Suppose a group of K persons who have the same characteristies as the person
mentioned above. By assumption, these K persons” horizons are the same, namely
four wmonths, and the number of wonths in which they want to work are the same,
two mwonths, Hence the time allocation of the supply of labor in the interval
for the K persons is totally random.

Should these assumptions be fullfilled, we would find that the number of
persons distributed to each case (I) through (6), is approximately%—x each,

The aumber of persons who want to work at least in the first month is obtained
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by summing the number of persons distributed to eases, 1, 2, and 3, which is

given by
(1.3-1) &K X 3.

Similarly, the number of persons who do not want to work in the first month can

be obtained by summing the number of persons who are distributed to cases 4, 5

and 6: which amounts to
(1.3-2) +x x 3.

The supplier ratio or the ratio of the number of persons who want to work
in the first month to the number of all the persons considereds; K, is given by
1 =1
(GK)XS- “2-

It can be easily seen that the value of the supplier ratio, in this case, é%n

equals the ratio of the number of months in which any person’s labor is supplied,
namely two months, to the total number of months in 2 given interval, four
wonths, The latter ratio may be regarded as a measure of labor supply in hourly
units for any individual,

Suppose each person in the group considered wants to work only one of four
months, In this case, as is seen from Fig(I-1) labor supplied in hourly units
is half that of the previous case. Applying the same argument, the supply ratio
will also be half of what it is above. Hence, the supply ratio with respect to
the group of persons could be regarded as a plausible measure of labor supply in
hourly units for each person in the group in the sense that the former is

proportional to the latter,

{1.3.2.3) Let us restate the above argument in analytical form.
Let a person’'s horizon be n_unit periods, and let the number of periods in
which he wants to work be r.

The ratio,

(1.3-3) =,

n
can be regarded as a weasure of his supply of labor in hourly units (upder the
assumption that in each of r periods, hours of work are a given constant).

As to the number of patterns of the time distribution of r periods during a
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horizon consisting of n periods, we have

{1.3-4) nCr
which corresponds to the six cases in (1.3,2.2) when n:4.and r=2,
The number of cases that labor is supplied in an arbitrarily given periods e.g.:

in the first period, is given by

(1.3-5) —,‘:ﬁ- C

n r,
Fig (I-1)
Farek asgend LBt fouEkh
case-1 |—& m— | - ; —
2 —8 e b ; +
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6 | — — O

Ezech month stands for a unit interval

for calculating participation rate.

Fig., | —2
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Awong K persons, the number who choose to supply labor in one of the nCr cases

is give by
(1.3-6) K./nCr.

Hence, the number of persons who work in a given unit time period is shown
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by

(1.3-7) (K/nCr)e——aCr = K(—)
From (1.3-7) we have the ratio of the number of persons who work in the given

time period, K(-{%ﬁ, to the total number of persons, K,

(1.3-8) K(T) + K =

n
This is the supplier ratic with respect to the group of K persons for a
given unit time period. Comparing (1.3-8) with (1.3-3) we can see the supplier
ratio for a given period is proportional to the supply of labor in hourly units

of a person arbitrarily chosen from the group of K persons.

(1.3.3) From the argument developed in (1.3.2), it was found that the
following conditions have to be fulfilled for the supplier ratio in an
arbitrarily chosen unit period to be a plausible measure of an arbitrarily
chosen person's supply of labor in hourly units,

{a) The time horizon of a person considered is longer than the unit time
period in which the supplier ratio is observed, That is, when the unit time
period in which the supplier ratio is measured is a month, the individual’s time
horizon ts equal to or longer than two months.

{b) For each unit time period in which the supplier ratio is measured, the
labor hours supplied by a person must be the same, i.e., hours of work in each‘
mwonth must be the same.

(¢} Labor hours supplied in a unit time period are the same for all the

persons of a group for which the supplier ratio is measured, e.g. labor hours

supplied in a month are 160 hours a month per person,
{(d) The length of the time horizons for all the persons considered is the
same, e.g. each person’s time horizon equals four months.

(b), (e) and (d) together imply that each person’s tabor supply in hourly
units is the same for each unit time period as well as for each person’s
horizon,

{e) The time distribution or allocation of each person’s supply of labor is
randon,
As long as conditions (a) ~(e) are fulfilled; the supplier ratio of a

group of persons could be regarded as an indicator of each individual person's
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supply of labor in hourly units for a given wage rate. If this holds true, the
Neo-Classiecal theory of [abor supply in hourly units can be applied to data in
which the measure of labor supply is given by the supplier ratio only. But are
the above mentioned conaitionslreally plausible ?

Condition (a), together with (b); implies (1) that each respective person
in the group under consideration has a planning horizon which is longer than the
unit time period (2) that he(she)radjusts actual hours of supply to the optimal
level for a given wage rate during the horizon and (3) that the length of the
unit time period for which the supplief ratio of the group is weasured is
nothing more than a part of horizon., However, we do not have any a priori
information about the length of the horizon, Therefore, there is no way to
judge the plausibility of requirement (a) without examining the results of
analyses employing these conditions as hypotheses.

Condition (b) might be realistic if both (1) working hours in a unit

time period are assigned by the employer and (2) adjustment of the quantity of
labor in hourly units to the optimal quantity is carried out not in & single
unit time period but during a horizon consisting of plural unit periods. There
is of course no a _priori information to judge if this requirement can be
fulfilled. Conditions (d) and (e) are also hypotheses which require testing,
One other consideration to take into account is that it may be necessary for

all persons in the group to be homogenous,

(1.3.4) Given that there is no evidence that conditions (a) through {e) hold,
Neo Classical theory might not be applicable to supplier ratios. For instance,

in some analyses a person's life time was regarded as his{her) horizon or

planning period and a yeary say, was taken as the unit time period. Ia this
type of analysis, the plausibility of condition (e) seems to be quite dubious:
Does a supplier allocate his{her) optimal hours of work dyring the planning
periody his life time, at random? This (s clearly not the case; for exanmple, a
woman's life-time allocation of working hours is thought to be fairly systematic
because it is well known that thebage profile of the labor force participation

tatio of women seems to peak at middle age.
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{1.3.5) As was previously explained, it is difficult to apply a theory of
hourly labor supply of individuals to data in which labor supply is measured
in man units or earnings., In particular, the experiwental designm is difficult,
That is, in order to mwake theoretical concepts correspond to observed variables,
dubious assumptions must be introduced,

Those difficulties, at firsi glance, seem to stem partly from the
inadequacy of accumulated data, However, they originate from the fact that
though we have an analytica! theory of labor supply in hourly units, we do not
have an adequate theory deseribing quantity of labér supplied in man units, HWe
do not have a theory which considers the wechanism of labor supplied in
acceptance or rejection of working opportunities based on consideration of the
wage rate and assigned working hours., It is this deficiency of existing theory
which must be corrected,

Such a theory of labor supply in wman units must, of course, be stated
explieitly in relation to the traditional theory in hourly units. By basing
a theory of labor supp}y in man hnifs on the traditional theory of preference
among income and leisurey, we could deduce quantitatively a Neo-Classical supply
funetion in hourly units, from data in which the measure of labor supply is
reported only in man units. Such a theory of labor supply in units of man is
needed not only because of a lack of available data, but also for analytical
completeness of economic theory,

In additions a man-unit theory of labor supply is needed to clarify the
effects of the shortening of assigned working hours or the adoﬁtion of flex
time on the supply of labor, Even when data on individuals’ hours of work is
available,the traditional theory of optimal labor supply in hourly uunits alone
wight not be sufficient to obtain a labor supply function in terms of hours of

work because ; individuals' actual working hours may be seriously affected by

the hours of work assigned by fivms. Hence, observed working hours might not

necessarily be equal to the individual’s optimal hours of supply.
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ADDENDUM TO CHAPTER 1

[1] Division of Labor and the Dimensions of Labor Input

In chapter 1 we claimed a unified theory of labor supply describing
two aspects of supplier’s behavior sioultaneously: the one being concerned
with supplier’s optimal hours of work for a given wage rate and the other being
concerned with supplier’s acceptance or rejection of working opportunities
depending upon the wage rate and assigned working hours. In the former, the

dimension of the quantity of labor supplied is “hours”; dimension in the latter

Dividing the gquantity of labor, wan-hours, into man and hours, however, is
necessary and important not only for treating the supply of labor but also for
attaining a fundamental consistency in economic theory: that is, the necessity

for the above menioned divisieon of dimension is closely related to the existence

of the “merit of division of labor™, This point can be clarified by observing
the classical example of wanufacturing pins given by Adaw Smith:, Suppose a set
of instruments necessary for a person to make pins is given. Let the hours of
work needed for waking X, unit of pins be h, when one laborer is engaged in

the work., If there were no merit to the division of labor, when two (three)
laborers with one half {one third) of the set of instruments are engaged in

making pins, working hours per one laborer necessary for making X: pins would
be é%‘h), { é%’hl ete.). Hence, when we depict the relation between the number

of laborers, n, and per capita labor hourss, hs; needed for the production of X,
pins, the relation is shown by rectangular hyperbola as is shown by curve AA’ in
Fig(1-2).

If the above case holds, the labor input, L, in terms of man hours required

to produce X; pimns woulld be aconstant ; i.e.,

-1 L=ln ca=n

The equation of curve AA’ is given by
A-2) L=h,=n-+h,

Contrary to the above example, the existence of the merit of division of
labor requires that the greater the number of [aborers employed, the less the
total working hours required to produce X pins. Thus, the relation belween n

and h is no longer a rectangular hyperbola, The curve would be like the contour
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AB passing through point A{ that is, except for point A, the contour will lie
below curve AA"

If the true shape of the contour were depicted by a rectangular hyperbola,
marginal productivities of labor inputs both in units of wan and hour would be

equal to each other: i.e.s

A-3) aX . gXx
3n ah !

where X stands for the quantity of output. As far as the merit of division of
labor exists, however, marginal productivities measured in hours and in men do
differ from each other., Hence, the existence of the merit of division of labor
apparently contradicts the relation shown by (A-2). Here, it is not adequate
to describe labor input, L, in units of man hours as
L=n h..

Rather L should be denoted as L={(n,k). This wost fundamental empirical
law of the division of labor divides man-hours into both units of man and hours.

The existence of the merit of division of labor induces collaboration among
various producfion processes, Introduction‘of this collaboration would bhe one
of the main reasons why working hours are assigned by firn. There exists a
close relationship between the fact that working opportunities are given by the
coupling of wage rate and assigned hours of work and the existence of the merit
of the division of labor or the difference between marginal productivities in

terms of hours and in terms of men.

[2] TUnewployment and the Dimensions of Labor Input
In traditional Neo-Classical theory, the unit of quantity of labor was

thought to he one wan-hour where no distinetion was made between 1 man X 1 hour
or 2 wan X ~%—hour .

An exceptiona) case is where “unemployment™ is discussed, In this case Neo
classical theory implicitly divides man-hours into men and hours e.g., Pigou

states in his Employment and Unemployment, that in order io argue the quantity

of unemploywent, per capita hours of work wust be given.
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§ 1 The Empirical Laws of the Labor Force ( or Job Participation )

and Their lwplications -

Severa) empirical laws concerning the labor force or job participation have
been found, and the theory of labor supply has to be constructed so as to be

consistent with these laws.

[2.1] Interdependency of Household Members® Participation Behavior

{2.1.1) Some Classical Findings _

P.H.Douglas® original findings are shown in Table 1.

Figures in the table are the correlation coefficients between labor force
participation rates of various groups of persons classified by age and sex and
the wmale adults' wage rates, The correlation coefficients were obtained by
cross sectionz]l studies on 41 cities in the U.S.

(2.1.1.1)Fron Table 1, it can be seen that the participation rates of groups
which consist of males under 19 years old and 65 years old and over are
negatively correlated with male adults' wage rates; that is, the participation
rates of those groups are higher in the cities where the adults' wage rates are
lower, and vice versa, As well, the participation rate of groups of females
under 19 years old and 25 years old or over are negatively correlated with
adults' wages.

(2.1,1.2) From those observations it seems that

(1) the individual’s labor supply behavior is not determined
independently but is mutually depéndent on the household to which

he/she belongs, 7

(2) the participation behavior of adults of 20 years through 64 years
is insensitive to the wages of those adults,

(3) the higher the wage rates of the male adults in a group of
households, the lower the participation rates of the younger and
older females of the group.

(2.1.1.3) Douglas’s wain findings have been confirmed by C.D. Long's
comprehensive statistical regression analysis. Based on these ewmpirical facts,
it can be concluded that the theory of labor supply deseribing the supply
behavior of household members is not in terms of eaech member's utility function

but is in terms of the collective utility function of the household members.

(ef. (1) in 2,1.1.2)
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Hence, a theory of household labor supply which assumes that esarnings of
the principal earner are exogenous to the supply behavior of other household
members, but further assumes that other members’ labor supply is dependent on
the principal earner’s income seems to be consistent with the observed facts.
As well, facts support the contention that the principal earner’s participation
behavior is insensitive to his/her own wage rates. ,

(ef. (2) in 2,1,1.2)

Tahle 1 —1

Coefficients of correlation belween average money earnings per
“Fquivalent male™ in. 41 cities in manufacturing in 1919 and

proporations of age and sex geoups gainfully employed

age geoup male female
14 —-. 60 "~. 46
15 —-. 56 -. 36
16 -. 35 ~-. 13
17 —. 214 +. 04
18~19 -, 22 +. 07
20~24 -. 18 -, 20
25~44 ~. 038 —. 47
45~64 ~-. 25 ~. 48
6 5 and over —-. 43 -. 55

guoted from P, H, Douglas . The Theory of Wages
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(2.1.2) Findings from the Family Income and Expenditure Survey

(2.1.2.1) Suppose the household members' supply of labor in man units in a
given group of housholds is negatively correlated with the household's principal
earner’'s income, as was suggested by (3} in 2.1.1.2. The participation ratio,
defined as the ratio of the number of persons gainfully employed to the number
of household members, of the group of househoids whose principal earners’
incomes are higher will consegently be lower than the participation ratio of the
group of households whose principal earners’ incomes are lower. This was,
confirmed for Japan in 1954 by H.Arisawa( *) who used the Family Income and
Expenditure Survey (FIES), This same tendency was found in an analysis of labor
force participation rates of wives in the last half of 1950’3? * X ) Finally,
Massachusetts data of the 19th century also confirms that this tendeneyis a
fairly universal one.{cf. Tab.2) Hence, as far as these observations are
concerned, the theoretical framework suggested in (2.1.1.3) is quite consistent

with empirical facts.

(x) H.Arisawa: Chiﬂginkozo to Keizaikozo (The wage structure and the
Economic structure} In Ed. [.Nakayama “Chingin Kihonchosa” (Basie
Survey on the wages), Toyokeizaishinposha, 1956

{x x) Long Clarence D
The labor force under changing income and employment Princeton Univ,

Press, 1958



22

Table

Participation ratio of 393 families of Magaschusetts in 1875,

o Father’s Participation ratio

yearly wages, of wife and children

Skilled workshop handicrafismen 752.36 0.0526
Metal workers 738.30 0.074
Building trades 721.32 0.074
Teamsters 630,02 ¢, 091
Mill opcratives ' 572,10 0,200
Shoe and Lesther workers 540,00 0.2110
Metal workers” labores - 458,09 0.2045
Workshop laborers ' _ 433,06 0.1864
Outdoor laborers ‘ 424.12 0.2051
Mill laborers _ 386.04 0,2222

Calculated from statisties in 5 Siduey and

Beatrice Webb “Industrial Democracy®

Fig. I —1

Participation

ratio

I B S B T | R P R T R T Ty

households Pariicipation

earners’ incomes

The participation ratioss for the groups households at the same percentile
positions on the distributions of households ; hesds® incomes, for each yesr

are connected by the segments denoted by arrows,
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(2.1.2.2) Time serial movement of cross sectional relationships between the

participation ratio and principal earner's income

It has been noted that cross sectional relations between
participation ratios and princfpal earners’ incomes shift>from year ko year as
is shown in Fig (I -1). These curves'were obtained from Japanese F,[,E.S. data,,
with households surveyed grouped by principal earner’s income, For each group
of households: the ratio of the number of household members gainfully employed
to the total nusber of household members was calculated. The participation
ratios thus obtained for various princibal earner's incomes for each year are
shown on the curves for 1955 through 1958 in Fig ([ -1). Awong the households
surveyed in the FIES, the households uhose members consist of three persons of
15 years old were selected.

FIES i1s & longitudinal survey of households which are followed for six
mwonths, Some households are surveyed from January to June while others are
surveyed from February through July and so on. Out of all the households
surveyed, households which were not surveyed in the month of December were
discarded, This is because more wages and salaries are paid in December than in
the other months and the former considerably affects the amount of yearly
earnings. This treatment of data will to some extent suppress the effect of
transitory variation in earnings,

In addition to the fact that the cross sectional participation ratio curve
tends to be downward sloping, an interesting fact is observed from time serial
shifts of the cross section curves. The groups of households in various years
are not the same because each household is surveyed only for six months., Hence
we do not have longitudinal observations on each household for the four years,
1955 through 1858. However, if the yearly growth rates of principal earners’
income of the households in the i-th groups x) do not exceed that of the
neighbouring groups 1+1th, we could approximately pursue the same percentile
positions on the size distributions of the principal earners’ income for each of
the years, 1955 through 1958,

(x) By “the households in i-th group” we mean both the surveyed households
and the households which are not surveyed but whose principal earners’
incomes are lo be classified as 1-1h group.

The segments dotted by arrows line in Fig( [l -1) were drawn by connecting

the points of whiceh the coordinates on the abcissa are the principal earner’s
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income levels corresponding to the same percentile position for four years, 1955-
1858, The corresponding participation ratios on the arrows were obtained by
interpolation, As is mentioned above, any-one arrow is interpreted as showing
approximately the time serial movement of the participation ratio of any one
group of households in which the same households are included. From this, we
can observe that the participation ratio curve is downward slopingys as was
expected and that the curve shifts from year to year reflecting changes in
opportunities of non principal earners and in principal earners® income as is
explained below,
(1)  in groups whose principal earners’ incomes are relatively lows the
participation ratios were sharply augmented,
(2) in the higher principal earners’ income groups, the participation
ratios on average, grew relatively slowly during four years.
(3) among the upper income groups mentioned in (2), there are a few
groups in which participation ratios even declined (1957 and/or
1958) _
As will be precisely explained below, these observations suggest (a)
that the participation ratio is affected by two main causes, that is, the
principal earner’s income and the economic opportunities of the members of the
household other than the principal earner, and (b) that the augmentation of the
forper (principgl earner’s income) tends to decrease the other members
participation ratio and {c¢) that favorable movement of the latter tends to
increase the ratio.

In 1956, the Japanese economy was recovering from the depression of 1954
and 1955, and after the boom year 1957, a recession occurred in 1958. During
these phases of the business cycle, the principal earner’s income in the lower
income group did not grow much as is shown by dotted lines in Fig(J-1). Hence
it may be said that in the lower income groups, the effect of increases in
principal earners’ incomes was suppressed by the effect of growing economiec
oppriunities opened to non principaf earners. These growing opportunities
inereased participation ralios, so that in these lower income groups the ratio
grew rapidly., On the other hand, in the upper income groups, principal earners’
incomes grew quite rapidly and the effect of growing principal earners® incomes
loweringthe partiéipation ratio overuhelned the non principal earner's economic

opportunity effect, Hence, in the upper principal earner's income groups the
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ratios at most grew a little or even declined.

(2.1.2.3) The results of the observations in (2,1,2.2) are summarized by the
propositions below,

(2,1.2.3.0) In a household there exists a principal earner whose income can be
considered to be exogenous to the labor supply behavior of other members of the
household,

(2.1.2.3.1) Given the earning opportunities, wage rates and so on, of non
principal earners, the participation ratio of the group of households in which
households® principal earners’ incomes are appoximately the same will decline as
principal earners’ incowme grow.

(2.1.2.3.2) Given the principa! earners' income, the participation ratio of the
group of houscholds inc¢reases when non principal earners’ earning opporiunities
become more favorable,

Let us call proposition (2.1.2.3.1) the first ]aw of the household's

participation.ratio and the proposition (2.1.2.3.2) the sécond the Jow of

household's participation ratio.
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[2.2] Observations on Wives' Partiecipation Ratio

(2.2.1) In order to set out a theoretical model of householid labor supply
weasured both in men and in hours, it is appropriate to bégin with a simple case,
Hence we would like to consider the type of household whose members consist of
a couple and an unspecified number of children under fifteen years of age . We
shall call this type of household “type A" hereafter,

In s household of this type, the wife can be identified as a non
principal potential earner and the husband as the principa] earner,
(2.2.2) Aaong . the households surveyed by FIES for four years, 1961 through 1964,
only households of type A were selected. Out of the households thus selected,
households which were not surveyed in December were discarded. The rest of type
A households were stratified by principal earners® income. The participation

curves of type A households thus selected are shown in Fig(1-2).
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§I11 A Model of Labor Supply of Type A Haouseholds (1)
--------- Empolyee Opportunity Model --------

[3.1] Households' Preference Functions Between Leisure and Income

As can be seen from the discussion in §1I-2,1,2, an individual's supply of
labor is not independent from but is rather connected with those of other
members of the household., It would then be appropriate to construet a
collective preference function with respect to household income and the
individual's leisure, Consider a household with P persons. Let their utility
indicator funetions be

UI(AI: X)r Uz(Azs.X): """ :Up(Ap! x)s

where A (i=1,2,++,P) stands for leisure and X stands for the household’s
income in contant price. The collective utility indicator function would then

be written as

3.1'1) mzwl[Ul(All X)!""":Up(lp: X)]
=w2[*11 """ ’AD,X]
Letting T be the individual's total number of hours in the defined period

(day, month, ete.,) and denoting the quantity of labor supplied by the i-th

individual by hi’ there exists the identity,
3.1-2) A;=T— b , i=1,2, ,P.

Substituting 3.1-2) for 3.1-1) we obtain
o 3.1-3) o sz[(T"‘ hl)' (T~ hz)r """ (T-— hp)ax].

- Again from Douglas’ and Long’s finding (cf, §11-2.1.1.2) it is
hypothesized that in each household there exsists a person on whose income the
other wembers' labor supply behavior depends. We call this mewmber of the
household “the principal ezrner”., The members of the household other than the
principal earneryexcept for children, we call “non principal potenial earners”,
(in short, potential earners or non principzl earners,)

For the Type A household (ef. §11-[2.2]) with S children we have
P=S5+2.
The hours of work for the children are institutionally restriciticted to zero,

namely

3.1-4) h =0 (t=7P P-1,~,P-S5+1).



28

Letting the first and the second wembers be husband and wife respectively we
obtain from 3.1-3) and 3,1-4)
3.1-5) w = a,[(T—h),(T—h:), X1,

It is approbriate to assume that the wife's supply of lsbor is dependent
upon the husband’s incone, This means that husband and wife are identified as
principal earner and potential earner respectively, Denoting the husband’s
earnings by I, we have

3.1-6) wh =1,
where W;, the husband's wage rate, is an exogenous variable., The hours of work
of gainfully employed household members seem to vary depending upon their wage.
rates, However, in realitys as is discussed in §1-<1.2.3>, institutional
factors prevent them from cﬁoosing their optimal working hours uhigh may differ
from those assigned by employers. As a first approximations it is not
unreasonable to assume that h, equals h,, which stands for fixed hours
assigned by the employer. Now, frow 3.1-5) and 3.1-6),we obtain

3.1-7). @ = oy [(T~h),(T~h),X]s

X =1 + whas

where | is an exogenous variable, and h: equals h, or zero depending upon
whether the wife is gainfully ewployed or not.

T —h, being an institutionally given constant, the collective utility
indicator function of the household is written as

3.1-8) w = w[(T-h),X]
where h stands for the wife’s hours of work., (We drop the subscript 2
attached to h for simplicity.,) For Type A households, therefore, the
utility indicator is fully deseribed by a function of the wife's leisure hours

T — hy and the household’s income X,

[38.2] A Model for Labor Supply Probability in Terms of Income-leisure

Preference Functions

<3.2-1> Optimal Hours of Work

Let us consider a household of Type A. We have here one principal earnmer

(husband) and one potential earner (wife),
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Let the income-leisure preference function of the household be, as shown by
(1-8), _

3.2-1) w = @(X,A)
where,

3.2-2) A=T -~ h,
h being the potential earmer’s (wife's) supply of labor.
Household income is defined by

3.2-3) X =1 + wh
where W, the potential earner's wage rate and I, the principa! earner’s income,
are given, Substituting 3.2-2) and 3.2-3) into 3,2-1), we can obtain the value
of h which maximizes @ by solving the equation,
dw

3.2-4
) dh

= 1,

This system is shown in Fig.JI-1. Leisure, A, and t\he household's total
income,; X, are scaled on the vertical axis and the abeissa respectively. Total
disposable hours for the potential earner, T, depend on the time interval for
which X, A, and I are defined; e.g. if these variables are defined for a 24

hour period, T is 24,
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Let I be the given value of the principal earner’s incomwe, and let tané
be the potential earner’s wage rate as given by the employer. The potential

earner’s optimal working hours and the household’s total income are shown by the
coordinate of P¥ + which is the tangency point of the income-leisure contour, @,

and the income line, AB. Obviously, h x on the vertical axis in Fig. -1 is the

solution of equation 3.2-4), and it could be written as:
3.2‘5) h*: h*(lrwiall""ap) 1

a i(i==1,“',p) being parameters of the preference funetion 3.2-1). The

value of h* varies as Iy W, and parameters of the preference functions @, -~
. . X . . .
allch&nge. Equation 3.2-5), corresponding to the locus of P° in Fig. M -1, is

the supply schedule of the potential earner,

Now, if the supplier were able to determine working hours in accordance

. . %
with his supply schedule, he would work exactly h™ hours under the wage rate
assigned by ?hé eaployer. However, in teality, workers have to accept the

institutionlly assigned normal working hours h, in order to he employed. These

normal working hours (R} need not be equal to the optimal hours (h *).
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<3.2-2> The Principal Esrmer’'s Critical Income

In this sectiony we will discﬁss the range of the principal earner’s income
over which the potential earner accepts work under the condition that both the
wage rate and the working hours, w and h, are assigned by the employer,

Let the principal earner's income be I, which is higher than I,, in
Fig. -1, Suppose that the wage rate and the assigned working hours are tané
(=w) and Th (=h) respectively. If the potential earner were to sccept this
work, the household's position with regard to income and leisure would be shouwn
by point H. At this point the household is obviously worse off than point E,
where the potential earmer does not work at all and the household’s total
income is equal to the principal earner's income, I.. Hence, so long as the
principal earner's income is higher than I,, the potential earner does not
accept employement at tan® and Th respectively. In the same wanner, it can be
shown that the household is better off if it accepts work under these conditions
when the principa! earner’s income is less than [;, When the principal earner’s
income is exactly I,, the household is indifferent to the choice between
acceptance and rejection of this job, Let us call the principal earner’s income
[\ the critical leve! of principa! earner's income with regard to this specified
employment opportunity, or in short, the principal earner’s critical income
(PECI). ‘

As can be seen from Fig, -1, the principal earner’s critical income varies
with changes in the assigned working hours h, the wage rate w, and the shape of
the contour of the preference map. For instance, if the dssigned working hours
were less than what is shown by point C, the potential earner would work because
the household would be better off. Therefore, I, could no longer be the
principal earner’s eritical income of the household. Consequently, denoting the
principal earner’s critical income by [ X, we have

3.2 1¥ = 1% K, a,, @pyey @),

Analytically, function(3.2-8) can be derived as follows. Let the
preference function be (3.2-1) in [3-2-1]. That is

3.2-1) o = (X, A).
where, as shown in [3-2-1],

3.2‘2) A_ =T — hy
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and,
3.2-3) X =1 + uh,
In the first place we will obtain an equation of the contour passing
through the point A in Fig,ll-1. At point A we have ‘
3.2-7) A=T, '
and,
3.2-8) X =1,
by applying h=90 to 3.2-2) and 3.2-3). Inserting 3.2-7) and 3.2-8) into 3.2-1)

we get

3.2-9) w, = w(]),
where T, a constant, is deleted for brevity, This is the indicator of the
contour passing through point A,

To obtain the equation for the contour passing through point C in Fig. -1,
we set h equal to h, the assighned hours of work, in 3.2-2) and 3.2-3), and
insert these relations,

3.2-77) A =T - h
3.2.8 ) X = I + wh
into 3.2-1); That is, we have
3.2-10) w," = o(h, w, I),
where T is deleted again,

By the postulate that I in (3.2-9) and (3.2-10) is the orincipal earner's

critical income, 1%, we have
3.2-11) w, = w,’ .
Appling this condition to (3.2-9) and (3.2-10), we get
3.2-12) w(1®) = w(h, w, 17), |
where I's in (3,2-9) and (3.2-10) are replaced by I*.
Solving (3.2-12) with respect to I, we obtain equation (3.2-6).

Given w and hi, the value of the principal earner’s critical incomey I *, of

the specific household is determined by a set of values of the preference

.. e X
parancters, @ i(|==j,"-,p), specific to the household, Therefore, | , the

principsal earner’'s critical income, can be viewed as & parameter characterizing
s specified household with respect to its preference between income and leisure

where the wage rate, w, and the assigned hours of work, % are specified. -
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{3-2-83> Size Distribution of the Principal Earner’'s Critical Income

{3-2-3-1) Let us consider a group of m households of type A in which the
principal earner’s income and gssigned working hours open to each household's
potential earner are the same. If we were able to single out, among w
households, w’ (£ =) households whose preference among income and leisure are

exactly sames it would be obvious from equation 3-2-8), that their principal
earner's critical income, I?(j==1, ------ sm° ) must be equal (a constant Il)‘

Since it is difficult identify households whose preference functions are exactly

the same, it iIs nesessary to introduce the probability density distribution of

the critical income(PECI), I} (k=1,--n),

3.2-13) (I} | Byu; 7)

where & 1s a sei of parameters of the distribution funection g. The elements
of 7 are, respectively, funetions of the preference parameters, The functional
form of the probability distribution g depends on the differences in the shape
of indifference curves among households,
(3.2.3.2) The magnitude of I* of an arbitarily chosen household depends on the
form of the indifference curves of the houschold, the wage rate w and assigned
hours of work h, Hence, given the distribution function of preference
parameters among households,the form of the PECI distribution g is also
determined, Let us examine how the latter is deduced from the former.

In the first place, we shall assume that only one parameter, out of p

parameters which characterize the shape of income—leisure preference curve
of each household, differs among houthholds. The reason why we adopt this
assumption is that (1) it simwplifies the relation between the PECI distrfbution
and the distribution of preference parameters without impairing the core of the
problewy and (2 ) such a simple model was found to be consistent with the
observations,

Hence, let the preference function of the ith household be
3.2-14)  w=w(XA, @), a@l),  (i=1,,0)

where airdiffers among m households, and the magnitudes of p—1 preference
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parameters Clé, ----- ' a; are respectively assumed to be common to all

households; that is,

3.2—15) a;= a_. (s=2-0)

{(i=1s-+ym)

3.2—14) can be rewritten as

_ = i
3.2 16) m_m(XQA,allazl ’ap)’

where @) ,differs among m households.

Let the differences in @! ,be noted by the density distribution

3.2-17) ¢( a,,06 )

where 8 stands for the set of parameters of the distribution function.
The PECI for the ith houthhold, I*, in equation (3.2-6) in [3.2.2] can be
rewritten, by taking into account the parameters in 3.2—186),

3.2—-18) IX

: :I*( N,K’ai’az’......’ap ),

Solving 3.2—18) for @,, we have
3.2-18) @i=G(1*Luk,a,-ma ),

where G stands for the inverse function of I in 3.2—185

Inserting 3.2—19) into 3.2—17), we have
3.2-20)  #IG(I %, w, i, @y ey @ ). 81,

Let the probability element of the density distribution ¢ be
3.2-21) ¢ ( a; . 0 )'da1

From 3.2—19), ddl in 3,2—21} can be written as
32.2-22) de;=(3G/a1 ) 4

where the super script 1 is deleted,

Replacing @, in 3.2—21) by G in 3,2—20), and da, in 3,2—21)



35

by de, in 3.2—22), we have

3.2-23)  #[G(I* ,wh eg——,a ), 8113G/31%-dT*

This is the probability element of the I *distribution. Hence, the density

distribution of PECI, [ * , or the PECI distribution for short, can be
written as

3,2_24) CD[ G(I *,uuh_, az: """ ] Gp),ﬁ ]iaG/B I* :
This is nothing but equation 3.2—13) in (3.2.3.1]. Comparing 3.2—24)
and 3.2—13), it can be seen that the set of parameters 7 in 3.2—183)

includes the parameterss @ o y- - ' @ and @ ,that is, 3,2—13) can be

rewritten as
3.2—25) ¢ I*,uhyx(ag, -0 ,0)]

The equation of the probability of [abor supply can be obtained by
integrating the probability density distribution of principal earner’s eritical
income, (3.2—13). However, in this process of deriving a probability-of-supply

equation, it is necessary to induce new notions of maximum hours of labor supply,

and of its distribution,
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<3.2.4> Maximum Hours of Labor Supply and its Distribution

The notion of maximum hours of labor supply (MHLS) is closely related to
principal earner’s critical income (PECI). Hence, in order to define MHLS we
can again use Fig(M —1) by which the definition of PECI was given,

(3.2.4.1) Suppose a househoid of type A with principal earner's income,
1s. Let the wage rate offered to the nonprincipal potentia! earner by the firm
be W. (see Fig(Il —1)). If the firm wants to induce the potential earner to
work at the wage rates W, the hours of work assigned by the firm have to be less
than Th® in Fig{ll —1). We shall call the hours of work, Th' , the maximam hours
of labor supply(MHLS). .

If the hours of work assigned by the firm are Th” , a potential earner is
indifferent about working. Should the potential earner be employed, her
position would be shown by point C” which is the intersection of the income
line A" B” and the indifference curve @’ passing through point A" which shows
the potential earner's position when she does not work. When the assigned hours

of work is less than Th” , the potential earner is better off accepting the
offered earning oppotunity because the potential earner’s position will be
somewhere between A’ and C” on income line A B” . Such a position is on an
indifference curve with a higher utility indicator than that of @,’ which
passes through point A'. Finally, when the assigned hours of work exceed Th’ ,
she will be worse off accepting the earning opportunity because her position is
on an indifference curve where the utility indicator is lower than @o’ . Thus,
the assigned hours of works Th® ,is her maximam hours of Iabér supply.

(3.2.4.2) Given the wage rate, W, and the principal earner's income, [, the
mwaximum hours of labor suppoly (MHLS) depend on the shape of the household’s
indifference wap, especially the shape of the contour passing through point A" .
Hence the value of MHLS of a household could be viewed as a parameter which
expresses the characteristics of the preference belween income and leisure
specific lo the household, under the given wage rate and the principal earner's
income. - .

(3.2.4.3) MHLS Locus

The value of MHLS varies with the wage rale offered to nonprincipal
potential,earners‘for a given principal earner’s iﬁcome. That iss in Fig( m-l)J

it can be seen that an increase in principal earner’'s income from |, to I,
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changes the value of MHLS fromrTh' + for the given wage rate W, In Fig(Il-1),
the locus of pointsy, C° , C, G, whose ordinates give the values of MHLS’s
corresponding to the various principal earner's income levels, is obtained.
This is named the MALS locus. |
Making use of the MHLS locus, the relation between the PECI {(principal
earner’s ceritieal income) and MHLS can be shown. Let the assigned hours of work
be Th in Fig(I-1). The dotted line passing through point h parallel to the
abscissa is drawn. Let the ineresection of the line and the MHLS locus be point
C. We can easily determine the potentia] level of principal earner's income I,
corresponding to the MHLS shown by the ordinate, Th, of point C. The potential
level of a principal earner's income is, by definition the PECI under the
assinged hours of work, Th, and the wage rate, ¥. In other words, a PECI under
specific assigned hours of work and wage rate is a principal earner’'s potential
and critical income level by which MHLS is made equal to the assigned hours of
work, This level of principal earner’s income is potential in the sense that
the actual level of the principal earner’s income does not matler in its
derivation,
(3.2.4.4) MHLS curve
[f the locus of the MHLS is an upward sloping in income-leisure plane as is
shown in Fig.[-2, the relation between the MHLS and the principal earner’s
income is downward sloping in the MHLS and principa! earner’s income plane as is
depicted in Fig, [l -2, We shall call this the MHLS curve. The equation for
the MHLS curve of any household of type A can be derived asfollous,
Let the utility function of a household be
3.2-26) w = w(XA).
The utility indicator @, of the contour passing through point A in Fig, -1 is
given by
3.2-27) w, = w(l,T},
noting that X = I, A = T at point A. Hence the equation of the contour
passing through point A is given by
3.2-28) w(1,T) = w(X,A)
where the value of I is given., Making use of the relation
3.2-29) A =T—h,
3.2-28) reduces to
3.2-30) w(l,T) = o(X,T-h).
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By solving siwultancously equations 3,2-30) and
3,2-31) [ + wh =X
We have
3.2-32) h = h(I.#, T}, and
3.2-33) X = X(I,W,T).,
3.2-32) is the equation for the MHLS curve. ‘Equations 3.2-32) and 3.2-33)

simultaneously give the coordinates of the MHLS locus in Fig. [[-2.

In Fig. -2, the value of the abscissa, I,* s of the intersection point, M,
of the MALS curve and the straight line parallel to the abscissa axis is the
principal earner’s ceritical income wheﬁ the wage rate, w, and the hours of work,
W, are assigned, The value of If is analytically obtained by waking h equal K
and w equal W in equationy 3.2-32) and solving with respect to I, that is

3.23) 1= flwmD. ,

(3.2.4.5) As is easily seen frowm Fig. -1, the MHLS for the given values
of W and I varies among households due to the difference in the shape of the
indifference curves among the households. Hence the MHLS curves also vary among
different households, This imp]ies that the level. of the principal e;rner's
income for a household which is determined by the intersection of the given

horizontal line and the MHLS curve varies from household to household.
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Therefore we explicitly introduce a set of preference parameters, @i,y which are
specific to each of the households into egation 3,2-34), That is

b 4
3.2-35) 1. = f(w,hT ai),

x . . . e ; .
1, is the principal earners eritical income for the i-th household when the
assigned wage rate, wy and hours of work, 1y of nonprincipal earner equals w and

fiy respectively.

The distribution of If in 3.2-35) has been given by 3.2-13) in 3-2-3, or
equation 3,2-25) im 3.2.3.2
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<3.2.5> Rsestrictions on the Shape of the MHLS Curve

(3.2.5.1) Given the wage rate and the assigned hours of work, the non-
principal potential earner is indifferent to work if the principal earner's
actual income just equals the PECI. ‘

(3.2.5.2) When the MHLS curve is downward sloping, as shown in Fig.

M-2, the non-principal potential earner does not (does) work if the prineipal

earner's actual income, I, is larger {(smaller) thar the PECI, I *, for the given
wage rate and the assigned hours of werk for the nonprincipal potential earner.
That the MHLS locus in the income-leisure plane is ascending means that the MHLS
curve in the MHLS-principal earner's income plane is downward sloping.

The case of an ascending MHLS locus is shown in Fig.M-1. In Flg.M-1,
the household’s PECI is shown by point I, on the abscissa, Let the principal
earner’s actual income level be I: which is higher than the PECI. Given the
nonprincipal potential earner’s wage rate, w =(tan# ), and given the assigned
hours of work, the household wil! be at point H on the income line E F when the
nonprincipal earner accepts work; When she does not works the household will be
at point E, The utility indicator of the indifference curve passing through
point E is apparently higher than that passing through point 0, Hence point E
is chosen, 1.e,, the nonprincipal potential worker does not accept the
opportunity to work,

(3.2.5.3) The opposite case, a downuward sloping MHLS locus in the
income-leisure planey, is shown in Fig,[[-3. The locus obtained by connecting
the points C' C G etc. is the MHLS locus. Hence the MHLS curve in the
MHLS-principal earner’'s income plane is ascending, Given the nonprincipal
potential earner’s wage rate, w {= tanf ), and the assigned hours of work h(Th),
the PECI of this household is shown at point [,, on the abscissa, [f the
principal earner®s actual income is larger than PECI as is shown by point I, on
the abscissa, the household's position with respect to income and leisure is
shoun at point  on the income line E F* , Contrary to the case of an ascending
MILS locus as shown in Fig. -1, the intersection, G, of the contour passing
through point E and the income line lies below point Hy in Fig. -3. Hence,the
household will be better off if the nonprincipal potential worker accepts the
opportunity to work because the indifference curve passing through point 1 (not

shown) lies above the curve which passes through point E. In this casey the
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nonprincipal potential earner will work if the principal earner’s actual income
execeeds the PECI. When the actual income is less than PECI (see point [¢ on
the abscissa) the nonprincipal potential earner does not work because if the
nonprincipal earner were to work,the household's position'would be shown at
point D, and the contour which passes through the point will be below the one
which passes through point A°. '

Hence, if the MHLS locus is downward sloping and the MHLS curve is
ascendings the nonprincipal potential worker works (does not work ) when the
principal earner's actual income is larger (less) than PECI.

(3.2.5.4) When the nonprincipal earner’é wage rate and hours of work
assigned by firm are given, the condition of the principal earner’s actual
income which will determine the nonprincipal earner's choice between work and

non-work is summarized below,
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Let I*and I be the PECI and the principa] earner’s actual income of a
household respectively, and suppose the wage rate, w, and assigned hours of work,
fi+ are given.

a) 1if the MHLS curve is downward sloping, when I<I*, the

nonprincipal potential earner works; and when I>I*, the

nonprincipal potenteal earner does not work.

b) if MHLS curve is ascending, when I<I*, the nonprincipal

potential earner does not work, and when I>I*, the nonprincipal

potential earner works.
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<3.2.6> Probability-of-Supply Equation and Distribution of

Principal Farper's Critical Income

{3.2.6,1) Probability-of-Supply Equation

For the given wage rate, ws and assigned working hourss h, the distribution

x . ; .
- of 1" is uniquely determined, Suppose we have K groups of households where

within each group the principal earner's ineome, Ik' the wage rate, Wk, and

assigned working hours, Ek, are the same. Let the number of households in each
group (k=1,2, » K) be Nk'

The characteristies of the distribution function of I*[ equation 3,2.13 in
3.2,3.1),g, are assumed to be common to the K groups, For the K-th group

the density distribution of 1* and the level of the principal earner's income,
Ik’ is shown in Fig.ll-4. Area B stands for the probability of 1> Ik holding

for any one household.

Fig, M—4

st |w. A

|
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(3.2,6,1—1) The case of a downword sloping MALS curve

In the household where [k<il X the potential earner is gainfully employed.
(cf.3,2.5.4) For this group, the number of households in which one potential
earner is gainfully employed is equal to N nultipfied by the value of the
probability designated by the area B. The pfobability designated by aréa B is
the probability of supply, #k, of the households in the k—th group and is

given by the following eguation.

3.2.38)  ak = 1= J* o(1%, B Ry (as ., a0t

uhere a is the lower limit of integration, Thus, the #, of the k-th group of
households depénds on the principal earner’s income lys the wage rate W and
assigned working hours Ek which is shown by

3,2-37) #y = C(Ik, o by @oy ceoeee : @ 4 @)

This equation ¢can be exactly intérpreted as the supply function in terms of the

probability of supply, Multiplying oy by N yields the supply funetion in
terms of persons,
As the definite integral of the second term of the right hand side in equation

3.2-36) is an increasing Tunction of the principal earner}s income, [k v My in
3.2-37) is a decreasing function of [ Lo

Hence, we have,

3k, _ 3G

3.2-37" ) T = 31,

<0

This relation means that the larger the principal earners® income of the group
of households, the smaller the non priscipal earners’ probhability of supply,
The above proposition is clearly consistent with the empirical law mentioned in
{2.1.2.3.1)

In the following discussions we call # the participation ratio (taking into
account the approximation mentioned below)., The notion of Supply probability
Ky may be, exactly speakings, a little different from the participation ratio.
This will be clarified later in (3.2,8) and in the addendum to section [, but
we mention here that the latter can be regarded as an approximétion of the

former,
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(3.2.6.1-2) The Case of an Ascending MHLS Curve

When the MHLS curve is ascending, i.e., the participation ratio is given by
the area A in Fig. -4y as is explained in 3.2.5.4(b). In this case the

.

participation ratio is given by

As the definilte integral of right hand side is an increasing function of the

principal earner’s income, [k' we have

(3.2-39) a# /al >0

Hence, the greater the principal earners’ income, the greater the non principal
potential earners’ participation ratio for the group of households. This
clearly contradicts the empirical law in (2.1.2.3.1). Hence, it can be said
that a utility funetion with an ascending MHLS curve (a downward sloping MHLS

locus in income-leisure plane) is not consistent with previous observations.

(3.2.6.1-3) Frowm the above argument the following proposition is obtained. As
far as the observed participation ratios for the years 1961 to 1964 are
concerned, the-HHLS curves which are deduced frowm the households’ income-leisure
utility funetions must be downward sloping, Then, equatioﬁs (3.2-36), (3,2-37),

or (3.2-37") in (3.2.6.1-1) will provide relevant participation ratios,
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<3.2,7> The shift of the Participation Equation and the PECI Eguation.

(3.2.7.1) The shift of the size distrubution of PECI induced by non principal

potential earners’ wage ratle.

(3.2.7.1—1) Given the principal earner's actual income, the magnitude of MHLS
increases in accordance with the size of the non principal potential earner’s
wage rate, This is shown in Fig, [-1. Let the principal earner’s actual income
be I, as is shown in the figure, When the non principal! earner’s wage rate is
increased, the slope of ABy tané@, srows,and hence the interseetion, C, of the
income line, AB, and the contour, ®,, passing through the point A, moves
downward along the contour @,. That is, the MHLS is augmented, This applies
to any level of the prineipal earner’s actual income, so that increases in the

non principal earner’s wage rate shifts the MHLS income-leisure locus downward.

(3.2.7,1-2) Let the MHLS curve be downward sloping, When the non principal
earner's wage rate is w, the MHLS curve of a household wil! be depicted as is
shown 1n Fig.[1-5. For a wage rate W, which is larger than W,, the MALS curve
moves upward. Given the assigned hours of works hy the level of the household's
PECI is increased from Ir to If along with the growth of the non principgl
earner’'s wage rate from W to W,, The above argument applies to all the
households with various levels of PECI (principal earner's critical income),
given the non principal earner’'s assigned -hours of work. Hence we get the
following proposition. An increase in the wagerate offered to non principal
earners shifts the distribution of the PECI to the right.

This is shown in Fig., l1-6. The curve (D shows the size distribution of
PECI when W =W,, and curve @ shows that of PECI when W = W,>W,, the assigned
hours of work, T, being given. Suppose a group of households, k, whose
principal earners’ levels of actual income are the same. Let us denote the
actual income level by Ik' When the non principal earner’'s wage rate is W,
the right hand side of the area {hatched) enclosed by the vertical |ine passing
through point [k’ and the density distribution curve (D gives the noa principal
earners participation ratio. Whenthe wage rate is increased to W,y the density
distribution curve of PECI is shown by curve @. The participation ratio given

by the area enclosed by the vertical line and the density distribution ecurve @
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is clearly larger than what is given by the ecurve (D, Hence we have the

following porposition,

When the non primcipal earners® wage rate offered by the firm,fncreases,
then the non principal earners’ participation ratio of a group of households for
which the level of prinecipal earners’ actual income are identical also inecreases,
That tss with respect to the participation equation (3.2-37) in (3.2.6.1-1), we
have

3, /AW =36/aN >0

This proposition is consistent with the empirical law given in (2.1.2.3).

(3.2.7.1-3) Contrary to the case mentioned above, suppose an ascending MHLS
curve, Increasing the nom principal earner's wage rate, W, decreases any

household’s PECI for the given assigned hours of work, as is shown in Fig. [[-7.



48

Hence, the PECI distribution shifts toward the left in accordance with
the increase In the wage rate, In the case of an ascending MHLS curve, the left

hand side of the area enclosed by the vertical line passing through point Ik

(see Fig. [l -8) and the distribution curve gives the participation ratio
(see 3.2,.5.4(b)). Therefore, the shift of the PECI‘distribution to the right
caused by an inerease in the wage rate makes the participation ratio of a group
of similar households increase,

By the above arguments; preference functions which yeild an ascending MHLS
curve clearly contradict the empirical law given in (2.1.2.3.2).
(See also 3.2.6.1-3)
(3.2.7.1-4) To conclude, to be consistent with the empirical facts, the
indifference curves with respect to income and leisure are required to have the
following properties,

a) downward sloping and convex to the origin

b} vyielding downward sloping MHLS curves,

Hereaftier, we shal! consider only the case o6f downward sloping WHLS curves.

(3.2.7.2) Shifts of PECI Distribution generated by Changes in assigned Hours of
Hork

Assuming a downword sloping MHLS-curve, a decrease‘(increase) in the ,
assigned hours of work increases (decreases} the level of PECI of any household,
This is easily seen from Fig. -5 in (3.2.%.l~2)0r directly observed from Fig. ][ -
T in (3.2.4.1). Making use of the latter figure, we shall verify the above

point,

Fig. B—7
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Fig. I—8
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Suppose a household with an actual level of principal earner’s income

[: equal to the PECT of this household, assigned hours of work and wage rate

being given by § and tan@ respectively as shoun in Figll-1. The non principal
earner of this household is, of course, indifferent to whether he/she works or
not.Now, suppose, that assigned hours of work are shoriened. When the non
principal potential earner works, the household’s position with respect to the
income leisure plane is shown at a point (not shown in the Figure)somewhere
above point C along the income !ine AB., This point lies on an indifference
curve {not shown) which has a utility indicator higher tham that of contour @,
passing through point A, lHence, shorter assigned hours of work for the non
principal earner induce the non principal earner who does not work under the
previously longer assigned hours of work, Th, to work. This also means that the
inerease in PECI caused by the shortened assigned hours of work does make the
principal eérner’s actual income, lower than PECI. Hence:; given the non
principal earner’s wage rate, a decrggse {increase)in the assigned hours of work
shifts the distribution of PECI to the right {(left).As a result, the
participation ratio of a group of households whose principal earners’ incomes
are the same increase (decrease) when the assigned hours of work, h, decrease
(increase). This is easily seen from Fig. Il -8, Hence we have proposition that
with respect to the participation ratio equation (3.2.37) in (3.2.6.1-1), the
relation

3.2-40) A&k - 3L 4
Oh ah

holds.
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<3,2,8> The Relationship Between the Supply-Probability Equations

and the Observed Participation Curves

Equation 3.2-36) or 3.2.-37) in (3.2.6.1-1) déseribe the probability of a
non principal earner's supply of labor for a given earning opportunity.
We shall discuss the relationship between this equation and the observed

participation curve shown in [2,1] and [Z.2].

(3.2.8.1) The Theoretical Counterpart of the Observed Participation Curve

Let the wage rate proposed by the [irm and the assigned hours of work he wi,
and E>respectively. Inserting these values into the supply-probability equation

3.2-37), we have the relationship

3.2‘41) ”k = G(Ik’ Wiy }l—, A pqoeeee y @ 0) .

This is an equation describing the relationship between the probability of

supply “y and the principal earner’'s income, Ik’ when w; and i are given. This

equation is depicted by the curve C; in Fig. -9

Given w, and wsy respectively,

we have

3.2'42) ﬂk = G(Ik' Wy H; O jgreeees ) aplﬁ)
and

3.2-43) /‘k = G(Ik’ Wi h—’ Qg geeene ’ apyﬁ);
where

W3<N2<W1

and h Is common Lo all households considered. These equations are shoun as the
curves Cyy C; and Cs in Fig, [{-9.

Suppose in a group of households®, principal earners’ incomes are at the
same leve!, I, let the number of households in the group k be Nk, Hence, the
number of non principal earnmers in the group equals Nk because the households
are of type A, quther suppose three kinds of working opportunities are given

to the Nk:non principal earners by firms. Let the wage rates of the
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opportunities be s
(i=1,2,3) where
Wa <N2 <W| y

assigned hours of work being the sawe, h.

Let the number of the opportunities with wage rate u; be N? (1i=1.2.3)

(Fig. W -10)., In this situations firms want to hire N? persons among Nk non
principal earners by paying a wage rate s assigned hours of work being the

same for all the firms.

Who receives the highest wage rate, w:. among Nk persons will depend mainly
upon the choices of firms because potential supplyers (Nk persons) are not

homogeneous from the firws’ points of view, It will also depend partly on the
amount of information on working opportunities posessed by the potential

suppliers as well as on the distribution of information among Nk persons,

Firms select among N non principal potential earners, N? persons for whom
enployment opportunities with wage rate w, are given, However, only some
of these N? persons will accept opportunities offered by firms. Letting
the ratio of the number of persons who accept work opportunities to N?
persons be ll(Ik, w;)s the maganitude of which is shown by the ordinate of
the point m, in Fig, H-9, the nunber of persons gainfully employed is

NS a1 ),

The same arguement applies to the persons who can be employed at wage rates ws
and wy if they so wish, Thus the number of persons gainfully employed at

wage rates w;, Wz, w3, 1S given by
#xN? +ﬂzN(3 'i‘ll:sN(:i .
The participation ratio, i.e.s the ratio of the number of persons gainfully

employed to the number of non principal earners of the group of households whose

principal earners’ income are I, is given by
k

A N Y
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In general, let the number of potential work opportunities provided by firms

be N?, (j=1,+--,J). The corresponding wage rates are wj's and assigned hours

of work are the same, h. Among the J kinds of potential! opportunities given by
firms, there might be some opportunities for which-the probability of supplys %,
is zero because of low wage rates. In this sense, the work opportunities may

be said to be potential. Each of the Nk non principal earners of the group of
type A households whose principal earners’ incomes are the same, Ik' has her

(his) own potential work opportunities, Some have opportunities at both high
and low wage rates. Some have opportunilies at low wage rates either because
they are unskilled labor from the firms’ point of view or because they possess
only poor information on employment opportunities. Henmces each potential non
principal earner in the group of households, k, has her own most [avorable
employment opportunity (defined in terms of wage rate) given by the firm (or
firms).

Quing to her (his) quality, assegsed by the order by which they are selected by
firms, some non principal earners with most favorable working opportunities
have high wage rates while others have to accept those with lower wage rates.(x)
In this sense, it is reasonable to presume that all the Nk non principal earners
have their own available employment opportunities. Hence we have

dd
(3.2-44) 3 N =N_.
=

(%) See §3.3 below for the detail of the mechanism,
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As is discussed above, the observed, participation ratio s given by

J
o - d
(3.2-45) w°(I)) = jzlg(lk/wj) NG/ Ny

Substituting {3.2-44) into (3.2-45), we have
(8,2-46) wmo(I,) = JE a1 /W‘) 'Nd/ JZ Nd
g k =1 . k7] i i’

Hence, the observed participation ratio, ll°(Ik), of the group of households
whose principal earners’ incowes, Ik’ are the sames; is a weighted average of the
supply probabilies of various wage rates, ﬂ(Ik/wj). The distribution of.
available working opportunities is nothing but the distrubution of wage rates
offered by firms, This is shown in Fig,[-10 for the case of three different
of wage rates. '

Let the size distrubution of potential work opportunities be continucus
and denoted by

(3.2-47) A (w),
The observed participation ratio of the group of households whose principal

earners’ incomes are Ik can be written as
— oQ { v
(3.2'48) luo(lk) = J‘Wj—':o”([kl Wj))\(w)'dw y

or, making use of 3.2-368) in (3.2.6.1-1), we have

(3.2-36° Yuo(I)=1—§ £ o Fg(I*whas-ra ,0) A(wdl™ - du

W= =a p
More generally, the size distribution of potential work opportunities is written
as follows taking into account asssigned hours of work, h.

(3.2-47° ) A (w,h)

Hence the more general expression will be
o0 o0 Ik X
(3.2-36" ) #°(Ik)=]— J J I g(l ,w,h,az."‘:ap, 8)

h=0 w=0 1% =a
X
« A{w,h)d] " dw - dh .
The last equation is the theoretical counterpart of the observed participation

curve given in [2.1] and [2,2].

Hereafter we shall call this the participation equation.

When wage rates of work opportunities open to Nk non-principal earners
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increases, the mean value of A {(w,h) with respeet to w also increases, h being
given. Hence, the mean value of supply probabilities which are weighted by A
increases., This is consistent with the second empirical law concerning labor
market participation. It can also be seen that the shorter the assigned working
hours, the less the mean value of A (w,h) with respeet to h, and the
participation ratio, ﬁl°(lk), increases for the given wage rates, w, This means
that a part-time system enables firws to induce more non-principal earners to

work without inereasing their wage rates,

(3.2.8.2) Approximation of The Participation Equation

If variatjon in assigned working hours h among job ophortunities is
negligible for all households, that is, the variance of h in the distribution
function of opportunities, A (wsh), is negligible, we can approximately place
h equal to hs & constant common to al! opportunities. Futher, if the variance
of W) is so small that wk’s approximately equal w, a constant, we obtain an

approximation from (3.2-36" )

3.2-49) wp = 1- Sl W K @, @) al,
or  3.2:50) #§ = F(I;, w, by @,,-, @ ),
aF 9F aF
where, —— < 0, - < 0, ) <-0 .
al Suw ah

Equation (3.2-50) is an approximation of the participation equation 3.2-38) in
section 3-2-3

The observed data mentioned in 1.2.3 consist of households of Type A.
This means that the non principal earners’ wage are restricted within a fairly
narrow range., Hence, the plausibility of approximation by 3.2-49) or 3.2-50) is

greater than would be otheruise,
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3.3 An Equilibrium Model of Continually Heterogeneous Labor Market. *

In this section a model of the labor market, where wage differentials among
the firms of various scales exist, is presented, The term “firm of various
scale” is used to indicate that the heights of warginal productivity curves for
labor are different for different firms,

If the labor market is competitive, a unique wage rate prevails so long as
the labor force is homogeneous from the firm’ s point of view. If the labor
foree is heterogeneous, but can be split into three groups A, B and C, where
firm “a™ exclusively recruits workers from group A and the members of group A
exclusively apply to a; and so ons; we have three independent labor markets and
the notion of non-competing groups can be applied to determine wages within each
market, However, if the firms a,b and ¢ respectively recruit among all the
wembers of the groups A,B and € simultaneously, then the notion of non-competing
groups is not applicable to the labor market. Since the actual labor market we
observe has such a nature, we need to construct a model which can describe the
performance of a competitive and heterogeneous labor market,

By heterogenitys we mean the existence of various grades (or labor ques)
among applying workers from the firm’ s point of view. The grades or ordering of
applicants might be directly or indirectly correlated with their work
expgrience, educational background, age, and / or sex. Houwever, even if those
chafﬁcteristics or qualities are controlled, there may yet exist some ordering
or differences in grades of applying workers..ln fact; statistical data shouws
that there are wage differances among workers of firms of different sizes when

controling for these characteristics of the workers.

The wain part of this model originally appeared in “A Model of Household
Labor Supply--Estimation of the parameters of income-leisure preference
function-"in proceedings of 6th conferrence in egonometric research {Japanese),
1967 ) The mode! and the resulls of numerical! experimenes were presented in [A
wode! of Labor Market —Theory of generation and changes of wage differentials by
firm size— ]| Mitagakkaizassh (Mita Journal of Economics) vol.71 No.4 August,

1978 (Japanese)
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This observed fact suggests that firms recongnize different grades among workers
of the same age, sex, work experience, and / or educational backgrounds., Any
reason for the paying of higher wages by large firms, whose labor productivities
are higher than smaller oness cannot be found as long as the grades of workers
are the same across firms. In fact, large scale firms with higher
productivities offer comparatively favorable work conditions (higher wages and
shorter hours of work) and as a result attract many applicants of various grades.
The firms recruit what they perceive as the most favorable ones among those who
applied, Smaller firms with lower productivity can offer only less favorable
terms and recruit among the residual applicants who fail to be employed by the
large scale firms. This 1s the common experience of high school and college
graduates in Japan,

In the following section we present a mode! of the labor market making use
of the notion of grades*(ﬂ labor in order to realistically approximate the
labor warket in Japan, The model is suitably simplified. Although the labor
supply actually consists of membérs of self-employed households (e.g. farmers’
households) and employee households whose principal earners are employees, only
the latter type of household is taken inte accouni., As well;, the investment
behavior of firms is not explicitly treated, These simplifications will not
impair the basic characteristics of the model which remain sufficiently

autonamous, . The performance of the model is tested by numerical examples.

The notion of this kind, that is, labor que,vis used in L.C, Thurow

“Generating Inequalities”™ (Basic Books, 1975)
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Models of wage and employment determination with respect to a firm (or
a group of firms) have been developed elswheref In this kind of model,
individual labor supply and Iabor demand functions for a firm are assumed; that
isy the notion of a kind of local labor market is introduced in the models,
However, the relation between the individual labor supply function for the
specific firm considered and the supply function of the market as a whole is not
explicitly discussed, Such an individual supply funetion is, to some extent, an
ad hoc relation just as is the individuael demand function for a firm” s product
in an oligopolistic market, The wage level of the firm considered and the
average wage level of other firms appear as explanatory variables of the
individual labor supply function (The ratio of the both variables is adopted in
some cases),

Elasticities of labor supply with respect to those variables or
coefficients of those variables for each firm change, reflecting changes in the
conditions of the labor market as & whole including changes in the degree of
of competition, the labor suppliers’ conjecture with respect to the reeruitment
policy of firms other than the firms to whieh the suppliers are applying.
However, the mechanism of such interdependent changes of elasticities or
coefficients of individua] supply function has not been clarified. In this sense,
models using individual supply functions lack autonomy.

Individual labor supply functions for each firm are not used in the model
presented below, Insteads two basic relations are introduced. Instead of an
individual supply function for a firm, which aescri?es the relation between the
nunber of applicants for the specific firm and the wage rate the fifm offers, we
use the labor supply function for the whole market deseribing the gquantity of
labor supplied, the wage rate being given, That is, the supply function used in
the following mode! does not specify the distrihution of the quantity of labor
supplied among firms, The distiribution itself is determined by the mode!l

including firm demand functions for labor.

X
C.A.Pissarides [ Labor Market Adjustment! Microeconomic Foundations of Shortrun

Neo classical and Keynesian Dynamics, London Cambridge Univ. Press 1976
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{17 Basic Equations of the Model

1, Distribution Function of Grades of Labor

Let the indicator of the grade of the worker be G;, where

and m is the total number of people of working age.
The range of G; is supposed to be
e s G £1,
where € is some positive small nuaber,
The cumulative distribution (cumulative from the top of G, where G=1)

function of G is designated by v {G) and the density distribution by ¥’ (G).

2. Labor Supply Probability Function

Suppose among n persons, n’ persons accept the employment opportunity at
wage rate wy, and assigned hours of work h: offered by firms. The ratio n” /n is
the supply ratio with respect to'the employment opportunity.

Plimn’ /o= #
n — oo

is defined as the supply probability, which is a function of w and h.

3 Distribution of Minimum Supply Price of Labor
The mintwum supply price of labor is defined as a eritical wage rate below
which suppliers reject the employment ocpportunity, assigned hours of work h
being given. The miniwum supply price of [;bor {MSPL) is denoted by w,
Any supplier’ s level of MSPL depends on following three factors®
a) the shape of his/her income-leisure preference curve _
b) the level of his guaranteed income Xg which he/she can obtain without
working
(e.g. principal earner’ s income is a guaranteed income for nom principal

earners),
¢) hours of work assigned by firms, h.

ence, we have

1=1) uii=g(x_gi1 b, @i i=1, = .n
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where @1 stands for the set of preference parameters of the ith supplier. xé

and hi can be regarded as exogenous variables for the ith supplier. The value

of al is specific to ith supplier; that is, the value of_ai differs among each

of the n suppliers, Hence, we have the density distribution function ¢ (@).
Now, suppose a group of persons have the same level of guaranteed income

§8: that is,

I—Z)xé = xé+]= Xg
From t—1), 1—2) and ¢ (@), we have

1—3) 8f¢ ('lﬁ: ;g’ h)

"which is the density distribution function of MSPL, h for brevity being assumed
a common value for all persons considered, Subscf]pt f and ¢ denocte the faet
that the analytical form of the function g depends on f and ¢§ *)Integration

of g

W
1—4) # = [ glw | ;g’ h) dw= 2 (w; ;g’ h),

w=0

gives the supply-probability function # of the group of persons with Xe and h.
Multiplying by n, the number of persons in the group, we have the number of

suppliers L%, namely,
1-5) LS=n ﬂ(w:)?g, h),

When Xg and h are destributed as a joint density distribution
1-6) ¥ Ug,h%

we have

w d b .
1-7) #(w) = [ i) J g(ws xor )y Wlxpr h) < dh - dx - du

w=0 x =c¢ h=a

where a, b, ¢,d and e are the values standing for regions of integration for

. X X
the relevant variables, h, Xg and mf )
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{2] The Qutline of the Hodel

Let the production funetion of the i th sector (or firm) be

2-1) O = F (L & )y (i=1, oy n) |
where A and G, respectively, stand for the set of firm parameters and the index
of the grade of workers employed in the ith sector. Further, Ei can be written

as
s _ min max

where cimax and GiMl“ are indicators of the highest grade of workers (most
preferable workers among applicants from the firm’s point of view) and the
lowest grade of workers. [t is supposed that

8F/8€i>0. 8F/8Li>0
Let the supply probahility equation 1-7) bhe

2-2) u = £ {uy A)

where A is a set of parameters of individuals, and for the sake of brevity

assigned hours of work, hy is excluded and the guaranteed income level xg is

supposed to be included in the set A.
The {cumulative) distribution funetion of G is denoted by
2-3) vg = v(G) J

where

2-4) ¢ £ G £ 1

Let us suppose that the analytical form of the function ¥ is common to all
the sectors under consideration, Hence, by letting the number of potential

suppliers be N, the number of suppliers with grade G and over, NC’ is given by

2-5) NG = Nf ve= N+ v{G)

The number of suppliers with grade G and over going to the ith sections, L&, is

written as
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2-6) LL = N- »(C)+ (w;, X)
(x)

where w; stands for thé wage rate offered by the ith sector.

(1) Behavior of the Leader( x)

Imagine a sector {or firm) which offers the most favorable wage .in
comparison to other sectors in order to attract a number of potential suppliers.
This sector can reeruit workers of higher grades comparing to other sectors
which offer less favorable working conditions, We shall call this sector a
leader sector (firm) or a leader for short. Residual sectors are followers,
Awong those residual sectors, we can distinguish leaders and followers in accord
ance with the wage differentials each sector is willing to pay. That is, if we
have three sectors with wage rates wyy w; and ws; where w; >w; > w3, sector 2
plays the role of the follower of sector 1, while sector 2 plays Lhe role of
leader of sector 3, Follower seetor 2, against leader sector 1, recruits workers

with relatively higher grades amongst residual applicants which the leader has
left for followers to employ because those applicants are not fully suitable
for employment from the leader’s point of view, Sector 2 as a leader against
sector 3 will again leave undesirable labor suppliers. This pattern can be
viewed as continuing indefinitely, with sector 3 acting as a leader to sector 4,
and so on,

Let us iwagine a labor market which consists of two sectors to sinpiy
present the basic characteristies of the model, where one of the sectors is able
lo attain a given level of production Q;(i==1;2) by'varying G; and L; in the
production function (2-1),

The distribution funetion (2-5), N+ v (G), is depicted in the fourth
quadrant in Fig 1. The curve GN is the cumulative distribution curve {rom the
top labor grade G{=1), Suppose fire #(we denote leader by £) wishes to recruit
workers with grades higher than G?i". In this case, the labor supply curve for

firm ¢ can be depicted by curve Sg SQ' in the 1st quadrant. This curve stands
for equation (2-6) where Gmin is inserted for G. Nou, G™®*(=1) and Cmi" being

given for Lhe firm £, the demand curve for labor is derived from the production
function 2+ 1) and (2-1") by applying the condition of cost minimizalion,

This 1s depicted by curve DQ in the first guadrant. The intersection of the
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number
of persons

supply curve sé sﬂ' and Dg gives the wage rate Wp and the demand for labor LE

by firm £ necessary to attain the given leve! of production Ql‘

If firm £ were content to recruit workers with Iessgr gradess; e.g. [G*"'M<

G;i", the curve sy s,° woula be less steep and stretched to the right. Hence,
the required grade of workers would be less and the number of workers

enployd would Increase. At any rate, given the production fumction (2-1), the
grade distribution function (2-3), and the supply probability function (2-2),
the numﬂer of workers and the required grade to.attain production level Qg are

detemined by the procedure of cost minimization,
From 2-5) and 2-2) the number of potential applicants with grade G;in and
over, Lgin' is given by
2-6" ) Lg;“ = Np- G, m = N-v(G'" ) s(uy s XD,
which is a function of . Eq. 2-6") is depicted by the curve Sp SQ' in Fig, 1.

We have, for the teaders G™* =1 in 2-1" ). Hence, 2-1° ) is written as Gp=

Ek(Gg'n,l), Substituting this function and 2-6” ) into 2-1) gives the leader’s

production function.

217) Q) = FIN- »(G}" ) u(u,» 1) TG 1), A ]

where the subseript i in 2-1) has been replaced by # to denote that eq, 2-1"
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refers to the leader,

Definition of cost is given by

4

2-7) ¢, = cly - LE;" = Cot+ N - TR IETIRS)

where Cg stands for capital cost which is regareded as given,

We can obtain WQ and Ggmln by minimizing Cf in 2-7) under the constraint

2-1" ), QQ being given:

Letting

28) W, = C, +k Q, —FIN -+ v(GY" ). a(u, , 1) G, (G§T1)s Ayl

where k is Lagrangian nultipiyer, and Cﬁ is given by 2-7)s we have

ey, _a¥,

2-9) win

0.

Solving 2-1” ) and 2-9) simultaneously for c}}i" and Wy , we obtain.

2-10) G = G (7o Ts Agr Q)

and

2-11) w ék= w g*(To, Xy Agy Qp)

where 75 is a set of parameters in the grade distribution function 2-3).

Equations 2-10) and 2-11) give optimal values for szin and “p both
minimizing cost G, for the given production level Qy . The solution for
employment LG?i" can be éa]culated by substituting 2-10) and 2-11) into (2-4)

for G and w respectively, We shall call the nuwber of workers thus obtained,

and C; and w; given by 2-10) and 2-11) the “leader solution,”
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(2) Follower's Behavior

The highest grade of workers available to the follower is Czin which 1s
the lowest grade for the leader. Let the lowest grade of peopie in the group of

potential applicants for the follower be G?'". The number of people with grades

between G?in and Gzi", which we denote by Ngin’ is given by
f

2_]2) NE‘;H = N » y(G}“n)__ N . 1J((‘;'l'ﬂllln)'
which is shown by the length of Ng}"‘*NE;" in Fig.1. Hence, the number of

suppliers to the follower LG®'" is written as

——

2-13) Lo = Nge® e u= N [0 (G ™) = v (G™™)T - #lup +T)

Substituting 2-13) into 2-1), we have the production function of the follower;

2-14) Qp=F (N -[2(G{"™) = v (Gp*)1+ #(up, 70Ty (Gf"" G F), Ap)

where Ay is the set of parameters of the follower's production funetion, and C;
is given by 2-10).

The definition of follower’s cost Cfdis glven by
2-18) Cf = Coltup-Ly= Cld wp e N [ v 6™ M= v (6F )]+ (w1, 7).

where CE is capitall(fixed) cost and 2-13) is substituted for Lf.-

Let us minimize Cf in 2-15) under the constraint of 2-14) where the level

of Qf is given,

2-18) Wp = Cp+j [Qe—Fi{-} 1y

where ] is the Lagrangian multiplier.

The minimization eondition is as follouws.
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3V, v,
2-17) — = = 0
ac';_““ Duf

Solving 2-17) for Gfmin and W

we have

b 8

* U —
2-18) Gf = Gf (ves Ay Afr- in Gﬂ*)

x X, —
2-19) wy = wp (Yos A, Ar! va Gﬂ*’)
where GE‘is already given by the leader's solution 2-10). Lf can be obtained

from 2-13) by inserting 2-18) and 2-19). We shall call this euployment level and
2-18) and 2-19) the “follower's solution,”

(3) Succession Equilibrium

When we have three or more firms (sectors), we ecan successively apply the
above leader-follower relationship. The market thus generated is characterized
by succession equilibrium,- Letl us suppose two firms are in a state of
succession equilibrium, Now, suppose relative or absoluate changes in the
production level of the leader cause a “leader’s solution™ with a wage rate w
lower than the follower's.Then, of course, the initial state of the market
cannot be sustained. A new leader-follower relation has to be established. The
former follower succeeds to the position of leader and the former leader now
becomes a follower. However, alternative cases coula be considered. If the
initial leader expeets that he will not be able to hold thé position of leader
withoul augmenting the marginal productivity of his workers and if he finds
losing his leader position is not profitable, he might invest in capital to

augment his workers' productivity,
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[3] Simple Model

1. Basic Equations
(1) Production Function
We shall specify the analytical form of production functions 2-1) and 2-11" ) in

2.3.2 as

3 Q= LENGEHTL Tis0, vi>0.  (i=1.2.3.)

_A L
31" ) Gy = (Gi+1-Gi )* v Gi41<Gj

where G; and Gj+1 respectiveiy stand for the highest and the lowest values of

G among the workers the ith firm employs.

(2) The Distribution Function of Grade Indicator
Simplifying the distribution function ¥ {G) without iwmpairing the basic

characteristies of the model, we use
3-2) v(G) = votv,G ,

where ¥, and v, are parameters, ¥ {G) is the ratio of the number of potenlial
applicants with grade G and over to the total number of potential applicants
{the number of the people of working age). The magnitudes of G's the potential
suppliers with the highest and lowest grades amongst al! potential suppliers are
respectively defined to equal unity and €, € being some small positive number,

Hence, we have

and
v (G) =

!
—
N\
=
-

G =1,

where N stands for the number of the total potential suppliers.

By applying 3-3) to 3-2) we have



3-4) v = —{1-1/N)/(1—¢)
3-5) vo = 1+ €(1—1,/N)/(1—¢)
from 2.3.3-2).

Hence, the distribution function 3-2) is(*) written as

-1 1
e(1 N) 3 1 N
£

3-2) ¥(G) = 1 + —g— G

By adopting the maghitude of € as
e = 174,

3-2" ) is written as
3-2% ) uw)=1+%;—c
If N is sufficiently a large number we have
3-2~ ) v(G) =1-G .
The number of persons with G higher than Gj, N (G2€j), is gilven by
3-6 ) N (G2Gj) = N-v(Gj)

Hencey applying 8-2'), we obtain

€
1—e

3-7 ) N (626) = N[1+(1—4) S — (1 -4 5 ci)
Making use of the relation € =1/N, 3-7) is written as
3-7) N (G2Gj) = N+I-NGj; =N (1-GnH+1

From 3-2” * ) we have, as a good approximation for 3-7° ),

3-77) N (G2Gj) Z N (1-Gi)

(3) Equation of Supply-probability

67
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We specify the supply-probability equation 2-2) as a linear function of w

3‘8) H = Qo+ A, w

where as shown later

3-9) A.<0, 4,>0 .and 0

A
"
i
—

are postulated, In order to make our model simple without impairing its basic
characteristics, we use a [inear function as a supply probability function.
This simplification means that we implicitly employ a rectangular distribution

for the minimua supply price of labor, w,

In equation 3-8), we have w = *"%f’ when # = 0, hence,
#=0 it ws - 4
3-10)
u=1 if w2 — ‘l{%——i
1

and for the range of w,

_ Ao 1—-A4s
A, Sv <y

3-8) holds. The supply probability curve with (3.8) and (3.10) is depicted in
Fig., 2.

The numerical value of — A /A, stands for the wminimal value of the

range of distributed values of w, This mininal values of w nust be positive, and
3-11) —As/A, > 0

ousl hold. On accouni of the nature of the distribution function, A, must be

positive, Hence, from 3-11) we have



Fig, 2

3'12) Ao < 0

2. Behavior of the Leader in the Simple Model

(1) Basic Equations

Let the leader's production function be 3-1), and we have

(L-1) Qg =5y -L% @p”?

69

where the suffix i in 3-1) is replaced by £ to show that the equation is that of

leader. From 3-1') we have
; ~ max min ¥
(L-1") Gﬂ——(Gﬂ GQ )2

where G;ax:: 1, Applying (L-1" ) to (L-1) we have

‘ VQ
1" = myk R oL .t =p,-L, -6 F
(L-17) Q, =1, (G, % .L %i-GM=0n,-L,% -G, "

where the superseript of G;, mnin, is deleted far the sake of brevity.

The leader’s cost is defined by
- . ‘ g
(L-2) Cf—-wg L£+Co

The number of suppliers to the leader is given by
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(L-3) L =N (1-Gg) - (Aot 7.ug)

which corresponds te 2-6), This equation states that effective suppliers to the
leader must be the ones with at least grade GZ.

Given Q¢ , and by apolying {L-3) to (L-1), we obtain

(L-4) Qp = by IN(I=G ) (Aot 2,w1 %2 G20

7

where Gzax is deleted because its numerical value equals unity,

Under the constraint of (L-4), we minimize Cp in (L-2) with respect to wg

and Gg . The‘cpst oinimizing condition is given by
1 1 —

We can obtain solutions for Gy and uy from the simultaneous equations (L—4) and

(L-5).

(2) Graphical Presentation of equations (L-4) and (L-5)

Solution of the simultaneous equations (L-4) and (L-5) gives the wage rate
wg and the grade indicator Gy which the leader prefers, It can be seen that this
solution is unique by the following discussion of the graphs of equations (L-4)
and (L-5).

a) Graph of Production Function (L-4)

Equations (L-4) is depicted by the curve JNRPM in Fig. 3. Rewriting

equation (L-4), we have

H Ao
(L-86) w, = - 46
¢ 2a 1
6l 06y
where
1
1 1 Qgqay
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The value of Gg minimizing w, can be obtained by solving the equation

dwf /dG2 = 0, givings -

(L-7) Gy = -t

This value of Gy is depicted by the vertical value of point R in Fig.3.

The value of wp corresponding to Gy in (L-7) is obtained by inserting {L-7) into

(L-8}; giving,

i _ H _ A
r_ Yy Oz, [_2%%
\za 77, 4 LTeF T,

The value of wp in (L-8) is shown by the abscissa value of point R in Fig, 3.

From (L-6) we have

_2&4-1 ' 4
ot 5 (2613 (B3 2 — Lo
T

(et M Gite (22E2) (B2 50 ~F oy

Gy

o e e e e, o]

1\ i c.‘z"‘u(&‘;il) (Za+ e _Jo
a

2a 7 A1

_ 1K
) )
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7
dw _ 7 2a
(L6 ) g oo =1 g (-6
7y
+62%0- ]
)

Hence, the sign of dwﬁ /dﬂﬂ depends on the si-gn of the right hand side of
(L'-8); that is,

Mo co G, <

4G, 0 < e ¥,
and,

G, > i G > Ta,t7,

Now, when Gy = 1 or 0, we have dwp /dlp = co, Henece, asymptotic lines of the
curve shown by (L-4) are the horizontal axis and the horizontal line starting
from point 1 on the veriical axis, However, effective parts of the curve RN and
RP are further restricted by a theoreticalIrequirement.'That isy for the range
of wp

Ay
A

Ao
-4 <
AL ‘e

there holds

< - y where, A, < 0,
A,

0= # 51, where # = A4+A4, w g,

So long as ") is less than %0- s+ M equals zero,
1

Also #=1 if w, exceeds the upper limit —Al“‘ - %ﬁ- .

If wp is larger than the upper limit, L:XAT"- s M wmiast be unity, hence,
Aot Aiw g in (L-4) equals 1, Taking into account this, we can solve (L-4) for
Gg . We have two solutions for Gp s and the larger and smailer one are depicted

in Fig., 3 by the ordinate of the horizontal lines NI and PM vespectively,

Hences the effective part of the curve derived from (L—4) is shown by JNRPM ia
Fig. 3(.*)

(%) In equation {L-8), H > 0, and therefore, the wininunm value of Wy
(which is shown by the abcissa of point F shown in.Fig. 3) is larger than

—~%‘:— which is the miniwum value for w in the supply probabilily function,

the minimum value making # positive,



b) The Graph for the Equation for Equilibrium {(L-5)
Equation (L-5) stands for the hyperbola shown by AB _and CG in Fig, 3.

We rewrite {L-5) as

L'S' ) KIGB"'K';GE W£+K3 WQ°+K0 = 0,
where

K ‘= L
(L'5' ‘2) K, = A, (Q£+ 7[ )
(L-5" -3) K, = Y pA

(L-5" 4) Ko = — - 7, Ao

It can be shown that, owing to 3-9),
K](O, K2>0, K3<0' and Ko)O

from (L-5" -1,), (L-5" -2), {1-5" -3), and (1-5" -4); respectively. We can

rewrite {L-5" ) in the standardized fora,

. K K K K.K
L_s —_ G +_}__ +_.I_. = H1 __ N1hH3
) ( 7 € ) (Wﬂ K, ) K, K,?

The signs of Koy Kys Kz and K; are shown in the following table,

'

'

: i i i | : | i ;
Ko | Ko Ko Ko K0 /Ko | Ka/Ke | Ko/Ko | KiKo/Ko2 | fo—Bs = )
i i 1 ] i [ i 2 2
] ) | ] ' [l 1 i i i
i i i i ] [l i i i i
e e o T T N S + - - X
: i : : | i : X i i
We have M = Ko _ K*Kg~ <0 for As< 0, and both Ka and Ky are negative
K2 K. K2 K.
as can be seen from the table,
Taking into account
Ko = *:;ZJL~ where a, >0 and 7, >0
K. a,r, ! ¢ ¢ ?
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it can be shown

=
[X]

The curves AB and CG in Fig. 3 was drawn taking into account

- o]
Asyﬁptotic'1ines of both AB and CDC are ST and UV,

The vertical line ST apparently lies to the left of RF, Hence, curve AB has no
intersectién point with the curve JNRPM, representing the production function
(L-4).

Horizontal line UY lies above line PM, Hence, the simultaneous equations (L-4)
and (L-5) have a unigue so[u;ion, that is, curve JNRPM intersects curve CDG at
poinf X.It can be seen from Fig. 3. that the ordinate of point X is between

those of points E and D, The ordinate values of E and D are shouwn in Fig., 3.
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3. The Behavior of follouers

(1) Basic Equations

As shown in section 2,the leader has already recruited N(G,) =p(1-C N
persons with grade Gﬂ and over [N(Gﬂ)-LZ] persons are those with minimum supply
prices of labor larger than Wy (;ee Fq. L-3). Hence, the follower who can only
pay wages less than wp cannot recruit those persons. The potential number of
persons {among those persons some are nof gainfully employed because their
supply prices of labor are higher than the uwy the follower offers) whose grades

are higher than the follower's minimum requisit level, G, is given by

(F-1) N(G)-N(G)) = (1-GIN-(1-GpN = (G,-GIN,

where the suffix f for Gy is deleted for the brevity.

The probability of supply, #, is given by

(F-2) u = A, + ’\;ng

The function (F-2) is common to both the leader and the follower except for
notation g and w,.

A) Follower's Production Function

The follower's production function is obtained hy substituting Li’ G™** and

gmin gy (2-1) and (2-1") for I’g’ tig and GT respectively,
That isy
(F-3) @, = 615" (@7
where,
R 1
G = (GE. GfV

Hereafter, suffix f standing for the follower is deleted, {F-3) is rewritien as

(F-37) Q = bG

where the value of Gy is already determined by the leader.

B) Cost Minimization Condition for the Follower
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The effective supply of labor, Lgs to the follower is given by

(F-4 ) LS= (Gz —G) N (Aot A u)

where w stands for the follower's wage rate, The follower's definition of cost,

Cy is written as
(F-5 ) C =mL+Ca=wﬂGc—G)N(Mﬁ1;M+CM

where Co stands for the follower's fixed cost which is given.

Inserting (F-4) into (F-3"), we have
(F-3") Q =bG,F7 (G, - T -NT(a.+2.m® GE7,
where Q@ is given.

Cost C in (F-5) is minimized under the constraint of (F-3"):

The minimizing conditions are

%%%;== 0, and aF _ 0

where

F = w(6,—C) N (1o+ 4 w)+Cotnl o—~!§cf7’(cﬂ_—c)"u"(_xa+a )9 FY

af  _

and m is the Lagrangian multiplier. Calculating ¢ < 0,
We have
4 rc,~0) - a
(F-8) —uN (A¢+ A w} = n —-—ET§Ef:E7’ﬁ-- Q

F

From T = {, we have



17

- — = _e A0
(F-7) (GQ G) N(RAo+22 1w) LI

Etiminatiog m from (F-8) and (F-7), we have

1 r6,-6)1-ac

u _
(F-8) —oFzaw = Gan,

This is the minimizing condition for the follower.
{2) Graphical Presentation of Equations (F-3” ) and (F-8)

a) Graphical Presentation of the Follower's Production Function.

Solving (F-3” ) for w, we have

- H’ _ A
(F-10) w = 7 2

(Gg —G) G2

~ lo

where,

L g
6G F7) S

(F-11) H’' = [

Differentiating w in (F-10) by G, we obtain

1
= 7 .
(F‘IZ) G = --h—-—r.d_v, - G ﬂ
a + ,_z,.m 7 v

which ts shown by the ordinate of point R* in (Fig, 4).

Inserting (F-12) into (F-10), we have

taty A

_ . 2a 2a+7 r 1
(F-13) w = H Gﬂ R - yood __Au '
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which is shown by the abcissa of point R' in (Fig. 4).

Taking into account (F-12) and (F-13), the curve corresponding to (F-3" ),
the follower's production function, is writien as J° N* R* MW" in (Fig-4). The
reason why N' J' and P’ M’ are paralle £ to the horizontal axis is the same as
in the leader's case. The values of w at both poinis N' and P' are the same,

I—ITA—O . This value of w makes the probability of supply unity, which can be seen

from {3-10)

b) Graphical Presentation of -the Follower's Cost Minimization Condition

(F-8)
Through rearrangement of_ (F-8), we have

(F‘B' ) J]G + chw + .]:9” + .Io = _0,

where
F-8° -1) Jo = — 4 Ao76,
F-8° -2) J, = A, (@+-
Fig. 4
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F-82-3) J.= A, (a + 7)
F‘S' '4) J: = - A] 7’GE -

A]SO;

jo > 0, J] < 0; Jz > 0 and Ja < 01

which obtains from Ao¢<0: A >0, @>0, ¥ >0 and & >0'Z

We can rewrite (F-8’ ) in standardized form, that is,

_ J by = Jo _ 0y
(F-9)— (G+52 ) (wtyh) = & — 4

The sign of the right hand side of equation (F-9) depends on the sign of 4.,

Because A, is negative,

1
e
3o Ly _ T A6
M= 10— T73F= Tesyyr <0
He have
RN
P S iy <]

since Gﬁ < 1.

The constraints on the sign of parameters obtained above are summarized in

the following table,
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The plausible region of solutions for the follower's minimizing condition
(F-8) or (F-8” ) is quite analogous to the leader’s case. Equation (F-8' ) can be
shown by a pair of curves A'B' and C'D'G" in Fig, 4. Perpendicular line S'T’
lies to the left of R'F', Hence, the curve representing the production function
J'N’R'P'M* does not intersect with A'B°. The horizontal line U'V' lies above
P°¥’. Hence, the curve J'N'R'P’M’ intersects with the curve C'D'G* only at one

point, y. That is, the solution is unique.
4. The Case of 3 or More Production Units

We have discussed the behavior of the firm offering the highest wage and
the firm offering the second best wage, For a third {irm paying a lesser wage
rate, we can treat this firm zs a follower of the {irm offering the second best
wage, and the analysis does not change, Hence, for the case of more firms, the

roles of leader and follower can be applied successively.



[4) Application of the Simple Model

The simple mode! can be used to deseribe levels of wages and ewployment by
seetors (lirms) as well as time serial and cross sectional changes in wages and

:

employment,
1. Determination of Numerical! Values for Parameters Through Simulation

(1) Indirect observation of Gi

In the simple nodel, vartables Q%, L? and W%, where 1 and t stands for the
production unit and time respectively, are directly observable frowm the data.
Houwever, we cannot observe the magnitude of Gi directly and we must therefore
indirectly measure it making use of the wodel itself, We shall discuss the

procedure to measure Gi bellow,

Suppose we have data on Q%. L%’and W% . With respect to the parameters of
the wode! we have ¥ = =1, Further suppose we have already estimated the
paraweters, Ao and A, in the supply probability function, Labor supply
¢urves for the leader and the follower respectively pass through points AQ and
Af in Fig.1, The values of the coordinates of those points Az and Af are known
from observed data on the wages and employment of the leader and the follower.
(Production units are ovdered by the observed wage rates. Hence, successively,
leader-follower relationship can be identified by this ordering.)

Therefor, we can obtain Ng}n and NE}" by solving the simultaneous eguations,
min —
(chln —- Nc?ln ) (Ao+A1|llf ) = Lf

where actiual wages and employment WQ, Wf, LQ andALf are directly obtained from
the observed data and Ao ard A ,s are supposed to be already estimated, as

mentioned above,

81
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n

Applying NG?i" and Nc?i thus obtained to the left hand side of the grade

distribution function 3-7" ) in [3]: we can caleulate the numerical values for

Czin and G?EP These are the “indireetly observed " values for G Ei"and Gme“ .

(2) Computation of leader-follower solutions for the determination of

Numerical Values of the Parameters

Firstly, making use of directly and indirectly observed values of QE s L2

and Cﬂmi", we can estimate initial values of the parameters of the leader's
production funct}on (L-1) by appropriate statistical estimation techniques,

By an analogous procedure, we can estimate the parameters of the follower's
production funetion (F-3" ), Secondly, the initial values for the parameters of
the production functions have Lo be refined, if necessary, by a kind of
simulation technique, as follows. Suppose we have three production units
(sectors or firms) and the d*ta required of them including G 's are available,
Comparing the observed wage rates among the three production units, in a giveﬁ
time unit we can identify thelorder of the units or the leader-follower.
relationships, Let this order be 1,2 and 3 successively,

Let the initial numerical {estimated) values of parameters be b‘i, a'i’ 7‘;,
where superseripts 1 stand for tentative (initial) values. Making use of these
parameterss theoretical values for w; and Li can be computed, Qi being given,
If the theoretical values are fully compatible to the observed one, the
estimated (initial) paraﬁeters are acceptahle, However, when the order of the
calculaled theoretical values of W, (i=1,2,3) is differenl from that of the
observed ones the initial values of the parameters are inconsistent with the
ohservations,

Hences, the initial values of the parameters are slightly shifted to attain the
observed orders. Even if the order of calculated wi’s itself coincides with the
order of observed values, when considerable discrepancies in wagnitude hetween
observed and calculaled ones occur,s further slightly shifted values of the

parameters have to he tried, In this manner we can refine the numerical values

of the paraneters,
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2. NUMERICAL EXPERIMENTS
(1)} The purpose

In this sections we design numerical experiments making use of the simple
model of succession-equilibrium,

The main purpose of these experiments is to clarify the stability
conditions of succession equilibria, where a set of numerical values of
parameters in the wodel is given, The conditions are closely related to ranges
of levels and of relative movement in output levels, Qi's of seclors or
production units, which are exogenous variables in the model. The ranges of Qi
which fulfill the stability conditions can be analytically obtained for the
special case where A ,=0 in the simple model, as is shown in [5]. However,
when A o#0, analytical characteristics of the model are so complicated that we
need numerical experiments to examine the ranges of produclion levels which
fulfill stability conditions, )

It is important to find those ranges of production., According to the
obhservations, wage differentials among production sectors {units) are fairly
stable over time, In some cases, changes in the differentials or changes in the
order of magnitudes of wages among sectors occur, Howevery; such changes
are always gradual. Based on these observations, it is plausible Lo suppose that
there exist some sysiematic machanisms governing the magnitudes of wage
differentials and their changes. Hence, wﬁen thqse observations are explained
by the succession-equilibrium mode! with the properly estimated parameters, the
nodel can be regarded as reflecting basic characteristics of the market as far
as the observalions obtained are concerned. We can cowpute the ranges which
fulfill the stability conditions for production by seclors. The folfowing
aumerical experiments will exempl!ify the procedure,

The ranges of production fulfilling the stability conditions, which are
computed by the model with properly estimated parameters, also provide a lest
for the model. That is, suppose that actual levels of production in some or all
sectors falls into regions which do not fulfill the stability conditions, Tf we
then observe some unstable phenomena occuring in the markel, the plausibility of
Lhe mode! is proved. In contrast to thisy if we observe continuing stable

wage differenlials, the node! has io be modified or rejecied. In other words,
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we would have to conclude that substantial changes occured in the magnitude of

the parameters or that there have been some factors and/or mechanisms outside

the model, which emerged as prodution levels .reached an unstable region,
(2) Rules for the computation of the leader and the follower solutions

Before we proceed to the numerical example, we have to discuss rules for
the‘computation of consistent solutions with respect to wages. Given a
set of the parameters, consistent- solutions for the endogenous variables, “i’
Li and Gi must. be obtained, Qi being exogenous (i=1,2,3) and numerically given.

The rules and the procedure for the computation is as follows?

O One production unit is arbitrarily chesen as a leader out of the three,
Suppose the unit chosen is unit . The leader solution for wnit 1 is computed as

mentioned in {1, Behavior of Leader,)

®  One sector of the residual two units, unit 2 and 3, is arbitrarily chosen
as a follower against ‘the leader, unit |. For example, suppose unit 2 is chosen.
The follower solution for unit 2 is computed as wentioned in (2, Behavior of
follower). Since the leader solution has already been obtained, G,min s L, and

w, are treated as given constants for the computation of the follower-solution.

@ The follower-solution obtained in procedure & is compared to the
leader-solution in . If the values of w. and Gi {i=2) in the follower
be seen that the surmised leader-follower relation between unit 1, 2 and 3 is

correct,

@® The solulion obtaned in @ plays the role of the leader -solution for the
residual production unit which, In this case, is procuction unit 3. The {ollower

solution is computed for production unit 3,

® Il the values of w's and G’s obtained for the follower-solution in @ (for
production unit 3) are less than those for the leader-solution (for unit 2),
Lhen Lhe,followef—solulion oblained is accepted as consistent, That is, it can

be seen that the surmised leader-follower relation between unit 1, 2 and 3 is
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correct,

® When the values of w and G obtained, in @, for the follower-solution, are
bigger than those for the producion unit considered as leader {(which was

obtained in M), the initial selection (initially unit 1 is selected as a leader)
oust be considered as inappropriate, Consequently, unit 1 should be discarded

and other units must be tried as a leader unit.

@ Contrary to process &, if the solution is inconsistent, then the
follower of unit 1 was not unit 2 but was unit 3. In this case, unit 3 should be

tested as the follower of unit 1.,

Examples shown in Tab. ( a )} are useful in clarifying the applications of

those rules in the actual computatiou process, Suppose we have three production

units 1, 2 and 3. All possible cases with respect to the leader-follower relati
onships are shown in cases 1 through 6 in the table, For cases 1 and 2, unit 1
is the leader, while unit 2 is a leader forcases 3 and 4, etc.. For each case
the leader and follower solutions are computed. Out of the 6 cases, the case in
which the order of the unit number and the order with respect to the wage rate
s and grade Gi coincide with each other is adopted as the consistenl case,

For each time unily, ty the computations are carried out, Qt being given.
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(3) Conditions for Succession-Fquilibrium in Labor Market

In Tab, { a ), cases 1 and 3 are different in that the firms playing the
roles of leader and follower are reversed, We might have.‘however, consistent
leader-follower solutions for w and G for both cases respectively on account of
specific numerical values of parameters and production levels exogenous!ly
assigned, The market is unstable when such phenomena occur. We shall examine

this point in detail,

Table a
case 1513531' 5 fOUOWC\% solutions ?)'f W and 63
1 ) 2 €)) W, G, W, G, W, G,
2 @ OF @ WG | Wy, G, | W, G,
3 ) D @ Wo G, | Wi Gy, | Ws, G,
4 - @ ) @ W, G, | w6, W, G,
5 @ @ ® Wa- G; Wn Gl u’: Gz
6 ® @ ® Wa Gy | Wa G | Wi G,

@D, @ and @ respectively stand for sectors

Let us concentrate on the leader unit A and the successive follower unit B.
By definition we have W > up and CAMiI'> GBMin, We shall examine the condition
that guarantees a stable structure of wage differentials. we use the term
“succession equilibriun® to characterize a labor market with stable wage
differentials.

The necessary condition for succession equflfbrium is that

(4-1) Wy, > wy

where u, and w stand for leader A’s and follower b's wage rate respectively.

Necessary and sufficient conditions read as follows,

(a) Letting A and B be the leader and follower respectively, when (4-1) holds,
the leader-follower relationship is stable, if the following condition is
satisfied,

(a-1) Let B be a leader instead of A, A being a follower, and compute the
leader solution for B, Let the solution for the wage rate be wy. Compute the
follower solution for A, Let the solution be w, Then ‘suppose (4-1),

WQ>W
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does not hold, This is the necessary and sufficient condition for stable
succession-equilibrium,

(a-2) When the leader-follower relationship between A and B is inverted in
the computation procedure (a-1)y if (4-1) holds in this case as well, then the
leader -follower relationship cannot be stable, Hence it can be seen that the
market 1s unstable when cases 1 and 3 in Tab. ( a ) hold simultaneously.

Now suppose that Lhe analytical forms of the production function and the
grade-distribution function are true and the estimated parameters are correct,
Further suppose that numerical values of the set of parameters and the
production levels of production unit A and B are such that they generate the
unstable case mentioned above, On the other hand suppose, in the real labor
market, a stable wage differential between unit A and B is observed. Then it
must be considered that the leader-follower relationship between A and B is
sﬁstained by fclors other than those already considered ; e.g. historical or
ramdon factors, Hence, Lhe observedlleader-follower posilion of A and B will be
inverted whenever those factors change.

(b) Letting A and B be the leader and follower respectively, when (4-1) does

not hold, the inverse leader-follower relationship is stable so long as the
following condition is satisfied,

(b-1) Let B be a leader instead of A and compute the leader solution for B,
Let the solution for the wage rate he denoted by . Compﬁte the follower
solutionfor A, Let the solution be denoted by w.

Next suppose (4-1) wf2>w, does not hold. In this cases it can be said
that the set of estimated parameters of the model is not correet or the model
itself is at fault.

(b-2) When the leader-follower relationship between A and B is inverted in
the computation procedure, if (4-1) holds, then the leader-follower relationship
is stable, B and A being the leader and follower respectively, However, this
casey (b-2), is substantially equivalent to case (a-1), and the indepent cases

“are (a-1), {a-2) and (b-1). Hences (a-1) is the necessary and sufficient

condition for the stability of successive equilibrium.
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(4) Numerical Exeperimentis

We shall present a2 few numerical experiments to examine the workability of
the successive equilibrium model. Let the number of production units {or
firms) be two, unit 1 and 2. Numerica! values of the parameters are assinged as

follows,

o, = a,=1 Yi=0.4 7Y.,=09 bi=b=1
Ao.= -0.5 A= 0.01 N = 10.000
Suffix 1 and 2 stand for unit 1 and 2 respectively. The elasticity of

production with respect to grades for unit.-2, 7., is larger than that for unit
1. The levels of production of unit 1 and 2 are experimentally given as shown
in the first and second columns of Tab, 1 through 7. These are exogenous
variables in the simple model under consideration. ‘

(1) In Tab. 1, Q2 is inereased from 150 to 300, Q, being constant, In this case
the computalion process revealed the succession-equilibrium was stable and a
stable leadaer-follower relationship holds as ts shown in the table ; i.e. unit
2 and 1 are the leader and follower respectively., The wage differential w./w,
increases,

(2) In the second cases, -Q, and Q. were increased with a common rate of growth
starting from Q, =Q:=160, as shown in Table 2, The leader-follower relationship
does not alter. The wage differential decreases, unlike that of case (1), It
can be seen that the increase in the wage differential in case (1) stems from the
growth and stagnatton of production of unit 2 and 1 respectively. 7 » »
{3) In Table 1, Q:, the production of unit 2 which has a larger value for 7
compared to unit 1, was increased. In conirast to this, production Q, of unit 1
is increased, Q. being held constant at 150, in Tab. 3. For the values of 0, =
160, .....s 190, unit 2 occupies the position of leader, while case (b-1)
appears whea Q. exceeds 200; that is, we do nol have a consistent solution for
0, 2200 and §, = 150,

(4) Nexl, in order to ¢larify the response of production unit 2 against
production unit 1 with @, =200, we lenlalively assigned Q. values in the range
38£0.£750. (See Table 4). It was found that the leader position switches if Q.
<47, The altered leader follower relationship is étah|e for Q, =200 and 383<1Q;

<47
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{5} A tést analogous to (4) is shown in Tab, 5, Here, Q: is held constant at 150,
while Q, is varied hetween 635Q, £1250. The leader role switches when @,

reaches 1250,

(6) Analogous to (5), we take Q, =250 and 38<Q, <750, For Q.>250, unit 2 and !
play the leader and follower respectively. If (:£54, the relationship alters,
Between Q:=54 and Q.=250, we do not have stable succession equilibrium

{consistent solutions),

(7) Analogous to (6), we vary (> between 38 and 750, Q; being 300. For G, >250,
unit 2 and 1 are the leader and follower respectively, However, for Q.563 this

relationship alters,
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\ @/ b | leader I follower L L, G G Wy A
follower@ ! leader@ | sector sector | (leader) | (follower) | (leader) | (follower) | (leader) | (follower)
150 150 2 1 166.9 179.5 0.888 (.639 57.89 56.62
150 160 2 , 1 178.6 180.0 0.885 0.634 58.24 56.65
150 170 2 1 190.3 180.5 0.882 0.629 58.57 56.72
% 150 180 2 1 201.9 180.9 0.880 0.626 58.95 56.73
= 150 190 2 1 213.8 181.4 0.877 0.621 59.26 56.80
180 200 2 1 225.8 182.0 0.874 0.616 59.56 56.83
150 - 250 2 1 273.5 183.7 0.865 0.602 60.86 56.98
150 300 2 1 346.1 186.1 0.853 0.584 62.71 57.17
. 160 160 2 1 178.6 192.4 0.885 0.630 58.24 56.98
170 170 2 1 190.3 205.6 0.882 0.622 58.57 57.31
& 180 180 2z 1 201.9 218.6 0.880 0.615 58.95 57.64
2 190 190 2 1 213.8 232.0 0.877 0.607 59.26 57.99
= 200 200 2 1 225.8 245.5 0.874 0.599 59.56 58.34
250 - 250 2 1 285.4 313.4 0.863 0.568 61.18 60.07
300 300 2 1 346.1 383.3 0.853 0.542 62.71 61,84
160 150 2 1 166.9 191.9 0.888 0.635 57.89 56.91
% 170 150 2 1 166.9 204.3 (.888 0.632 57.89 57.23
3 180 150 2 1 166.9 216.9 0.8388 0.628 57.89 57.51
% 190 159 2 1 166.9 229.4 0.888 0.625 57.89 57.80
200 150 .
250 150 -
200 750 2 1 266.3 916.8 0.489 0.800 59.99 75.47
200 375 2 1 254.6 438.7 0.517 0.840 59.04 64.90
200 250 2 1 248.4 285.4 0.582 0.863 58.55 61.18
200 188 2 1 244.5 210.8 0.605 0.878 58.27 59.20
£ 200 150
4 200 50
# 200 47 1 2 217.3 74.4 0.813 0.598 66,41 56.22
200 44 1 2 217.3 69.9 0.813 0.600 56.41 55.96
200 42 1 2 217.3 65.8 0.813 0.602 56.41 55.79
200 39 1 2 217.3 62.2 0.813 0.603 56.41 55.60
200 38 1 2 217.3 59.0 0.813 0. 604 £6.41 55.43
1,250 150 1 2 1,474.2 383.9 0.662 0.352 76.24 74.67
625 150 e .ae .
(ZomMm%L)
208 150 e
i3 170 150 2 1 215.0 166.9 0.629 0.888 57.48 57.89
5 156 150 2 1 187.2 166.9 6.636 0.888 56.81 57.89
E:3 139 150 2 1 165.7 166.9 0.643 ' | 0.888 56.29 57.89
125 150 2 1 148.5 166.9 0.650 0.888 55.87 57.89
H 2 1
66 150 z 1 76.7 166.9 0.682 0.888 53.86 57.89
63 150 2 1 72.7 166.9 0.684 0.838 53.74 57.8%
250 375 2 1 321.3 438.7 0.534 0.840 60.67 84.90
250 250 A 1 313.4 285.4 0.568 0.863 60.07 61.18
250 188 aen e
(ZoRgL L)
# 250 58
6 250 54 1 2 273.9 89.2 0.796 0.568 57.47 57.14
3 250 50 1 2 273.9 83.0 0.796 0.570 57.47 56.83
250 47 1 2 273.9 77.6 0.796 0.572 57.47 56.57
250 44 1 2 273.% 72.8 0.796 0.573 57.47 56.29
250 42 1 2 273.9 68.7 0.7%6 0.574 57.47 56.05
250 39 1 2 273.9 64.9 0.7%6 0.576 57.47 55.89
250 33 1 2 273.9 57.7 0.796 0.577 57.71 57.48
300 750
300 375 2 1 388.8 438.7 0.523 0.840 62.22 64.90
300 250 2 1 379.3 285.4 0.556 0.863 61.52 61.18
3{)0 188 A e
(ZOMEzL)
%, 300 68 e vae
7 300 63 1 2 331.0 108.5 0.782 0.542 58.52 58.25
x 300 58 13 2 331.0 99.8 0.782 0.544 58.52 57.79
300 54 1 2 33l.0 92.3 0.782 0.546 58.52 57.45
300 50 1 2 331.0 85.9 0.782 0.548 58.52 57.13
300 47 1 2 331.0 80.3 0.782 0.550 58.52 56.85
H 1 2
300 38 1 2 331.0 63.7 0.782 0.555 58.52 55.93
bi=by=1 72=0.9 N=10,000 Ao=—0.5
a=g=1 1:,=0.4 Co=10 A1=0.01

X The solution does not exist in this range of production
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{5) The_Ranges of Production which Guarantee Stable Suceession Equilibria

The ranges for production of sectors 1 and 2, which guarantee stable
succession equilibria, are depicted in Fig (5). The thick lines and dotted |jnes
or segments respectively stand for the ranges where succession equilibria are
guaranteed and not guaranteed, Thus, it can bhe seen that the hatched area

represents (a part of) the unstable regions.

Fig. 5

Thick lines and segments stand for the regions where stable succession
equilbrium holds. Attached numbers stand erd for leader follower relations,

e.g.¢—1 states that unit 2 and 1, respectively, play the rle leader and

follower.
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{5) Particular Solutions of the Simple Model

We have to solve nonlinear equations to obtain solutions of the simple
nmodel. The equations of the model were too complicated to solve analytically,
hence we had to apply an iteration method. However, if the simple model! is
further simplified by putting Ao equal to zero, we can ohtain analytical

solutions.

1. Leader's Solution

By setting A =0, equation {L-4) is redueced to
5-1) Q, = b, [N(1~G,)(a w1 % G, %70
4 Pyt gt Aty {

The cost minimization condition (L-5) is simplified to

It ean be seen from (5-2) that, if A .=0, the grade indicator Ggr which is the
mininum value of G acceptable to the leader production unit, does not depend on
) and QQ but soley depends on the parameters of production function

aa&nd yg.

Hences we have, frow (3-7" ) and (5-2),

a

53) N. = N(1- "y )y = Ly
Gy a,t7, a,t7y

That 1s, NGQ also is independent of u, and Qg. However, this does not mean the
leader’s employment Lg and wage rate Wy are independent of QF' This can be secen
as follows.

By inserting (5-2) in the leader's production function

a
; = £ 7
54)Qﬂ bﬂLi G£’E
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5-6) L, =

The value of ) needed to obtain the required LE is obtained by inserting (5-2)

into (5-1) and by solving for we; that is,

1
2
) _ Q% ety a,+7,°%
1= %, Nx T q, 7,

It can be seen from {5-6) and (5-7), that both Lg and u, are functiéns of QQ.

2. Follower's So]ytion

The Tollower's production function becomes

ya v
58) Q = bG,2 (G, ~HINT(A.mG?

when A o=0. The variables and parameters without suffixes refer lo the follower.
The cost minimization equation is obtained by applying

"As= 0 to (F-8) and by solving for G} i, e.,

Y .__7'
ag + 7p a +7

5-9) G =
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It can be seen that
G < GB
by comparing (5-2) and (5-3).

Solving the follower’s production function,
1 1
Q=b%,27 77,

for L and replacing C£ and G by (5-2) and (5-9) respectively, we have the

follower's employment Ly as follous.

3. Conditions for Succession Equilibrium
WE in equation (5-7) must be larger than w in (5-11) because otherwise it
would be inconsistent with the proposition that the leader employs higher-grade

labor by offering higher wage rate than the follower., Hence we have
5-12) w//wﬁ < 1

Substituting w, and w in {5-12) by (5-7) and (5-11) respectively we have
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Q% (b T y o2&
r 7@ by G e @
5-120 ) o= — 1 Bl g
Ug Ly 4 L_Qg_l L aﬂ_J
17 % 4
‘) 1tleg) Y aq2a
i

-
L1+'6*_} :_1+-7~_: <1

This inequality is the necessary condition for a succession equilibrium,

Making use of (5-12'), we can see how the parameters @, ¥, b ;and
production level Ql and Q must be related to each other in order that a stable
leader-follower relationship is maintained. Below we concider the special case
where ‘

a = @, and 72 = 7,
that is, only the parameters, bg and b, and the production level, Qﬂ and Q, of

the adjacent production units differ with each other,

If we rewrite {5-12') taking into account a,=a and ')b =7,

we have
1 .1 1
._W_,_ - r—.&_ﬁl a r__b_ﬂ___—} a . 4 — II__CQ__ / b_:} a .4 < 1

Hencey we have,

or
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The level of production for the leader must be larger than 4a ~b£/b times of
the follower. This is the necessary condition for a stable leader-follouer
relationship to be sustained.” In fact, this necessary condition is sufficient
as well,

(1) Suppose the necessary condition (5-14) holds -for an arbitarily selected
one of two adjacent units.

The inguality

o
o
~

5-14) oL >4 7

is rewritten as

514" ) x > 4% .y, a > 0,
by setting
b
5-15) %!-Ex, 5=V .

We shall show that (5-14) or (5-14") no loger holds if we replace the
leader unit by the other unit which we had originally adopted as a follouwer,
Suppose that we replace the leader as mentioned above, If, after changing the

leader unity (5-14) or (5-14") were to hold, then it would have to be true that

5-16) «}1;— >49. 1 aso,

by interchanging QQ and Q, and bg and b respectively, However, there can be no
positive value of x and y satisfying (5-14) and (5-16) siwultancously, This
can readily be seen as follows:

From (5-16) we have
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(5-16° ) x < 4 %y,

Hence, it can be seen that, if we adopt one unit, A, of the adjacent two units A
and B as leader and If we find there holds a stable leader-follower relationship,
then there is no stable relationship betueen B as a leader and A as a follower,
Putting it another way, (5-14) or (5-14") is a necessary and sufficient

condition for succession-eqilibrium,

{ 2] Suppose the necessary condition (5-14) does not hold for an arbitarily
selected one of two adjacent units,

In this case, there are two alternative possibilities; the necessary
condition {5-14) holds or does not hold the teader-follower relationship is
interchanged, This depends on the value of x and y or Qp /Q and bf /b.
First, note the following,

When (5-14) does not hold (5-14") must be reversed as

5-47) x < 4%y, @ > 0.
Tn order that (5-14) holds after interchanging the two units, we nust have

5-18) -L- > 4%, —}—

or

5-18'.) x < 4 e, y

{(2-1) Now suppose {5-14) or (5-14") holds after interchanging.
In order that {5-14) holds after interchanging the two unitsy {(5-17) and (5-
18') must hold simultaneously, But we see (5-17) holds whenever (5-18") holds:

Suppose we have two production units A and B, We adopt A, say, as a leader in

trying to obtain Jeader-solution. Suppose we haﬁe, contrary to (5-14),
Qg a bp
chy‘ < 4 . hE‘

where the £ suffix stands for unit A,
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Next, we interchange the leader-follower relationship. After this
arrangement we must have following inequality in order that leader follower

relationship hold between A and B.

5-19) Q¢ ‘< 4= _%g SRR (necessary and sufficient condition )

when £ stands for unit B instead of A, We can summarize this as? i) when (5-14)
does not hold and (5-17) holdss x wust not only be smaller than 4(7y but also
smgller than 4—-a¥ in order that a succession-eguilibrium holds after
interchanging the leader-follower ordering, Hence (5-19) is the necessary and
sufficient condition. (2-2) Suppose (5-14) or (5-14") does not hold after
interchanging. |

This is the casé where

47 <'x < 4 ay
or
-a X a
4 < X<y
holds., Rewriting, we have
5200 477 ¢ 2,9 a0
- by b

This inequality shows the range of Qg and Q where the leader-follower
relationship does not hold whatever adjacent production unit we adopt among two
adjacent units as a leader, This is the case referred to as (b-1) in (3)
“conditions for succession equilibrium in labor market”, If such a case existsy

we see that a) although the model is correct, the parameters are of incorrect
value or b) the model itse!fl is not applicable because the actual or observed
leader-follower velationship is sustained by factors other Lhan those considered
here, Frowm (5-20) it can be seen that the larger the numerica) value of @ the
wider the range where the necessary condition for stahle succession-equilibria
does not exist,

Taking into account the necessary and sufficient condition, 5-19), the

regions for the productions of two adjacent units {or sectors) A and B where



stable succession equilibria exist and do not existsrespectivelys are depicted

in Fig(8),

Fig., 6
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[6] correspondence between succession-equilibrium model and the observed

labor participation curve

Finally let us discuss the correspondence between the succession-
eguilibrium nodel and the observed labor participation-curve for type A
households.

The suecession equilibrium mode! of the labor market shown in Fig(l) can be
interpreted as showing the generation of observed labor participation curve for
wives (non principaf potential earners) in type ‘A households. That is, we can
reinterpret ON in the figure as the number of wives in type A households with

‘common principal earners’ income lk‘ Wage rates w, and w2 in Fig, I1-10,

respectively, correspond to Wy and we in Fig(l). N? and Ng in Fig T -10, which
we referréd to as potential employnent opportunities, correspond respectively,

to the segments ONE;Ii and Ngé“ NE}" in Fig, 1. The wage rate corresponding to
wy in Fig,[1-10 is not shown in Fig(1l) because only two sectors (employers) are
taken as an examplein this figure. HNowever, the counterpart of w, in Fig(ll-10),
is analoguous to the case of w, and w,.

ZNéill hnd’Ngﬁfz in ‘eghatisn (3.2-&6) correspond, respectively, to the
segﬁent'OLﬂ and'NGzi" { in Fig(1), The magniiudes of the ordinates of

u (Ik’ w,)and ll(Ik, wz} in Fig. 1 -9, multiplied by the total number of wives
having Ik respectively, correspond to the abecissa of points AQ and A in Fig. 1

in this subsection .
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Summary

1. An autonomous model of a continually heterogeneous labor market for
analysing the generation and movement of wage differentiais by firm size (or by
sector) was developed in this section, As far as observed data are concerned,
we do not find any drastic and/or random chauges in wage differentials by firm
size or by sector; there are no sudden and/or random inversion of the order of
magnitudes of wages. These facts indicate that the notion of successive

equilibrium enployed in the model is realistic.

2. It was showun that, in order to measure the grade Gi of the labor force in the
ith sector, which is one of the variables in the model, the numerical values of
the parameters.in the supply probability function should be obtained prior to
the estimation of other parameters,

Hence, we see that independent measurment of the parameters in the supply
probability function is extremely important, One of the ultimate purposes of the
analyses in the following chapters is accordingly, to provide numerical! values
for the supply probability function in the succession-équilibrium model of the

labor market,

3. Procedures of relining the initially given numerical values of the parameters

in the mode! by a2 kind of simulation technigue were discussed.

4. Making use of a simplified succesion-equilibrium mode!, numerical experiments
were carried out, The results of the experiments showed that we can identify the
regions of production levels for adjacent firms or sectors which guaraniee
stable succession equilibrium, Identification of those regions also provides a

postulate for testing the model.

5. Finally, in the last sub-section, the relation between the observed labor
participation curve and the supply probability function was placed in the

perspective of the labor market as a whole.
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§ N. A Model of the Supply of Labor of Type A Households

[4.1]1 Specification of Income-Leisure Preference Function

The following points must be taken into account in order to specify the
functional form of the preference function.First, the preference function
- obviouly must fulfill the conditions required in(3.2.7.1-4). Secondly, in the
present stage of analysis it is not favorable to adopt a preference function
which has an analytical form that a priori specifies the algebraic sign of
ah*,/ au regardless of the wagnitude of the nonprincipal earne’rs wage rate,

w. It can not be said a priori whether the relation between the nonprincipal

earner’s wage rate, w, and the optimal hours of labor supply, h*, is backward
bending when the principal earner’s income, [, is given, That is, possible for
ah*/ @w to be positive in some range of values of w but negative in some other
values of w, The als.ebraic sign of @h*,/ @w should be decided after the parame
ters of the preference fumction are estimated, by making use of a suitable
analytical form of the preference function. Only if the algebraic sign of
ah*,/ @w is proved to be positive(negative) for a considerable wide range of

" variation in wy can a function which gives a priori a positive (negative)
ah*,/ aw regardless of the magnitude of w be employed as a plausible preference

function,

Among the functions which are consistent with the two requirements
nmentioned aboves we adopt an Allen-Bowley type function (i.e., quadratic form)

for the sake of simplicity.
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[4.2] PECI Equation Reduced from Allen-Bowley type Preference Function

For an arbitarily chosen household of Type A, i, the preference

function is specified by
(4.2-1) w‘=%7§x=+ rix+7i XA+7EA+—;~7§AZ

where 7s (si=1, 2y eeeeee + 5) stand for preference parameters for the i-th

household.
We can obtain the PECI equation for the Allen-Bowley type preference

function by applying the procedure mentioned in section <3,2,2> to equation

(4.2-1). That is, substituting(3.2-7) and (3.2-8) into (4.2-1), we have

(4.2-2) w,=71 %—12+7§I+73i1 T+ Y T+;—7§ Te,

corresponding to eguation (3,2-9),

Applying to (3.2-7") and'(3.2’8') to (4.2-1) we get
(4.2-3) w ’ =-;-7§ (T+WR) 2+ 7. (T +Wh)+ 7} (I +Wh)(T—h)

Lyi(T-m+Llyi (T=F)
+4L(T D+27(T k)

Hereafter notation h is replaced by h corresponding to (3.2-10).
By the requirement that I in (4.2-2) and (4.2-3) be PECI (Principal

Earners Critical Income), (3.2-11), that is,
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. X
We have, replacing [ by I 7

ST Y ey LTy TH Ly T
= v ivwn eyl (L +Wh 7 (L +WR(T ~h)

+yi (T—h)+;—75i(T—h)2

using equations (4.2-2) and (4.2-3)., Solving the last equation for [ ¥, we
obtain the PECI eguation for the i-th household,

74i—72iW—ZaiW(T—h)+7si(T—%—h)—%-71’W2h

(4.2-4) 1¥= - .
! 7|lw—73l

which corresponds to {3.2-8).

[4,3] The Equation of Maximum Hours of Labor Supply Reduced from the A+ B
' (*)

Type Preference Function

<4.3.1> Reduction of MHSL Equation from A < B Type Preference Fumction

Making use of an A+ B type Preference function, (4.2-1), the equation
of MHSLin <3.2-4> can be obtained, First, we shall dérive the equation of the
indifference c;rve passing through point A shown in Fig.H-1. The utility
indicator; @, of the indifference curve is given by (4.2-2). Hence the

equation of the indifference curve passing through the point A is given by

4.3-1) %—71i12+72‘1 +7aiIT+74iT+;—75iT2

=~;—7.‘x2+7zix+7aiXA+7ﬁA+%ys‘A2

(%)} Hereafter we shall refer to the Allen-Bowley Type as the A.B. Type for

brevity.



The ordinate of the point-C in Fig. -1 can be obtained by solvinsg
(4.3-1) and I+wh=X
sinuitaneously for X and A taking into account the relation

h=T-A.

The solution for A is given by

2(r W=7, Ly iweT_2(y -y, iW) 7T
Q

4,3-2 =
( YA o 2 g

where;

(4.3-3) @ 7. Wri—27.'W+7,l.

Rewriting the left hand side of the equation (4.3-2) we have

iw i i iy i i
(4.3-4) hi=—20X W=7y 7 WIT 27 =7, W) YSIT
Q Q Q Q

This 1s the MHSL equation for the i-th household,

<4,3.2> The Conditions for the downward sloping MHSL curve
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It can be seen from (4.3-4) that the necessary and sufficient condition for

a downward sloping MHSL curve for the i-th household required in (3.2.5.4) is

given by

(4.3-5) _riweyy >0
7|lw2—2 7alw+7sl'
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Because of this inequality, several restrictions are imposed on the
parameters of the preference function. To obtain these restrictions we divide
the numerator and the denominator of the left hand side of (4.3-5) by Y., and,

delete, the suffix i for brevity, we have

w-— 7 :'
4.3'6 >0:
( )Whﬁ7a'w+7§

where,

(4.3-7) Y3'=7:/7i: and Y<'=75/7. .

[t can readily be seen from (4.3-6) that the following inequality must he

satisfied,
(4.3-8) (W—73" J(W?—27, W74 ) >0,
The three solutions for the cubic equation,
(4.39) F (W=7." M(W2=27." W+7." )=0,
for w are given by
(4.3-10-1) Wa=74 o
(4.3-10-2) Wo=7," +W 74" )= 7, and
(4.3-10-3) Wo=7," (75" )= 74
The order of the algebraic magnitude of the solutions is given by

(4.3-11) W<W , <W,,

Hence Lwo cases need Lo be considered, depending upon

% 2 0.
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{4.3.2.1) The case of Y5 >0

This case is further divided into the follewing two cases according to
73' #0 or 73' =0

(4.3.2.1-1) The case of 7" 0,

This case is also divided into two cases according to
(7" )2_'75’§0.

(1) when (73 )2—7s" <0, equation (4,3-9) has one real root,
{see curve (a} in Fig.V-2)
In this case

F>0
it W>7r,5 .,

Hence we have the following preposition.
In the case of -
Y <0, (¥Ys" )2—=7s" <0 and 73" >0,
F>0
if W>7r, .
In the case of
Ys' >0, (73" )2—7s" <0 and Yi" <0,
F>0
if W>0,
(2) when (Y3° )2— 75" >0, equation (4.3-9) has two rea! roots.,
In this cases the following two cases are further investigated.
(2)- a the case of 73~ <O.
 F>0 holds if W>7y 4+ (72 )27y
as Yo'+ (YT )P—Ys” <0, F>0 when W30,
Hence, we have the following proposition,
In the case of
Ys' >0, (¥, )= >0 and YT <0,
F>0
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for all positive wage rates, W> 0 |,
(2)- b the case of 73" > 0.
In this case, F 1s positive for the twe ranges for wage rates w. (see
Fis. -4
The ranges of w are expressed as
Yo' DW>Ys" (Y50 )7t and
W>7" + (737 )= 757
Hence, we have the following proposition,

In the case of

75‘ >Oa (73' )2_75' >0 and 73' <0’

F>0
if

73“ >W> 73’ - (73’ )2_75‘
ory if W>7:" + (7 )P—7s’

[b] The case of ¥;" =0.
Inserting ¥3° =0 to (4,3-9} we have
F=W(W?+7:") >0
Taking into account W > 0 il can be seen that F>0
if W24+ 75" >0 since we have assured 75~ > 0.
Hence, in the case that
Y >0 and Y, =0, F>0
i W>0. o
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(4.3.2.2) The case of 75" < O
In this case the inequality
(7:" ) =7s" >0
identically holds, This means that the equation (4.3~9)Ahas two real roots
with respect to w.
(4.3.2.2.1) The case of 75" 2 0
{a) when 75° < 0, we have

F >0
If W>73' + (73' )2_75’
where (75 )2“75.' > s 0.

Hence, we have the following propesition.
In the case that
Y <0 and Y3 <0

F>0
“if W>7rs" + {7 )2—7s" .
(b) When Y3" >0 , we have
F>0
if YY" O>W
or | A PR S PR LRl AP

Hence, we have the following proposition,

In the case that

75‘ <0 &nd 73’ >O

F>0
if Y.© >W
wr w> 4 3‘ + ( Y )2“' Ys®

b [4.3.2,2.2] the case that ¥, =0
Inserting Y:" =0 into (4.3-8) we have

F=WW2+7" )> 0.

ces taking into account W>0, we have

W.:>7s"
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where YT <0,
That is, F>0
i f W> —75°

From the above we have the following proposition.
In the case
Ys" <0 and Y3 =0,
F>0
if wW> -7y’

{4.4] Introduction of random variables into the Preference Function

In the above sections, [4.2] and [4.3]s the shape of indifference curves
for the i-th household was identified by the preference parameters Yé (s=1; 2,
------ s+ 5), In order to take into account the differences in the magnitudes of the
paramelers between various households we shall regard 7'é's as random vartables
wiFh respect to 1, Hence il is necessary to introduce the size distributions of
Y é’S.

WHe have assumed that each household, i, has a set of preference parametiers,
Ys (s=1; - + 5} whose numerical values are specific to it. [t is also
possible to assume that the numerical value of preference parameters not only
vary among households but change at random over time, However, it is always
desirable to specify the simplest model, as with the case of only the first
assumption, which is necessary and sufficient to generate the empirical laws on

the cross sectional and the time series movement of participation ralio observed

in (2-1.2.3.1) and (2-1.2.3.2). Hence we regard Y4&'s as random variables

with respect to 1 only, Further, we shall introduce two alternative extreme

cases’:

The first is the case where only 7! differs among households, while other

" parameters, Ya's (n=1, 3, 4, 5) are field constant for al! the households under

‘

consideration,
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In the first case, warginal utilities of income and leisure are given by

4.4-1) g—;"!:rﬂwaz\.wlx
and

1.02) IWey 4y x47.A

L42) 2

respectivelys where | stands for the i-th household. As to the parameters
common to all the households considered, suffix 1 is deleted.We shall eal! this
type of wodel “varying Y . type”.

In the second case, warginal utilities of income and leisure are given by

4.4-3) %=72+73A+7,X

and

4.4-4) g‘f= YO+ Y.X+7sA

Fd

respectively,

We shall call this type of model “varying ¥ . type™.

<4.4.2> |Intereept of marginal Utility Curve whose distribution is given by a

fog-normal distribution

As to the functional form of the size distribution of the intercept of the
marginal utility curve of income, 7;: or leisure, TE, the. log-normal
{density) distribution function is adopted. By making use of a log-normal
distribution, we can exclude negative values of the intercept of the marginal
utility curves one reason why we adopt the log-norma! distribution with respect

to ¥Y: or Y. The other reason is as follows: At the present stage of
analysis,uwe set out that preference parametersof household are constant

over time, i,e,, 1961 through 1964, However, if habit formation is

operative with regard to the marginal utility of income or leisure,

the present magnitude of parameter 7zior Tq}for each househlold has bpen'
affected by the habit formation process in the past while the magnitude of then

constant for four years, 1961 through 1964, Let us suppose that the intercept
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of marginal utility curve of income or leisure, Y. or 7., for the i-th
household has grown year after year at small growth rates which vary for

different years., If this is true, after many years, the disiribution of

the magnitude of the intercepl of the marginal utility curve of income, 73 or
leisure, 75, would be approximated by the log-normal distribution regardless
of the initial functiona! forw of the distribution of 7’; or 7’&. Consequently,
we adopt a log-normal distribution with respect to Y : or 73. i
Let ¥, and ¥ « be common parameters to all the households.

Parameters ¥ i and Y i can be written as
£.45) 7, =7,U,
and 4,4-6) 74'=74U4i

. \ i . . .
respectively, where U:' and Ui’ are randowm variables with respect to i and.

4.4-7) E(U.') = 1
4.4-8) E(U.Y) = 1.
From (4.4-5) to (4,.4-8) we have
4.4-9) E(7:) = 7,
4.4-10) E(7.h) = 7,

<4.4.3> Addendum to the relative position of the marginal Ltility Curve of

Income and Leisure

Making use of (4.4-1) and (4.4-2), the warginal rate of substitution

between income, X, and !eisure, A, for the i-th houselold is given hy

AVRTIRCU N LS 39 £ 29
A =Y
7o'+ Y A+Y X

Dividing both the numerator and denominator of right hand side of the equation

by 7. we have

oy DAY 7. X+ 7. A
4.4-12) g H=T
(r.")" +7:" A+X
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where
44127 ) Y /7 (r) (122 ) and ¥s/7. 7S (s=3, 5).

With normalization, ¥, =— 1, the marginal rate of substitution can be
determined, That is, given the relative magnitude of the preference parameters,
the marginal rate of substitution is uniquely defined,

[t can be seen from (4.4-12) that the shape of indjfference curves for the
i-th household is affected both by the magnitude of the normalized intercept of
the

marginal utility curve of income, 72 ; and by that of the mavginal utility
curve ol leisure, 75 . This means that the shape of the indifference curves
way change even if the changes in ( YE)' and ( 7;)' are proprotional.
Consequently; a model whieh introduces distribution functions of ( 7&)' and
(71

sinultaneous!ly can be definitely differentiatéd from those which introduce

either (74)° or {(¥1i)" . Hence, more general models such as

g‘gr=:72;‘+ 73‘A‘+'7| X=7 2[}2I+'7'31\'+ Y. X
OW oy iy X+ 7A=Y U+ 7,X+7,A
C A

may be introduced,
However, in order to begin with a simpler case, let us set out two
alternative wodels, each allowing for varying values either for 7. or for 7.

shown by (4.4-1) and (4.4-2) or by (4,4-3) and (4.4-4) respectively,

[4.5] PECI Equations of varying- Y : models and varying- ¥ «+ models

<4.5.1> PEC! Equation of varying Y, mode!

The equations of marginal wtility of income and leisure with varying Y2
are given by (4.4-1) and (4.4-2) in <4.4-1> respectively, Applying (4.4-7)to

(4.4-1) we have the marginal utility equation of income for the i-th household,
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4.5-1) @gznuziwmw,x

The marginal utility of leisure is given by the equation,

By B__V!:
4,5-2) A Y+ Y:X+73A,

which is common to all the households considered.
Replacing ¥ : in (4.2-4) by ¥:Us in (4.5-1) we obtain a PECI equation for

a varying Y : model,.

Y m Y WU — 7 W(T—h) +7(T=D—Ly we
4.5-3) 1¥= 22
. ) b
71W“73

where the 1 superscript for parameters common to all households are deleted.

It can be seen from (4.5-3) that the relation between the principal
earner's

earner’s critical income, | t and the random variable, U}, which stands for the
difference of the intercept of the marginal utility curve of income among the
households; is a linear relation for the given wage rate, w, and assigned

working hours, h, i.e.s

4.5-4) 1¥=5.+5, UL (Ui>0)

wvhere
y X 73(T—h)w+7s(T~%)—%7;wzh
4,5'5) Sg:
Y IW— Y
and
4.5-6) S.=——Y:W

rlw—)’J



116

<{4,5,2> PECI equation of varying-7 . nodel

The equations of warginal utility of income and leisure in varying-7:
model are given by (4,4-3) and (4.4-4), respectively, The marginal utility of

income is given by the equation

7y AW
L57) Ge=7 e+ T A+ X,

which Is common to all households considered,
Inserting (4,4-6) into (4.4-4) we obtain the marginal utility of leisure for

the i-th household,

OW_ o Ui y,X+ 7,4,

4.5-8) i;;(

Replacing 72 in (4,2-4) by 74U1 in (4.5-8) we have the PEC] equation for the

mode! with varying-7 . »

Y U= 7. W— TsW(T—h)+75(T—}21)—%71W2h
71w"73

4.5-9) 1=

where the i superscript of parameters which are common to all households

are deleted.

It can be seen from (4.5-9) that the PECI eguation for the varying-7.

. . - . 1 .
wodel also is a linear relation in f} and Uy , i.e.,

£5-10) I1X=H.+1, U0l (Ui>o0)
where

— YWY (T—h)W+ 75(T—’21)—%7,w2h

4,5-11) Ho= £
) ’ 71W—73

and

4,5-12) H,* =— Y4 __
' Y W=7,
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[4.6] Testing Ewpivical Plausibility of Varying-7 « Model versus Varying- %
Model

<4,8.1> PECI equations in terms of standardized U, and U, _

As mentioned €4.4.2>, the differences in the intercept of the marginal
utility curve of .income or Ieiéure among households considered are given by

log-normal! distribution, Hence, with respect to the varying- 7. model, we have,

(4.6-1) log Ui~N(a,, ¢ 3),

where m; and 0% are wean and variance respectively, In the case of the

varying- 7 4 wodel, we have,
(4.6-2) log Ul~N(w, 0%),

. . x oL
Here, we shall introduce a randoa variable U; which is given by

standardizing log Ul and log Ul. That is UX is defined by
logUf — :
TR TR T NS
ko

The distribution of U? is given by a normal distribulion whose mean

equals zero and variance equals unity regardless of k in (4.6-3),

(4.6-4) UF~N (0, 1).
From (4.6-3) we have
(4.6-5) log Uf=m+ o UX(K=2, 4)
. X
k is
or  (4.6-8) Up= g e’k

Replacing k in (4.6-6) by 2 and inserting (4.6-6) into (4.5-4)

we obtain the PECI equation for the varying- 7 : model,
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(4.6-7) 1 =S,+48, e e
By an analogous procedurg. the PEC! equation for the varying-7Y . model is

, X
(4.6-8) Ii*"—"‘Ho-!-H-, e"“e”‘ui _

Equations {(4.6-7) and (4.6-8) are rewritten as follows.

X 7 U7
(4.6-7" ) 1=S,+S,e.

(X
(4.6-8" ) Ii*=Ho+H,e’<Li
where
(4.68-9) S,=§, "

(4.6.10) H,=H, "

Hereafter we shall call (4.6-7° ) and (4.6-8" ) standardized PECI equations.

Standardized PECI equations, (4.6-7" ) and (4.6-8" ), can be regarded as
transformation functions which transform the distributionjof Ux to that of I *.
Taking into account ¥:>0, and ¥ >0,y it can be seen from (4.5-6) and (4.5-12)
that Sg in (4.6-7") and Hg in (4.6-8") must have opposite signs.

5
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The correspondence of the standardized PECI equation.obtained in <4.6.1>
with the observed data is examined in this section. In the following sections,
it will be argued which of the two alternative models: varying-7 : model or
varying- ¥ s« model, 1Is cons?steﬁt with observation, If we can observe
corresponding values for Ir andlﬂrinith respect to i in(4.6-7‘ } or (4,6-87 )
we will be able to estimate the parameters in these equations: Sos §: and o
or Hos H, and 6., by some suit&bre estimation procedure, The following is
the preliminary argument concerning this point, ‘

If a wode! consistent with the observed facts is either a varying 7 type
mode! or a varying 7« type‘modely the relationship between the osserved I?:and

the observed U?:must, at any rdte, fulfill the equation,

(4.8-11) 1

X
N =A0+A180ui
where the algebric sign of A, is either positive or negative because
Sp in (4,6-7") and K, in‘(4.6-8f)-have opposite signs; thus we have

3

two alternative casesy 7
(4.6-12) A, >0
and (4.6-13) A, <O.

However, we should note that even if we estimated A, in (4.6-11) making use
of the observed data and consequently determine the sign of A;i we can not
decide which mode!l is plausible because we only know S, and I ﬁre opposite

in their signs,

(4.6.2.1) The distribution of Tx 1in the case where A; >0

For the case where A, >0, the value of PECI, I; s for the i-th household

) 4 . . .
whose L] equals —c¢ is A, ; i,e,, when
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Hence in the group of households considered, the PEC! of a household in which
the value of PECI is minimum equals fAc. According to the sign of A; the
equation {4.6-11) is depicted as shown in the upper half of [1] or [2] in Fig.4.
7-1. Hence, for this case, there exists a lower limit of the PECI distribution
curve as shown in the lower half of Fig.4,7-1, where [3) shows the case for

positive A and [4] shows that for negative A,
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(4.6,2.2) The distribution of [ x for the case where A; <0

For the case of negative A, the value of PECI, I.*, for the i-th household
whose b';*equa] +oo is Ao 3 i.e.s when
Ui =+
We have from (4,6-11)
1¥=a,
Hence, for this case, there exists the maximum value of PECI for the households
considered as shown in [1] and [2] of Fig,4,7-2, Therefore, the PECY

distribution curve has an upper limit point on the abscissa as shown in [3] and

[4] of Fig.4.7-2,

Fig.,(F—7)—2
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Fig.(N—=7)—3
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Now, negative values of A, are excluded from our analysis.
Should A, be negative, the PECI's for all the households considered would he
negative because Aj would be negative. Hence, there would be no households
with a positive PECI. This means that

I;ﬁli*

for all i's, because Lhe actual principal earner’s incomes ;s of any household,
1s 18 positive; If this were the case, as is argued in (3.2.5.4 (a)) and
(3.7.1.4), no groups of households with working non-prinecipal earners would be

observed, In other words, all Lhe observed participation ralios for groups of

households must- equal zero, This contradicts observations in Japan and in the

U.S. Hences the case where A, <0 and A, <0 wust be excluded, As will be
discussed later, we can take advantage of this requirement as a condition which
the estimated values of preference parameters should fulfill? Aq can be
seen as a function of w, h and ¥s'S (Suffix S stands for 1, 35 4 and 5 if the
varying Y ¢-nmodel applies and stands for 1, 2, 3 and 5 if the varying 7 :-wodel
applies), Thus, it cén be said that a set of parameters, ¥ s, giving negative

Ao and A, 1s not consistent with the observation, w and h being given.
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<4.6.3> Estimation of PECI equation

(4.6.3.1) The case where A1 >0

In this section we shall discuss the correspondence between the
distribution of U¥, f (Ux), and that of Ix, g (I % w,s h).
Consider a group of type-A households where. principal earners® income, Ii's,
are the same. Let the wage rate offered and hours of work assigned by [irms be
common to all the non-principal earners of the households, The correspondence

between f (Uy ) and g (I*/w. h) differs inaccordance with the sign of A, in

(4.6-11), Where A, >0 and A, >0, the correspondence betweem the two
distributions is shoun in Fig,4.7-3, One should be aware that the
distribution of Uy, f (Ux ), is known: i.e. it is given by

| Ux ~ N (0, 1)
Let the observed value of the‘ participation ratio of the group of households be
#, We can determine a point, [, on the axis on which Iy is measured, since we
have already known that the curve has such a shape that the area of the right
hand side to the vertical line at | equals #. Also, it is quite easy Lo

obtain a value of U;(* such that
Probabiltity (U Uy )=#),

because it is already known that f (Uy) is given by N (0, 1).
Hence we can determine, for any k, corresponding values of 1 ¥ and uX Ik* and U¥,
from the observed data,
The above argument can be restated in an analytical for as follows.
The participation rtatio of the k-th group of households whose principal
earners’ income, Iks are common to all the households is given by

I*=OO

(4.6-14) sy = [ g( 1w, B)dT*

*zlk

We would like to know the numerical value of uk* of the household whose PECI

equals Iy, lower limit of the integration in the above equation. As
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. . . r‘ X -,
we are considering the case where A, >0, transformation of tou is
monotonic. Therefore the value of definite integration of the distribution

. x . “ . b 4 . .
function of uw” with respect to lower limit, uf , through the upper limit, oo,

(4.6-15) 15 . % gu X

must be equal to #) . Hence we have

(4.6-16) np= —1—f . Zqu*

V‘2 b3 u=uk*

. x . . .
Given the value of My, Uy can be determined by this equation,

The lower limit of integration in (4.6-14), I, and that of (4,6-16), Uk*must
fulfill the equation,

XK

(4.6-17) T =A A, e’" , AL>0

for the k-th group of households. Hence, in order to determine the values of
parameters of PECI equation (4,6-17), Aos; A, and 0, we estimate the paranmeters
of the regression equation, (4.6-17), making use of observed value of Ik* and Uy
the latter being given by equation(4.6-16),

Equation (4,6-17) may be shown as Fig.4.7-4, The shape of the curves in
Fig 4.7-4 is quite the same as those in Fig 4,7-1 except that on the abscissa
and vertical axis the observed value of U|:k and [} for the k-th group of
households are scaled respectively, For example, I, stands for the value of
principal earners’ incomes in the first group of households and U.* stands
for the corresponding value of the percentile position of U* which generates
the value of the observed partieipation ratio of the first group, #, It
should be recognized that the curves in Fig., (4.7-4) are ascending and convex

in an vpward direction when A, > 0.
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(4.6.3.1-2) Ehg relation between observed [} and gg:

Here, we shall examine whether the requirement noted in the last part of
{4.6.3.1-1) is fulfilled by observations. For the years 1981 through 1964
we can obtain the observed values of I} and U’:Kby the method described in
(4.6.3.1.-1). The relations between Iy and Uy for the four years are shown in
Fig.4.7-4. It is clearly seen that the scatter is ascending but is coucave in
an upward direction, Hencey it must be concluded that the hypothises
A >0

does contradict the observation shown in Fig.4.7-4",

(4.6.3.2) The case where A; <90

In the case where A, <0; the correspondence between the distribution of I*
and that of t¥is depicted as is shown in Fig.4.7-5. It should be stressed that

L x . .. .
the positive value of U " is scaled from the origin to the left and negative

U *is scaled to the right on‘ the abscissa in the figure of the distribution
curve of Uxi In this case, U* which is equal to —o° on the U" axis
corresponds Lo the value of 1 *uhich is equal to Ao on the 1 ¥axis as shown in
(4.6.2.1) and (4.6.2.2). Ao, in this case, is the maximum value of 1" on the
PECI distribution,

Fig.(N—7)—4
AD>O

|
I
i
i
;
|
1 1
. ¢ I
. !
1 ]
I /i I
1 [ |
L 1 OB, Ag< 0
| : I @ Ar>0
o Jlo l®
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The participation ratio of the k-th group of households, #y, is given by

L e e ndT*

A
(4.6-18) #y= f
I =1y

Bere: we would like to know the value of Ugwhich stands for the value of
U¥ of households whose PECI just equals the value of the lower limit of
integration, Iy, The relationship between U* and 1¥is a monotonic

decreasing transformation owing to the condition that A, is negative. Hence

the value of the definite integral

. % —_u*
(4.6-19) —2—1—-f“k e Ldu¥

n ux=—0o

is the value of #y ., It should be noted that the range of integration is from

Ux =—00 through U *zu*k .
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Let us choose the value of Uf so that the relation,

op U
(4.6-20) wp= 1 __y e ¢ 4U*,

2 *=—c0

holds. It is easy to choose the value of Uf for the k-th group of households
because the distribution of U* is known. Taking into account the above
argument; the relatioaship between the observed U[ and Iy, which is expected

to hold according to the theory, is depicted as is shown in Fig.4.7-6,
That is, the curve in Fig,4.7-6 is theoretically expected to be downward

sloping and concave to the downward direction,

In order to éxanine whether the above mentioned relation is actually
supported by the observed data-we shall obtain the values of U correspondiﬁg
to ] from the observed data under the hypothesis that A, is negative, Here,
the folléwing point wust be taken into account to determine the algebraic sign

of the observed value of Uf. In Fig.4.7-5, the area to the right of the
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vertieal line passiné through the point Uf is equal to #y which is observed,
The wagnitude of the area for the case where A, >0, was shown in Fig.4.7-3. In
the present case where A, <0, the area hatched in Fig.4.7-5 must equal the area
hatched in Fig.4.7-3, However, it should be realized that, in the present case,
the values of U*'s weasured on the abscissa, in Fig.4.-5, from the origin to

the left are positive,contrary to the case where A; >0 shown in Fig.4.7-3.

Hence, the absolute values of Uf obtained under the hypothesis that A, <0 wust
be the same as those was obtained under the contrary hypothesis that A, >0,
whife the algebraic sign of Uf must be opposite to what was obtained in the
case where A, >0.

Consequently, we obtaein the scatter diagram with respect to observed
Iy and Uf ; shown in Fig,4.7-7. It is clearly observed that the relations
obtained in the years 1961 through 1963 are consistent with the theoretieal
requirewent; i.e.sthe obtained curves are downward sloping and concave to the

downward direction as is expected in Fig.4.7-6.

Fig.4.7-7
(1961 ) (1962 ) (1963 )
ur ul u?
\\~ ~ \\
N~ ~ N,
o -~ e 0 ‘\ ! 0 \ ‘k
1\ i

(4.6.3.3) From the above analysis we can conclude that in order to estimate

the parameters of the PECI equation making use of the given observations,I}’s

and Uf ‘s wust be of the values suggested by the hypothesis that 4, <@,

<4.8.4> Comgparison of Plausibilities of varying Y »model and varying 7Y ,model

(4.6.4.1) In the last section, we concluded that we have to assign an
algebraic sign to the observed value of Uf under the hypothesis that

A, is negative, In other words, in order to regard the equation.
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I,=hAo+A, e Uk
as the PECI equation consistent with observationss we have to observe Iy and
Uf waking use of the hypothesis that A, <0,
Next: we shall discuss what the above requirement means to the paraweters of
preference function and what the relation is between the above mentioned
requirenent and the requirement of a downward sloping MHSL curve mentioned
in 3.2,6,1-3, This point is indispensable in obtaining the empirical

counterpart to the PECI equation.

(4,6,4,2) The case where the condition that A, <0 is generated by a Varying-7.

model making use of the requirement that MHSL curve be downward

sloping.

The parameters A, of the equation

vk

perwits two alternative interpretations. If we ewploy a varying 7 . model, A,

Ixy=4, +A ea

corresponds to S;° in (4,6-7" ) which is a funetion of 7.3 Y2, 723y w2 and w,

as shown in (4.6-9). That is,

(4.6-21) A.=T;ZA‘L— e

w— 73

Dividing the numerator and denominator of the right hand side of (4.6-21) by 7.

we have

(4.6-21° ) A,:Il,z.;i etz ,

w—7a’
where Ys' = ¥Ys/¥.(s=2, 3).
By employing the normalization rule
Y, = -1,
we have ¥2t <0,

Thus, in order that a negative A, be generated frow the varying ¥, model,

the following inequality wust hold,
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(4.8-22) W—7:<0 or W<

This is one of the conditions which the preference parameters must satisfy. In
addition to this constraint on the parameter Y., the set of preference
'parameters must be such that they generate a downward sloping MHSL curve,
Hence, in order that the varying ¥ . aodel he consisteﬁt with the data,

the values of ¥s” which fulfill the condition of a downward sloping MHSL

curve must also be such that they do not contradiet the requirement given by

(4.8-22).

The conditions of a downward sloping MHSL curve (consideredbin 4,3.2) are
susmarized in Table V-1, That is, for the possible range of the values of
7s' 4 the required range of non-principal earner's wage rate which generates
downward sloping MHSL curves are shown, (It should be recognized that no
specific working hours, h, are assigned in the conditions for a downward

sloping MHSL curve.)

Table -1
case When the conditions for the The ranges.of W which yield
downward sloping MHLS curve downward sleping MHLS curve
ri>0 (¥ -1 <o 73 >0 w> r; ®
” ” ry <0 w>0 @
” (r3Y —ry >0 ry <0 w>0 @
” ” 73 >0 ri>w>r - (¥ -1 @
.o — ry =0 w>0 ®
r3< 0 — 73< 0 w> ry +af (r3Y - 1§ ®
” - ry >0 ry > wEBLU @
{w>r;+m——r; ®
” - ri=0 w>J -1y ®

Among nine cases in the table, only two cases, case 4 and 7 require the
condition that R<7s™ . As a result, only in these cases do the
conditions for a downward sloping MHSL curve not contradict the requirement
given by (4.8-22), In the remaining seven casess the condition of a downward
sloping MESL curve is not compatible with the requirement given by (4.86-22).
Moreover, turning to case 4, we observe that, im order that the condition of

downward sloping MHSL curve be fulfilled, the non principal earner’s wage rate,
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wy, must be within a fairly narrow positive ramge,
Yt DW>7y" — (¥3” )~ 7s" + where ¥," >0
In case 7,_ it is required that non principal earner's wage rate w be less

than Y 3, which nust be positive, though this raﬁge assigned to w 1s not as

narrow as what is required for the above case 4, (see Fig,¥-8)
Fig. {F—8)

Case @ and (D are the cases in which A <0 yields from the varying ¥, model,

Other cases are the ones in which A, <0 yields from the varying ¥ . wodel.

73’—'/ (73')2“75'

,

2) !
J
rl
@ ! 3 __r:'
0
(AR
:g——-w-——-——
L, ]

Notation(1) stands for the range of W in order that MHSL curve is downward sloping.

Notation(2) indicates the rauge of where A, <0 holds.
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(4.6.4.3) The case where the condition that Aj<0 is generated by varying 7.

mode! making use of requirement that MHSL curve be downward sloping.

If we adopt a varying ¥ . model, the parameter A, in

auE
Ik=A. +A, e

will be identified with H; in (4.6-8"). Hence, from (4.6-10) we have

4.6-23) Ag=Hp o™ =_Te__ oM
( ) ! 1°© Yiwu—7; ¢

Dividing both the denominator and the numerator of the third term of (4.6-23%)

by 7., we obtain

(4.6-23° ) Aq=—L1t" ™,

W_y:rl

‘where Ys’ Ys./ Y, (s=3, 4). By normalization, Y= —1,
Y. <0,

(4.6-24) w—73" >0 or w>75’

In addition to this, the condition that the MHSL curve is downward sloping
shoutd be fulfilled, If the conditions for a downward sloping MHSL curve for
the varying ¥ , model do not exciude the condition given by (4.6-24), the
varying Y . model is consistent with the observed data. From Tab.4-1 , in
seven cases out of nines the condition of a downward sloping MHSL curve for the
varying Y 4 model requires that

w> Y3’
This means thats in seven cases out of nine, the downward sloping condition does
not exclude (4,6-24), In these seven cases, 1, 2, 3, 5, 6, 8§ and 8, assuming
that a negative A, is generated by the varying Y : model dose not contradict
the condition of a downward slopiné. MHSL curve conditioﬁ for the model,

Turning to the case 1, the nom principal earner’s wage rate,w, must be
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larger than 73" , i.e.,

w>75"
where Y. >0
In cases 2, 3 and 5, w must be positive.
w0

In cases 8 and 8, w must be larger than a positive value,
73' + (73' )2"75
Finally, in case 9, w is required to be larger than — ¥Ys. In these seven

cases, it should be noticed that an upper limit for the value of w is not

assingned because the MHSL curve is downward sloping, (See Figl¥-9)
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Fig. (N —9)

Figure for testing W> ¥ 1' when the conditions for downward sloping MASL curve

are fulfilled, |
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(4.6.4,4) Adoption of varying Y . model
(4.6.4.4-1) From the argument in (4.6.4.2) and (4.6.4.3) we noted that less

restrictions are placed on @ adopting the varying ¥ . model rather than the
varying 7 2 model, ‘ |

Now, suppose we adopt the Eypothesis that the varying ¥ . wodel holds true,
Further assume, as we have seen in éection 1, that the first of the empirical
laws of participation has a general validity. Hences it would be plausible
to suppose, for example, that the this law has been applicable for type A
households during the period nineteenth ceniury and the mid 1950's in the U,S..
If so; we have to assume that during this long time period non principal

potential earner’s wage rate, w, had to be set in the ranges,

Ya— (73' )2—75' <W<73'
or 0<u< 75" ,

However, assuming such ranges as shown above for the value of w seems quite
unnatural, The wage rate, w, has increased over time, implying that ¥ ;" had
such a large value that the growth in w has not been able to exceed it, or that,
by the unknown mechanism, 73" increased so as to be always larger than the
increasing vajue of the wage rate, w, O0f course, we have no empirical basis

for assuming the second possibility as well as the first,

{4.6.4.4-2) It seems, in a sense, to be an interesting proposition that the

first empirical law will no longer be valid as soon as wage rate, w, exceedes

Ys' . That is, this proposition might seew to give a criterion that
discriminates between non principal earners and principal earners. When the wage
rate @ of a member of a household exceeds 7 ;" the member (wife in the case of a
type A household) could no longer be regarded as a non principal potential earner,
However, this interpretalion seems unnatural., I we introduce such a definition
of non priucipal earner that she {or he) could be indentified by the criterion

w < 73‘

we could deline the non-principal potenlial earner regardless of the uwage rate
{or earning) of the ®principal earner”, More strictly speaking, in the present

stage of investigation, we regard a household member whose participation
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behavior is regulated by the {first empirical law as & non-principal potential
earner, We have such an empirical ana behavioral definition only with respect
to non-principal potential earners, So that, at this stage, it will be proper
to avoid such a hypothesis that member of the household becomes an additional
‘principal earner of the household as soon as his (her) w exceeds ¥ " however

high the original principal earner’s income level is.

{4.6.4.4-3) Given the above argument, we adopt the varying Y. model first for
examination as one of the specific forms of an Allen-Bowley type utility
funetion,

The process of the argument developed in [4,1] through [4.6] is depicted in
Fig. IV-10.
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4.7 The estimation of parameters of PECI equation for the varying ¥ . model.

4.7.1 A wethod for solving non-linear normal equations

PECI equations could be regarded as the following type of non-linear

regression equation,

) ' %
1) T =S8, + S,e7% + v,

where v stands for an additive shock$*>) We shall estimate the values of s,y s:
and 0 so as to minimize Xv2,

Let
011* 2
2) V= ZIvi=3(1—-S, —S:.: e ).

From the conditions,

' *
3) gg(): ~23(1-Sp=Sze”" )=0
‘ 4 X
4) %%f —23(1-S9=S2e7" )" =0
» X L 3
5) 9V = _23(1-S9-Sp " s ¥t =0,

we have following normal equations giving estimates of the parameters, sos s2

and @,

foot note

(%) The initial version used was

¥
I=S,+S.e?% +S,N+ v,

where N stands for the number of children under 15 years old, However,

preliminary estimation results indicated that coef{ficients for §,'s were not
significant, This might stem from the nature of the date used, That is, in
type A households, the variance of wives' ages is relatively small and hence

that of the number ofchildren is small in the sample.
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*
8) Son+Sg T’ =31

X X X
7) SpZe’? +833er?t =310

X X x
8) SpZux e’ " +Sg3ux 2’ =31 ux 7",

where n stands for the éample size,

Solving (6) and (7)l for S, and S:, we have

S1.3e2®0% _3p 0u* g au¥

9) Sp =

n‘zeza’u* _(zeaux)Z
x x

10) Sy = n3le? -5 - 31
nzezdu* _(zeﬂu*)z

Inserting 9) and 10) into 8), we obtain the equation,

1) @lo)=(Sh*+e " ) nzer " (e " I +(sD(z """

B TAELA RS RLA LS MAPSA I ENC YRALST Yo
. Zu*é”u*—nZu* 'ezau*}=0:

where 1 and u*are observables, Hence, (11) is a non-linear equation in the
unknown o, -’The graph;cal solution, o, of the equation @ {0 ) can easily bhe
obtained, By assigning various values for ¢, the graph of @ (o) is depicted
as shown in Fig, V-11, As o =0 satisfies (11) the curve in Fig. ¥-11 passes
through the origin, Taking into account o >0, we can see that eguation
®(o)=0 has a unique solution if the ecurve is asymptotic to the abscissa

for ¢ > 0. Thus, we can obtain the first approximation for the solutions o,
by examining the graph, Ewploying the firsl approximation value, we can find
the refined value of @ by the Newton method, When the first approximation
lies in area 2, shown in Fig,V-11, the refined value obtained by the Newton

method will converge. Hence, it is necessary Lo examine a number of roots

for {0 )=0 , where o >0,
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Fig. (N —11)
#(a)

—— ]

For the whole sample (inciuding & group of households less than 50), the
values of P for various tentative values of ¢ are computed for the years 1961

through 1964, [t was found that the region of the solution, o, for each year

is as follows, (%)
1961  1,251< ¢ <1,281
1962 0:041< o <0.051
1963 1.181< a <1.191
1964 0.691< & <0.701

Ewploying the Newton method for the ranges of ; shown above, the convergence
value of O was obtained for each year. Inserting these values into equations
(9) and (10), Sb and S2 were calculated respectively for each year, (see Tab,
¥-2)

[t is observed that the estimates o, vary form year to year.

dependent variable,

(4.7.2-1) 1In (4.7.1), the observable I was taken as a dependent variable in the
regression equation (1), However, it wight be feasible to view [ as an
independent variable since observed data are stratified by the principal

earner’s income, !.

Let the PECI equation be

X These are the estimates obtained by graphical methods,



Tab, V-2
1961 1962
P So S, 0 S Se
1 12745 | 57388 |- 10318 | 0.04121 | 702.98 704.76
2. 003885 | 49.934 |- 51556 | 1.0245 | 60.490 86.738
3. 12091 | 50638 |- 70020 | 049371 | 84428 90.043
4. 121307 | 46186 |- 52684 | 083077 | 63747 77.303
1963 1964
r S S 0 S S,
1. 11859 | 56947 |- 76521 | 1.1859 | 75444 85.037
2, 069536 | 61.731 |- 62.984 | 0.69536 | 57.922 71.367
3 070295 | 63876 |- 67.771 | 0.70295 | 66.943 79.534
4. 071426 | 60931 |- 62690 | 0.71426 | $8.225 72821

1. The case where all samples were used

for estimation
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2. The case where only principa! earners income classes containing more than 50

households were used for estimation (selected sample)
3. All samples was used, and the moments were weighted by the sample size.

4. Selected samples were used, and the moments were weighted by sample size.

1) I=Hoe+H, e’"

which can be rewritten as

2) u* =

8 =

In equation (1) the notation Ho and H: are used instead of So and S:
hecause the values of respective estimates for Hy and H: differ from those for
S¢ and S on account of the difference in estimation method,

This equation can be regarded as a non-!inear regression equation with the

independent variable I,

* _ 1

3 wu =7[iog(H0—I)—log(—f{z)]+v,

{leg(Ho— I )—log(—H2)]

where v stands for an additive error, and
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We shall estimate o, Hp and H2 so as to minimize ZvZ,

Denoting Xv? by V., we have

4) V=2v2=2{u*—%log(Ho— I )+i—log(—-H2)}2 )

Norma] eguations for the estimation of regression parameters can be

obtained from the conditions,

2V _aV _aV
pa— — =O‘
> 9Hy eH; eo

That is, we have

v _ x_1 I B S
51)3}{0 2 Z{u alog(Ho I)+dlos( HZ)}G(H()—I) 0
) 2V s *— Ly o= T4 Llog(— Hoyy =1 =
5-2) 3H2 23 {u .alog(H() I)+a_log( Hz)}.a H; 0
5-3) OV — 2 5tu* — Liog(Ho— I J+-Llog(—Hg)}

B o '3

__log(Ho— I )—log(—H2)=

gl

0

From {5-2) we obtain

*

6) Tu —i—EIog(HO—I)+n7103(*—H2)=0,

Where n stands for the sample size. Equation (8) can be rewritten as
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7) wﬂ~Hy=§zwﬂHw—nwﬁ§uﬂ

Inserting (7) into {5-1) we obtain,

8) Z{u* —'i_los(Ho— I )+%[%2108(H0- I )",;Lz“*“Hol_ 1.=°

This can be reduced to

Ju* log(Hg— 1) + lz Zlog(Ho—I) _ f_z Zu*

21 Hg— 1 n Ho— 1 n~ Hp—1I

Solving this equation for ¢ we have

s log(Hg— 1) __1_ Zlog(Hg— 1)
Ho—1 a Ho—1
9) o=
b X
3 u ~ly_2u
Ho- 1 , Ho—1

which is a function of Hp .

Inserting (9) into (7), we obtain Hy as a function of Hpy i.e.,
Ho=Hg(Hyp).

Inserting this relation together with (89) into (5-3) we have an equation in the
unknown Hp oniy. This process of calculation is concretely shown as follows: we

can rewrite (5-3) as

(5-3" ) Zou™tlog(Ho~ I)=log(~H2)}=Zlog(Ho~ I)llog(Ho~I)
—log(—H2)1+ Zlog{—Hg)[log(Hg— I )~log{—Hp}]}=0
From this, we have
d{Zu* + log(Hg— I)—Su* log(—Hg)}=Z[log(Hg— 1)]*
+Zlog(Ho— I )log{—H2)+ Zlog(—Hz)log(Hg— I)—X[log{—Hz}]?*=0
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or
e {Su® + log(Hg— I)—Zu*log(—Hg)}— Z[log(Hp— I)]?
+2 Ziog(Hp— I Mog(—Hg)+Z[log(—H9)12=0

"Inserting {7) into this last equations we obtain
10) "{Zu*los(Ho—I)—Eu*[izloa(ﬂo—I)“nizu*“
—Sllog(Hg— 1)12+ 2 XS log(Hp— 1)~ LS u* 13 log(Hg—1)
n n
—n{lSlog(Hg—-1)-ZSu*}2=0
n n

Rewriting (8) we have

11) ¢ Su¥log(Hp— 1)—ZL3u* Slog(Hg— 1)
n .

— S[tog(Hg—1I )]’+%[2103(H0— 1)12=0

Inserting ¢ from (7) into (11), we obtain the following equation

log(Ho— 1) 1 _Zlog(Ho—1)
12) {E Ho— 1 n Ho— I

qu* log(Ho—1)

—lzu*zms(ﬂo—l)}—{z R O quog(Ho—I)]z
n ' Ho—1 n Hg-1I

-%[‘ZIog(Ho— I )]2}= 0

This 1s an equation in the unknown H, only, where observed variables, [ and u*

and sample sizey n, can be regarded as given parsameters.
Hence (12) will be written as
12°) F (Hy | 1, u¥)=0,
The root, HA(), of equation (12') or (12}
is an estimate of Hg minimizing Zv? in equation (3).

Inserting the Ho thus obtained into (8) we get an estimate, o, of o,

Inserting Ho and o into (7) we have an estimate, H., of H.. Hence, the
essential problem in estimating regression paraweters in (3) turns out to he

finding a solution for‘equation {12).
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(4.7.2-2) A Method of solving F (Ho |1, u®)=0

We shall obtain the first approximation for the solution, ﬁ;, of equation
{12') by graphical methods; i.e., various numerical values<of Hyo are assigned and
the corresponding velues of F (Ho) are computed. Assigned values of Ho have to
satisfy the following inequality, 7 .

1) Taax <Hos

where [,y stands for the observed maximum value of the principal earner’s

income among income classes with positive #_ This inequality stems from the
nature of the model: Ho in PECI equation (1) in (4.7.2.1) with negative H, is
the waximum value of PECI among households under consideration and hemce, (1)
has to be satisfied, {ef,4,6,2,2 Fig,4,7-2),
Starting from the first approximation of H, thus obtained we can augment the
degree of approximation by soame su{table wethod, e.g.s the Newton Method,
Results of the graphical solutions are shown in Tab, W-8. For examples
let us take the case shown by the first row in the table, This is the resuit
for the year 1962, Two values in the second column, 113 and 114, stand for
the two levels of Ho between which the algebraic sign of F(H,) changes. MWe
shall conveniently édopt the central value of these two values of Ho, 113.5,
‘shonn in the third colusn as an approximation of H,. Corresponding values of

o, H, and B, are shown.in the fourth, fifth and sixth column.

For the year 1961, the equation F (Ho | I, v* )=0 did not have any solution

for the plausible range of Hoy Ho <Ipgy -
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Tab, ¥ —8

L Hzl Hz' where F(Ho*)=0

_ FCHY) - F(HEI 0|  Hp e H, Hi
L TWe2 13~ 114 1135 | 03846 | - 12553 | - 135.16
2. TWe 146 ~ 147 1465 | 02781 |- 15240 | - 158.41
3. T 62 128 ~ 129 1285 0.4107 | - 157.16 | - 170.99
4. w62 60 ~ 61 60.5 1.0550 | - 88.27 | — 153.99
5 W63 67~ 68 675 | 06386 |~ 7153 | - 87.70
6. 62 60~ 61 605 | 11154 |- 9618 | - 179.17
7 6 78~ 19 785 | 04688 | - 7811 (- 87.18

]og(H* i) ] w,
B o ~— fiJ) 3 X *_ 7, . T—
Fw; oo T, _Ew.'{ Fw; log (Ho IOH .'ZHD'" =T, }
o= L
) U% o1 o wy
T_‘Tw, -1, S—W.'{ %‘w, ;e }{ '2 _—L_Hu*' T }

i

[

Jw

1
Hy=- exb (550 Zw;log(He - 1;) - - Twiuge)

12
Hi=H, /e 2"

foot note: { *) In cases other than what are shown in the first coluan of

Tab. V-8, we do not have consistent solations for Ho which fulfill H >1g,.

{x %) The cases without T indicate where principal earners’ income classes
having less than 50 households are deleted for estimation. For instances
Tw64 indicates that all 1964 samples are ewployed and the variances and covarianes
for the estiwation are weighted by the number of households included in the income
classes, |

It is also possible to refine the estimates for Hs shown in Tab. V-8 by
applying the Newton method., However, preliminary computations indicated that in
this case, the estimates obtained by the Newton method are strongly affected by
the variation in the initial values which are shown in the third coluen of Tab,
V-8, In accordance with this variation in the estimates for Ho, estimates for
Ho and K. also change. Henee, in order to obtain the parameters in PECI
equations for the four years 1961 through 1964, the following procedure was

adopted,



Alternative values for estimates of ¢ are tentatively assigned using those
obtained in Tab, V-8 to compute the parameters for H% and B in PECI equation
(t=1861, - , 1964). HY and H} are reduced from parameters and are functions
of w and h respectively. Consequently those values are expected to change as
wy and hy change frow year to year. In contrast to Hotand K.Y, o in PECI

equation is a structural paraweter which is included in the set of preference

paraweters, Now, preference parameters are assumed to be constant over the
years, Accordingly, #lthoush ¢ appears in the reduced form (PECI) equation,
it too has to be assumed to be constant over the years, Hence, we use a common
value of 6 for the years 1961 through 1964 to compute hlz and h%.

The alternative values for ¢ 's were as follows

¢ =0.20, 0.25, 0.2772%, 0.30, 0.35, 0.3835%, 0.40,

0.4104%, 0.45, 0.4642™, and 0.50,

where the figures with * attached are those obtained making use of revised
values for o', Revised values for Hot were obtai.ned by the Newton methed
utilising the Ho*'s in Tab, V-8 as initial values, (Extremely large values for
¢ in Tab. V-8 were temporarily deleted from consideration.)

The results are shown in Tab, W-14. Among these figures we have to select
one set of parameters for the PECI equation for each year. One of the rules for
selection would be to consult statistical measures of fitting, e.g. R2 or
Theil’s U. Although magniiudes of those measures for each case do not differ
wuch, we can adopt a selection critelian based on the theoretical consistency of

the estimates.
N Hence, firstly we estimated the values of the preference parameters 7 j’s
(structural parameters) based on each set of the values of the parameters in
PECI equation (reduced form parameters) shown in Tab. V-14. Secondiy, we
checked if the estimated sets of parameters fulfill the stability condition,
that is, concavity of the indifference to curve to the origin because the set of
the preference parameters (and accordingly set of parameters of PECI equation
which are the funetion of the forner).must be at least consistent with that
condition.

The above procedure and the results are shown in the following §4.8.
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4,8 Determination of parameters of the preference function making use of

estimated parameters in the PECI equation

The parameters, ¢, Ho and H., of the PEC] equation obtained in (4.7.2.2)
are regarded as reduced form parameters, Among those reduced form parameters,
¢ is a structural parameter as well, Hence, the structural parameter o has
already been estimated. In this section we shall try to determine the values of
structural parameters, (except for 0)y Yy Y2+ Y3y ¥4 and 7 s, making use
of the relationship between structural parameters 7 i, and reduced form
parameterss Ho and H.. After that, we shall examine the plausiblity of
estimates of the structural parameters making use of the stability condition for
household equilibriunm, |
<4.8.1> Estimation '(lf; 2’_,_

As is shown in <4,5.1>, the PECI equation is written as

~ Y= Yo T=0+7s(T-dn-Lywn 7,

1) 1%= 2 +- u
Yiw—7, Yiwu—7Y

Hence we have

— You— Y (T —h)+ 7;('1‘—:12—!:)——;—7 Lw?h

2) Hp =
o 71-"73
and
8) He — Yo
Z: Yiw—7
From (3) -we have 71u—73=741—. or
4) w= ;)7’— 7741. . le ’ where Y. = -1
From (2) we obtain
—Holwt L)+ Loy(T —h) - Luzn
5) ) S & 2 Y5 Y., _w
T—14 T roldy
2 2

whe.re Y. = —1.
(4) and (5) are basic relations for estimating Yi(i=2, 3, 4, 5), Making. use
of (4); the estimates of (73,77 .) and (¥4/7Y,) are obtained because values

for w and i, 'are already known for each year, 1861 through 1964: i,e. we shall
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estimate the regression parameters, a and by of

= 1 -
6) mt—a+b(H_zrt—)’ (t—1961.....'1964)

where

7) Aa=est(.%) and . Ab=est(%)..

By normalizations, ¥ ,= 1, we can obtain estimates of ¥ and Y. {rom (7).

Tn order to estimate (L2) and (L2) we use (5):
Inserting the estimate (7 L/'3 1) obtained from {(7) into left hand side of (5)
together with the first approximation of h, :1? the value of the left hand side
in (5) for each year can be obtained because Ho and w are known,

That is, we define .

Y Y 73 1 1 1
—H (u+ L3N+ e —)— = g2 (=
- o(u .est(y,)) est(yt)u(T 3) 2 w (3) ’
1.1
2 3

and, from {5) and (8) we have the regression equation

9) y=a" b (——),

T_i L2
2 3
where,
10) a° =1s and b =-2z
7 : 7.

From the estiwates of the parameters a' and b® in regression equation 9), we can
obtain ¥ s and 7 : by normalization, setting ¥ =—1. By the above procedure
all the parameters Y25 Y35y Y4y and Y s with 7 ,2—1 will be determined. To

estimate parameters of the relations (6) and {8) we tried four alternative

cases,
case A n=a+b-l:l-;1—;-—— Al =a’ +b’ "',’1
Z T—5h T—5h
B w=a+b—i~ W =g ppe A
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C —%’—za" +b" w Al =a" +b” _—wl—
2 —_ _
Tt T—%h
D é728”+$"m ——wl =a” +b~ Al
2 , T~%h T-5h
where —Ho(w+est(73))+est(73)w(T h)—%—w
The results of estimation are shown in Tab, V-15~24, Tab, N -25 summerizes
the values of parameters obtained, where the normalizations ¥ =—1, is adopted.
Tab, V-25
case A B C D
7= 140 ~ 100 160~ 110 68 ~ 73 270 ~ 100
7 —~29.6~ -29.1 -—-29.6~ —29,1 —16.0~ —21,6 —16.0~ —21.6
7. 2200 ~ 1900 2200 ~ 1800 4400 - ~ 2950 4400 ~ 2950
7s 3400 -~ 2200 4400 ~ 2600 - —2300~ 20 8000 ~ 1800

<4,8.2> Examination of the Results obtainned in 4.8.1

The values of parameters in Tab, V-25 have to satisfy stability conditions
at least in the vicinity of the observed values of X and A. Hence, satisfaction

of the following conditions is needed:

1) (’Bx)x X >0, (GA)A A >0
and .
W, W Yw., 8w,
RERRAL Y A"(’ax)x X? (ax)x=x? A A=A} >0

where X‘i’ and Ag are the observed value of income and leisure respectively for
the i-th group of households grouped by principal
earner's income,

In the above inequalities, the marginal utilities of leisure and income are

given by
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3 Wy Xty at7sA
aA

and

4) %V)%=7,x+72+731\

respectively, Let the waximum and mininmum values of u be upgy and upjp.

Given a group of households with X? and 1&?, for a household whose marginal
utility of leisure is at a maximum we have

'a .
5) (%);a;:73x?+ydumax+751\? s

and for household with winimun warginal utility of leisure we have

6) (’g—x—):l;=73X?+74um;n+7sA?

where uy,y and uy;, are given by
7) E(logu)+ 3¢

and
8) E(logu)— 390

respectively, By the requirement,
9) E(u)=1

we have

2

10) E{log u)=e

Ls
2

Examination of the satisfaction of conditions (1) and (2) fs carried out

for two kinds of households, i1, e.s households with

oW W ot
(a) (—3A)max and (3)()
and
9 w 4 Woi
TR win S ¥

The results are given in Tab. ¥ -28,
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It is observed that the conditions (1) are satisfied for most principal earner’s
income classes, However, condition (2) is not satisfied except for some higher

income classes. Tab. W-27 pesents a summary of types of partial satisfaction of

(1) and (2),

Tab. ¥ =27

Type of
satisfaction 1 2 3 4 5

condition

(—g%—)IIX > 0
| (-é}%%_)nin >0
E > o

(2) for the case

(—gj"r)m paired X

by (-G§°

C O O
0 ©0 O
>
5
<

O
O
0
0O

{2) for the case
(-8R ain ssired X X X o o

by (e

where 0 and X respectively indicate that the corresponding condition is
fulfilled and not fulfilled.

In the second places we reduced the range of u under examination, Upax
and upins that is replacing (7) and (8) by

E (log u) *2¢
and

E{logu) o0

aiternatively., The results, however, were not satisfactory,
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For the other cases, (B) (C) and (D), the above mentioned test for
stability conditions was carried out, These tests were conducted employing a u
within the ranges given by (7} and (8), However, a satisfactory set of
parameters could not be found.

Satisfaction of the theoretical requirement that the MHLS curve he downward
sloping was examined as well, The result of examination was unsatisfactory,

The results of the test are summarized in Tabh, [V-28,

Test items are as follows.

1. MHLS curve be downwards sloping (-%> 0)

i
2. marginal utility of income be positive ( (g—)@(—) >0)

3. Hf <0
4. Ho > I pax

(5. ¢ >0)
c I o1l
6. (22) >0, (22)" >0,
aA max al min

7. sntisfactién of relation {2) in <4.8.2>.

Tab., NV —28
type e 1 2z 3 4 5 6 T 8 9 10 1
1 (TW) 2 2 2 2 2 2 1 1 1
2 (M 1 1 1 1 1 1
3 W) 1 1 1 1 1 1 1 1 1 i 1
4 ] 1 1 6 6 6 6 6 6 6 6

The numbers in the table stand for condition 1 through 7 by which the
estimated parameters were rejected.

Hences the method of estimation of preference parameters outlined in 48,1
is clearly not adequate,

While a range for the trial values of ¢ night be extended to obtain
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estimate for parameters, it seems that more fundamental problem in estiwating
the parameters of the PECI equation exists, This we discuss in the first part

of the Chapter V, after which we shall reestimate the parameters.

{4.8.3] ADDEMDUM

The wage rate w in equation (1) in <4.8.1>, as well as in the previous
seclions, stands for the representalive or average wage rate of employment
opportunity offered to non principal potential earners' of type A households,
{This point was explained in § Il (3.2.8) and 3.3.
While so@e wives work others of course do not although they are afforded the
same wage rates. Now, wives’ earnings reported in Japanese FIES data for type A
households refer only Lo wives who are actually working. Accordingly, wives®
earnings reported in FIES are not suitable for computing w in the model, Hence,
we used monthly earnings for female employees as reported in the monthly wage
survey (MAITSUKI KINRO TOKE[) for wh, These values for earnings will be more
suitable for computing w which stands for the average value of all the potential
wage rates for employment opportunities confronting all t}pe A household wives,
By dividing earnings wh by hours of work h s+ w can be computed, k being a

parameter to be estimated,
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§V Mumerical Determination of Preference Parameters

- second estimation -

5.1 Basic procedure

5.1.1 Examination of the first Estimation

The unsuccessful results in the previous section 4.8 could be interpreted
in two ways; one of which is that the model itself is inconsistent with the
observétions. The other is that the method of estimation adopted was inadequate,
As far as the analyses in 4,1 through 4.8 are concerned, however, we have found
there certainly exists considerable coinéidence between our theoretical
specification and the ohserved data., lence, at the present stage of analysis,

the estimation method should be reconsidered,

5.1.2 Need for Second Estimation

In the previous section, 4.8, parameters, Ho, Hz and 0, of the reduced
férm PEC] equalion were estimated so as to minimize the sum of squares of
residuals in the equation., If the residuals, v's, are distributed normally, the
estimated parameters can he regarded as a sort of maximum ]ikelihood estimates
as well, Making use of theoretical rela[?ons between the reduced forn
parameters and the structural parameters, i.e.; the parameters of preference
function, the estimates of the latter were obtained. This procedure is shoun
in Fig. V-1,

Fig.V-la shows the structural parameter space and Fig.V-1b stands for
the reduced form parameter space. Parameter ¢ can be regarded as a structural
parameter as well as a reduced form parameter, so that ¢ appears on the abscissa
in both figures. For the convenience of graphical presentations lel us assume
the sets of struetural ﬁarameters (except for o) and those of reduced form
parameters are sca]éd on the vertical axis of both figures respectively. [Let
point A’ in Fig, V-1b stand for a set of estimates of reduced form parameters.
Corresponding to point A' we have point A in the structural parameter space
which stands for a set of structural (preference) parameters obtained by tLhe
procedure mentioned in <4.9.2>, Now, in the structural parameter space, let a
region salisfying the theoretical constraint mentioned in <4,8.2)> be T; Suppose
that a set of true values of structural paraneters is shown by point @ in the

region T. Given point @ 1n the structural parameter space, there exists a set



197

of true reduced form parameters‘corresponding to @, which is shown hy point @’
in the reduced form parameter space, Because @' may be different from A, we
could fail to obtain a set of true structural parameters satisfying the
theoretical constraints.

Suppose the set of reduced form parameters obtained in <4,8.2> is shown by
point A’, Although A® was obtained by a sort of maximum likelihood method,
there 1s no certainty that A’ should coincide with the trueset of parameters,
@', In relation to this, one point should be made. In our experience of

analysis in <4.8.2>, changes in the values of structural parameters,
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Fig, V—1
(a)
the region of the sets of
parameiers making use of the region of tle sets of

whieh good fitting is obtained

parameters making use of

which good Tittling is obtained

{7} T
A A structural parameter space
{
I .
! the region of the sets of
; / parameters which fulfil the
t i " theoretical requirements
0 N 7 ?
/
/
(He H2) /
{ /
1 J
1 /
v F duced f ter s
\ @ reduced form parameter space
Ay
A' stands for lhe estimates
obtained by leas! squares meths
O [
Fig, V—2
{rit
r
structural parameler space
Smn( preference parameier space )
by
1ty :
1yt I
11 {— o
0 11
o ty> Wit
18| 0 : reduced {orm parameter space
s
Lyt
1y 1! ,
by T
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Tk (k=1, e , 5) and ¢, did not alfect very much changes in the values of
reduced form parameters. (This may have stemmed from the nature of observed
data and partly from the analytical characteristies of the model,) Although
the structural parameters are identifiable, the above mentioned fact seems to

have prevented us from obtaining true values of structural parameters.

<5.1.3> Second Estimation
(5.1.3.1)

Suppose there exists a regions T, in the siructural parameter space where

the theoretical constraints on the parameters are satisfied. The theoretical

" constraints comsist of stability conditions and the condition of a descending
MHSL curve etc. In rvegion Ty in Fig.V-2a we shall search a set of structural
parameters which gives minimun ZV?, where V stands for the residual in reduced
form equation, . _

The following procedure is adopted, {1) Point A, which fulfilles the
restriction T is tentatively selected in the structural parameter space shoun
in Fig.V-2a. Corresponding to A,y a set of reduced fqrmvparameters, shown by
péint 7. in the reduced form parameler space shown by Fig.V -2b, can be
caleulated, The same procedure is applied to each point Axy---y Ay ete. in the
structural parameter space. Among the ¥ {’'s (1=2,3,4) ete, which,
respectively, correspond Lo A;'s (1=2,3,4) ete,, we can choose Ygis for exawple,
which gives minimum values for the sum of squares of residuals, A set of the
structural (preference) paraweters shown by @ in Fig.V-2a which corresponds
to Y@ in Fig.V-2b is selected as a set of estimates for the preference
paramelers,

In this second estimation, we also wish to check if the values of
preference parameters {Y } and o obtained are stable over the years.
Accordingly, Lhe estimates for paraweters were computed for each year,
{6.1.3.2)

Theoretical requirements that structural parameters should satisfy are as

follouws:
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a) the MHSL curve is descending

by T%5 9
) X
aw
¢} ——>0
A
tw Qw aQw., aw,,
d) 273aA o X Ys(ax) 7’(aA)>O

The pafameters of PECI equation (reduced form) have to satisfy the following
coiditions?
e) Hp > T paxs
f) H$ <0 , and
g) ¢ >0 .
Iyax in {e) stands for the principal earner’s income of the highest
. observed principa! earner’'s income class with a positive (non-zero)
participation ratio in each year., In this principa! earner’s income class,
there exists at least one household with a working wife. The principal earner's
income of this househo!d must be less than PECI of this household. H, stands
for the waximum value of PECI for the households under consideration as shown in
(4.8), and if the principal earners’ income of the households in a given group
exceed this value, Hu, the participation ratio, must be zero, consegvently H,
wust be larger than the principal earner's income in the highest income class
with a positive (non-zero) participation ratio, Condition (f) was discussed
in § . (g) follows from the standardization of the random variable u.
The conditions (&) through (d) should be satisfied within the follouwing
ranges of income, X, leisure, A, assigned hours of work, h, and random veriable,

u,
1) TainS X2 T pay
2) 0.255A51.0
3) 0.255h£0,50

4) ugipSuSupay
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where ugay 2nd upip stand for E (log u) +30 and E (log u) —3¢
respectively,
In addition to those, we shall specify contours of indifference map to be
ellipsoid, that is
Y:<0 , and
YTi—7.7s<0.,
Ys<0 .,
Hencey from conditfon (b): for example; we obtain a feasible region for ~

Y. and Ya . By normalization ¥ =-—1, we have

Y e~ X+ Y2+ TA>O0

X
or Ys:> 5%“j%— 2 .
Making use of
73=%_11T721
we observe
7:.=0 if Cy.= 1%
i1f Y.=0 we have Y.= X.

Here, we shall assign the regions given by the for X and A.

Let an arbitrary value of income be Ig, where
Twin< Io'< I nax

We have T/ " Apax <10 Apninr and
I nax” AwaX I nax”" Anin

It can be seen that the inequalily

[0/ Anin < 1 max” Anax

holds for the observed data, so we obtain

I'p I'p I'oax _ Imax
0< < < <
Avax Amin  Apax  Anin
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Taking into account these inequalities, we can depict a feasible region for 7.

and ¥ 3, for example, as shown by the hateched area in Fig. V-3.

Fig V-3 The regions for 7; and Yy where aL%X)O holds.
» :

lo 1

Amdl AM‘J 7

—mes I
e
ede 1~ = dmex _ /
73 Amin Amin T2 TJ. A min Amin rz

The conditions {(a) through {(g) in {5.1.3.2) can be rewrilten in terms of

Y; (i=1, e » 5) and ¢ as follows,
a i—7, 0
" ;?w—yyay:; """ 7s<0 (ellipsoid condition)
(b) when Y320, ;
it 7.<0, —Tpaxt Y2+ ToApgin>0 _
if 7250, — Lpaxt Y2+ YsAnin>0. 71 —1
when Y <0, — Tpaxt Y21t Y3 Auax>0. (see Fig V —3)
(c) when Ys>0 and 7+ <0,
YasIlgint 7 cupaxt 7 sApax >0,
~when Y20 and Y >0,
Yalgint Y ugint ¥sApax>0.
when Y.<0 and T.2>0,

Y lgaxt Y eugint ¥ sApax >0
However, the first case in {¢) contradiets the theoretical requirement
Hy <0
so this case should be excluded,
The condition that the countour be cencave Lo the origin is given by
(d) 275 {(Yax+Yut7sA) (Yix+Y:+7T:A) —7s (Y ix+7:+7:A)°
=Y (Yax+ Y+ Y A0,
where two extreme values of Ur Upax 4nd upin + are applied,

With respect to A, the values Agg, and Ay, are applied. With respect te X,
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the values Iy and Iy, are applied.

(e) Ho> T paxr

—7w—hMT~H+TdT-%m—%7m%

where Ho=
7101_73
(f) H; <0
where Hé = Ys
71““7:
(S) 0)(),
where ¢ is given by
log(Hg—1) 1! . 1
_ZTTHg =1 g ZleslHe= 1) X oy
JRL N VA PR A
Hg—1 Ho—1

By these relations and inequalities, structural parameters are restricted, {see

Tab. V-1)

Tab.V —1
relation variables whose values parameters constraint by
are given reiations

(a) " 7a Ys
(b) I max Awax Awin , Y: Ta Ys
(c) Twax I min Auax Uain Ya Y« 7s
(d) Ueax Usin Amax Awin Xwax Xain Y2 73 Y4 ¥s
(e) wsh Y: Y, 7s
(£) " | Ts Y.

(g) wh ' Y2 72 7

As can be seen from Table V-1, 7. is affected by all the theoretical
constraints, Consequently, we fivst assign a trial value for ¥ 5. The feasible
values of other parameters satisfying the resirictions are then obtained in

order, (see Fig,V-4)
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Fig. V=5

feasible

/(E) for —Yf
7;— (b) — feasible
(C) for ‘Yz
feasible

for 7/ A

region ————one of the feasible

region ——->—uo

region -—3——tentatively selected

czlculaticn of

—?;—L% and

H 2% > 0hotds.

values of '\( i

(i=2341 5) are

tentative

value of
O is

checking

calculated

correlation coefficient

between u* and u¥is
calculated*¥# Theil's
U is calculated

] (e

*x% of, [4.7.3.3])

equation 2)

Tentative ranges for the preference parameters were given by consulting

ias ad P
stabilityf—(a) > A
lconditicn

2w
A

calculation of

examination of

Tab. N-10 and W-17 in § IV, as follows. ¥’

7
Y
7s
7

{x) The values for ¢ 's are computed using given set of ¥;'s.

1 2 3 4
50 100 150 200
6000 7000 8000 3000
—400 —1400 —2400 —3400
—10 ¢ 10 20
Tab, V-2

30
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Sets of parameters satisfying the conditions for each vear are shown in Tab.V-3.
From Tab. V-3 distributions of the compuied values for & were obtained. These
are shown in Tab. V-4, The following points should be noled,

a Obtained values of ¢ tend to be larger when h=0.25 is applied compared
to the case when h=0.5 is applied.

b There seeas to be no systematic time serial variation in ¢,

¢ The range of calculated values of ¢ is smaller when we adopt h=20.25
for each year, than when h=0.5 is applied.

d Frequency of calculated values of o is high for - the range ¢ =0.4
through ¢ =0.5 .,

e For the year 1961, a satisfactory set of parameters computed by using
the whole sample was not found, However, Lentatively adopted sets of
parameters are of discrete values so that a satisfactory set might have
been‘left hetween some two adjacent sels of parameters examined,

Examining the results of the experiment carried out, it was found that no
observations were found which contradicted the hypothesis that parameters ¢ and
Y, are approximately constant over time. Consegvently, we shall adopt the sets
of parameters obtained for the final year 1964 as the first approximation for a
true set of preference parameters whieh is assumed to be common to the four
years, 1961 through 1964, The sets of parameters which yield R>0.9 are

adopted amongst those in Tab, V-5. Making use of each set obtained from the
data for ihe year 1964, we can calculate Hp and H9 respectively (t=1961, 1962,
1963). These values are shown in lower half of Tah, V-5, Hence, we have a

concrete equation for the year t,
1 (=0 e ruxilt)

where j stands for the principal earner's income class,
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Tab. V—3 Check for the
o Theoretical Requirements
00 Yo, B2ny, (9850, Ho>lmm))

No|{ sample | weight | 73 | 7o [ roi rs| B {1y | 14 s g H, H, T u? Tu R

i T %4 -10} 2|11 1;100|6000| -400 ‘ 0333 | 1646 | -3638 37317 0.406 0.637
21 T W 0|2 (1|11 0.753 | 1053 |-1765| 135 0.130 |0.596
3 7T ~1012 11 (1)1 0.504 | 1646 |-3386| 517 0.206 {0.637
4 W |-10|2|1]1]1 0.181 | 1646 |-3784 1453} 0.623 |0.784
5 W o|-10| 21142 0293 | 1155 |~1395| 239| 0.177 |0.783
6| w o [-wo|2]1}2]1 -1400| 0.132 | 212.7 {-381.3 | 137.0| 0.616 |0.785
7 W [-1012(|1]2]2 0.231 | 1367 |-141.8]0574]| 0.100 |0.784
8 WO -wl2(133)1 ~-2400 | 0.104 | 2608 |-3826| 96.6| 0.574 (0.785
9 W |-10{2(1{3)|2 0.191 | 1580 | -143.0f 291| 0.287 |0.784
10 W o[-10l2|1]4]|1 -3400 | 0.0855| 3089 | -383.2 | 46.06| 0.482 |0.785
11 -1072 11141 -400 | 0.173 | 1646 | -3789 | 163.4| 0.637 [0.784
12 10§21 1]2 0.279 | 1155 | - 140.1 318} 0.198 (0.783
13 -0 2 (1211 -1400| 0.126 | 212.7 |- 3816 | 1 563.7[ 0.629 {0.785
14 -012[1)2})2 0.221 | 1367 |- 1421 | 0.683] 0.106 {0.784
15 -101 271431 -2400 | 0.0993 | 2608 | -382.7| 1 08.9} 0.588 |0.785
16 -10121]3]2 0.182 | 1580 | -1432| 257 0.264 [0.784
17 —;0 21141 -3400 | 0.0819( 3089 | -383.3{ 525!| 0498 0.785

1962

No.| sawple | weight | 75 |7, |7y |75k | 7 7. g a Hy H, Y u? Tu R

1 T W o|-10{ 2| 1]17{1]|100]{6000] -400| 0249 | 1544 |-3268)100.7|0.515 |0.860
2 T W |-10]2|1]1}2 0.393 | 1120 | -121.8[0.895|0.101 |0.860
3 T W [-10]2;1]|2]1 -1400| 0.184 | 1965 | -331.5|91.19[0.503 |0.859
4 T W |-10]2|1]2]2 0.311 1312 | -1254| 3.0070.208 |0.860
5 T W |-10]2}1]3]1 -2400| 0.145 | 2386 | -3335| 584|0.447 |0.858
6 T w o[2|111]1 -400| 0443 | 1038 | - 1956 16.7/0302 {0859
7 T w oj2{1}11]2 0.478 9933 - 963 2.93|0204 {0858
8 T w 021121 -14001 0.312 | 1308 {-2056| 18940315 |0.860
9 T w ol 2j1]2{2 0.376 | 1151 | -1005| 6.36[0.331 |{0.860
10 T w 0l2|1]3]1 -24001} 0.242 1578 1 -2096( 12180270 |0.860
| T w 1021111 -400 0.743 800 | -1204|0955/0.0975]0.848
12 T W 211712 0.567 906 |- 779| 6.16/0.325 |0.856
13 T w 10214121 -1400 | 0.473 999 1 -141.9] 2.93(0.155 | 0858
4| T w 21122 0443 | 1039 |- 829 982|0438 |0.859

*x Figures in the columns for

first row in Tab, V-2,

Y3+ Y4 and Y5 correspond to those in the
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15 T -1012 (1411 -400 |-0.318 | 1544 | -3205 |44.42 | 0415 | 0860
16y T -10)12111142 0507 | 1120 | -1157 | 334 0.227 |0.860
17y T -1012i1]12 )1 -1400 | 0.233 | 1965 | -328.0 {4087 0.405 |0.859
8] T 0211111 -400 | 0575 | 1038 | -1829 | 3.22 0.161 [0.859
19 7 0j2 (1312 0.622 993 | - 889! 761 0.386 [0.858
20| 7 o[22 ;11211 -1400 | 0400 | 1308 | -1992 } 478 0.189 {0.860
21 W o{-10f2111]1 -400 | 0212 | 1544 | -3286 |137.7/ 0.583 |0.936
22 W [-10]2|111(2 0325 | 1120 | -1248 {0825 0.0975/0.941
23 w o |-10)2)1]127]1 -1400 | 0.157 | 1965 | -3329 [122.1 ] 0.568 {0.934
24 w o |-101211(2]2 0261 1312 |-1272 (0672 0.103 |0.938
25 W |-1072{1]3][1 -2400 | 0.125 | 2386 | -334.4 7974 0515 [0.932
26 W |-1072}1113]2 0219 | 1504 [ -1285| 686 0412 |0.936
21 W -1012|11441 —-3400 | 0.104 | 2808 | -3353 {3237 | 0403 {0931
28 W oj2|1(1}1 -400 | 0363 | 103.8 | -202.1 3249 | 0403 {0.942
29 W 0j2 1|12 0.388 99.3 | -100.1 10.379| 0.0746{0.943
30 w 0f2(1])271 -1400 | 0.262 | 1308 | -2085 |32.09 | 0.402 |0.938
31 w olzf|1]2]2 0313 | 1151 | -1028 | 258 0.223 {0.940
32 w of2|1}131}1 ~2400 | 0206 | 1578 | -211.3 12092 0352 |0.936
33 w o2 (1 (31}2 0262 | 1308 | -1043 | 998 0526 |0.938
34 w 01211411 -3400 [ 0.169 | 1848 | -2128| 735] 0.243 10.934
35 w2111 —-400 | 0222 | 1544 | -32891120.1] 0.566 {0.936
36 -101214)11]2 0.341 1120 | -1241 |0.4 73| 0.0761{0.941
37 -10p24(112 1 -1400 | 0.165 | 1965 | -3325 {1064 | 0.551 {0.934
38 1012431122 0274 11312 | -126.7 (0966 0.126 |0.938
39 -1072 1113 |1 -2400 | 0.131 | 238.6 | -3342 | 68.9] 0497 |0.932
40 -1012 7132 0230 | 1504 | -1282 | 740 0.436 [0.936
41 -0 2 (1]4 1 -3400 | 0.109 | 2808 | -3351 (2720 0.383 |0.931
42 orz2 | 1(|1]1 -400 | 0.381 | 1038 | -200.7 ;2687 | 0.381 |0.942
43 oz (1|12 0.408 993 | - 993 10.603 | 0.0971/0.943
44 o212 1 -1400 | 0.275 | 1308 | -2078 |26.72 | 0.380 |0.938
45 o(2|114{2]2 0328 | 1151 ] -1022| 3.12|0.252 {0.940
46 o231 13(1 -2400 | 0.216 | 1578 { -2109{17.13| 0.329 |0.936
47 o2 1113f(2 0.275 | 1308 [-1039 1052} 0.549 |0.938
48 0] 2(114]1 -3400 | 0.178 | 1848 | -2124 | 56.3| 0.220 {0.934
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1963
No| sample | weight | 75 | 7o | 74| %1 A | rof 7, rg G H, H, Tut | Tu R
1 T W |-10] 2| 1] 1] 1|100}6000| -400] 0227 | 1483 | -301.4|141.4 0.564 {0735
2 -wp2ity1|2 0361 | 1100 | -1152| 261} 0.163 |0705
3 T W 107211211 -1400 | 0.167 187.0 | -305.0 | 1290 0.552 (0747
4, T W 1-1012]1]2]2 0283 | 1277 -1181{ 3.53} 0.214 |0723
5 T W o 1-10,2;113]11 0.132 | 2256 | -3066}84.53} 0.499 0754
6, T w 0j2|1]1]1 -400 ] 0406 | 1029 | -187.9|29.42] 0.372 |0£95
1T w ot2(1]1,;2 0.441 986 | - 926| 3.67| 0.218 0687
8 T 24 021121 -1400 | 0.281 1284 | -196.2 | 34.18| 0.389 |0724
9| T w olz2i11|2]2 0341 | 1135 - 963 | 649| 031710710
100 T w 02111311 -2400 | 0216 | 15390 | -1994{2387| 0.347 |0737
11 T w 0| 2§13 2 0.281 1284 | - 98.111542| 0552 |0724
120 T W 0211141 -3400 | 0.176 | 1794 | -200.9| 942]| 0.252 10745
13) T w 1021111 -400 | 0.753 805 | -114.7} 321 0.178 |0618
14| T W w2112 0.530 90.7 { - 758 6.66| 0.322 (0566
15, . T w 021121 —-1400 | 0.433 99.5 | -1386| 852] 0.245 {0688
16; T W w212} 2 0.402 | 1034 | - 804] 988 0.417 |0696
m T 1211141 -400 | 0.391 | 1483 | -286.5{22.15( 0.342 {0735
18 W 1-10]2|1]1]1 0.186 | 1483 | -304.0[179.7| 0.628 |0945
19 w [-10| 2|1 1}2 0.279 1098 | -1183| 182 0,144 |0946
20 W 1-10102]11] 21 1-1400 | 0.139 | 1869 | -306.3 | 1554| 0.610 |0945
2] W |-101-2(1]2)2 0.226 127.7 | -1198.1 0460 0.08740946
22 W |-1002]1}]3]1 -2400 | 0,111 | 2256 | -3074| 99.8| 0.557 |0945
23 W |-10]2|1]3]2 0190 | 1456 | -120.7| 756 0.463 |0945
24 W |[-10j2|1]4][1 -3400 i 0.0928 | 2643 | -307.9| 398| 0.441 |0944
25 -0 2|1 1]1 —-400 | 0.183 | 1483 | -304.1 | 186.4] 0.632 |0945
26 ~100 2| 1|1]2 0.275 | 1098 | 1184 2.04] 0.151 |0946
27 -10 2| 1|21 -1400 | 0.137 1870 | -3064 |16 1.0] 0.615 |0945
28 -0y 2| 122 0223 | 127.7 | -1199}0.411) 0.08200946
29 -100 21| 3|1 -2400 | 0.110 | 2256 | -3074}1035 0.561 |0845
30 -100 21132 0.188 | 1456 | -1208; 7.43) 0.457 |0945
31 -100 2| 1) 411 -3400 [ 0.0917 | 2643 | -3079| 41.4| 0.446 {0944

Ho + Hi is calculated at Ti.

T of sample column indicates

where sawple size is more than 50,

the number of households in a class and non-mark indicates non-weight,

1, 2, ete. of 7.y

Y 0

Y s columns are informal narks by level,

the case of all samples, and non-mark indicates

W of weight column indicates weight by




209

1964

No.| sawple |weight | 7y | vy 7, vl B | 7y 7, 7 o H, H, |Xu? Tu R

1 T W (-10]2 1|11 |100{6000| -400| 0.292 | 141.3 |-266.2 | 708(0.459 | 0.908
2 T wo|-10|2(1]1]2 -400 | 0438 | 107.} {-1025{| 2.19}0.163 | 0.906
3f T W j-1op2}11¢12]1 ~1400 | 0219 | 176.0 | -271.2 | 5990438 | 0.903
4 T W o221 1111 -400 | 0477 | 101.6 | -169.5| 134}0.269.| 0905
5( T w or2f1|112 -400 | 0.509 976 |- 833 5500284 | 0.904
6f T W 62311271 -1400 | 0.346 | 1253 {-178.9 | 1358(0270 | 0908
7 T w 012111272 -1400 | 0.411 | 1114 |- 87211080444 | 0.907
B T w 0121113711 -2400 | 0.272 | 149.1 [-1830 ] 7340214 | 0.909
9|1 T w w21 f1r]1 -400 | 0.724 81.0 | -1109 | 1.11/0.0979| 0.899
10f T w w2112 -400 | 0.579 908 |- 6937 93170.397 | 0903
1y T -2 11141 -400 | 0299 | 141.3 | -2656| 65.0(0.448 | 0.908
12f T -10/2 (1412 -400 | 0.451 | 107.1 (-1019| 261(0.181 | 0.906
13 T -101 21141211 -1400 | 0.224 | 1760 | -2709 | 555/0420 | 0.909
1 T 0j2j1]11(1 -400 1 0.462 | 101.6 | -168.2 | 11.2{0.252 | 0.905
15 T oj211111]2 -400 | 0.527 976 |- 826 | 620)0.308 | 0.805
16| T olzj1y1241 -1400 } 0.355 | 1253 | -178.3 | 11.79(0.257 | 0.908
171 T o1z |114{212 -1400 { 0423 | 1115 |-86.79 | 11.68]0.462 | 0.907
18 T o2 (|1(311 —-2400 | 0.278 | 149.0 | -1B27| 634(0.202 | 0.809
19y T 102117111 -400 | 0,757 810 | -108.3 | 0.811)0.0868| 0.899
200 T o(211(1742 -400 { 0.601 908 |- 684 ]10.23(0424 | 0.903
21 W |-10(2|1(11]1 0246 | 1414 |-2695|77.1410524 | 0.884
22 W [-10|211(1]2 0.362 ] 107.1 | -105.6 | 0.471]0.0873| 0.888
23 W o |-10{2)1(211 -1400 | 0.186 | 176.0 | -273.0 | 64.4(0501 | 0.882
24 W |-10|2t1(2]|2 0205 | 1235 |-1079| 282/0.252 | 0886
25 W [-10127(113]1 -2400 | 0.149 | 2108 ;-274.7 | 378510435 | 0.881
26 -0 21 (1|1 -400 | 0.229 | 141.3 | -2706 | 955910.550 | 0.884
27 -10y2(1411)|2 -400 { 0.337 | 107.1 | -106.6 | 0.399{0.0769| 0.888
28 -0y 214121 -1400 | 0173 | 176.0 | -2737 | 80.1(0.528 | 0.882
29 1021122 0274 | 1235 |-1086 | 2.12]0.210 | 0.886
30 -1012 111311 -2400 { 0.139 | 2108 | -275.1 | 479910464 | 0881
3 -10121113]2 0232 | 1399 [ -1098 | 1033]0584 | 0.884
32 -1012 (1411 ~3400 1 0.116 | 2455 | -2759 | 158070.332 | 0.880

“1“ of h column indicates h=0.5, and “2” indicates h=0,

There is not a case that satisfies the TK case in 1961,
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Tab, V-4
¢ being computed making use of all samples
? all samples 5 with weights and without weights
1861 1962 1963 1964 total

. 1 | 2 1 2 1 2 1 2 "70-5 "220-25
0 ~0.1
0.1~0.2 1 1 2 0
0.2~0.3 1 3 2 6 0
0.3~0.4 2 3 2 2 4 5
0.4~0.5 2 2 2 2 6 8 14
0.5~0.6 1 2 1 1 6
0.6~0.7 1 1 0 2 2
0.7~0.8 1 , 1 2 4 0 4

In the second row of tables 1 and 2 respectively indicate the cases where h=0,5

and h=0.k25 were used,

Tab.V —5 The conputed values of Hoy H: and X U2, given ¥, ¢ and I,

for 1864

case | TW2I(ry= LO|TW211{rs = 0) | TW212(ra = O TW2A1(r3=10]| T 21 (r3=-100| T211(ry=0) | T202(ra =0 | T21(ry=10)

hmas | Bmin | Bmor | Pmin | Pmas | Pmin | Pmar | Pmin | Emes | Bmin | Bmax | Bwin § Bwox | Pmin | Fmax | Bmin

¢ | 0.202] 0,438 0.477| 0.509] 0.346| 0.410f 0.724 0.570] 0.200| 0.451 | 0.402] 0.527] 0.355| 0.423| 0.757| 0.601
2 100 100 | 100 100 100 100 100 100
rs| - 10 0 0 10 =10 0 ] 10
74| 6000 6000 6000 6000 6000 6000 8000 6000
s | — 400 - 400 -1400 - 400 - 400 - 400 -1400 ~ 400

Ho | 164,61 1155 105.3| 1004 134.6 | 117.60 79.3| 9C.3| 164.6; 1155 105.3 | 100.4| 134.6| 117.6§ 79.3| ~960.3
[Hz ~368.6 {~132,3 ~209.2 [-102.9 }—-220.8 |~107.7 §-120.7 |- 82.9 |-367.8 |-131.5 |~207.6 |-102.0 |-220.1 |-107.1 §-126.6 |~ 81.8
Ho| 154.4| 112.0f 103.8| 99,3 130.8| 1151 80.0) ©90.61 1844 112.0}f 103.B| 99.3| 130.8] 1151 80.0| 90.6
[Hz —323.0|-119.5 |-192.7 (- 94.8 ]-203.3 |- 99.2 §—122.1 |- 77.3[-322.3 |-118.8 |-19L.2 |~ 03,9 |-202.7 |- 98.7{-119.2 |- 76.4
[Ho 148.3| 109.8 | 102.9| 98,6} 1284} 113.5f B80,5| 90.7| 1483 109.8 102.9| ©8.6} 128.4) 113.5] 80.5| 90.7
Hy |-296.4 [-111,7 1-182.2 [~ 89.6 |-192.3 {— 93.8 §—~t17.2 |- 73,7 |-295.8 {~111.0 |—18B0.8 |- BB.8 [~191.6 |- 93.3|-114.3 |- 72.8
E-Hn 1403 1071 101.6| 97.6] 125.3| ftL.64 8L.O| 90.8} 1413} 107.1 | 10t.6| 97.6] 1253, t11.5] 8Lo0| 90.8
= £ |~266.2 (-102.5 {~169.5 - 83.4{-178.9 (- 87.2 |-111.0 |- 69.3 |-265.6 | —101.9 |~168.2 |- 82.6 |~178.3 |- 86,8 |-108.3 |~ 68.4

Zut| 59,46 2.00f 14,10 3.61| 13.56 6.00 5.28 578 54.68| 2.08 2.02 3.89) 11.91 6.37 4.35 6.20
Zu| 60.03 1.51 § 11.41 3.82| 11.80| 7.80 L7 6.57] 55.10 i8I 9.50 4.31 9.96; 8.32 0.85 7.36
W 65.74 2.68| i4.57 5.08] 14.33| 8.96 3.76 8.00j 60.53 291 12.43 5.56§ 12.63| 9.42 3.15 8.65
2w 70.77 2.19] 13.43 5.50% 13.681 11.08 11 9.31] 65.03 2.61| 11.21 6.20] 11.79] 11.68 0.8 10.23

x Figures in the coluwns for Y2, Y4 and 5 correspond to those ip the first

row en Tab. V-2.
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From the last equation the theoretical value, ZF; y for uj which corresponds
to the observed value of I, can be obtained.
A comparison of the observed values,‘hig, with 1rk s is shown in Fig, V-6,
For calculating Hgt)and Hﬁt), two levels of hy h=0.5 and 0.25, were tried, It
is clearly observed that the scatterd points standing for observed values lie
between the two curves obtained by making use of h=0.5 and 0,25, Among those
it can be seen that for the year 1961 we have two curves showing theoretical
values between which the observations lie, This means that there definitely
exists a suitable set of parameters which satisfy the theoretical requirements
and are also consistent with the observations for the year 1961, even though we

could not find their previously.
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[5.2] Estiwmation of preference parameters by the Newton Method

In the last section,; two sets of reduced form parameters (parameters of the
PECI equation) were obtained for each alternative set of structural parameters
(preference parameters). One of the sets of reduced form parameters is obtained
by employing h=0.5 for calculating He and H:; the other is obtained by
employing h=0.25. Two reduced form equations (PEC] equations) were obtained
for eaéh set of structural parameters, making use of those two sets of reduced
form parameters respectively. We observed there was a fairly good match between
theoretical values of u¥ obtained from those two PECI equations and observed
values of u*. (FigV -6) The curves standing for reducedl fofm equations
obtained by assigning h=0.5 and h=0.25, respectively, lie above and below the
observed scattering. Consegvently we can conclude that the true value of h is
larger than 0.25 and smaller than 0.5,

Taking into account that the parameters of the PECI equations are functions

of 7;{(i=1, ----+ 5) and h, let us denote Ho and H. as

Ho ( {71}: hIW) and Hz ( {71}’ hjlw)’

where {)'i} stands for a set of 7i (715—1), with w, the nonprincipal potential
earner's wage rate, and assigned hours of works, hs being given. Two sets of the

parameters mentioned above are denoted as

Hy C{rib, 0.57w) and Hy ( 77}, 0.250w) ;7 (=0, 2).

~

. X .
Theoretical values of u™ , ux, are given by

[—Hp({7;}, 0.5, w)
Ho(17 i}, 0.5 w)

=1

L 4
and

- I=Hyr, 025w
vx =glos Ty T, 0. T

Employing the Newton method, we can tentatively change the values of 7y @ and
h in the vicinity of the obtained values of ¥ and o and h (=0.5)

respectively so as to minimize 3 (u;.;-ﬂu*)2 where uyg stands for observed value,
Let the values of ¥'{y, o and h minimizing 3 (u*'ﬁux)z be 751) o (g 3

respectively, By the same procedure we can obtain 7’{2), g (2) and h(z)
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starting from h=0.25. It is desirable that
SDo, @, W, @ )o@
By the procedure mentioned above, we actually tried to get 75”, U(j)and

h(j') (i=1, 2). Initial values for applying the Newton method are as follows,

Tab. V-5
1-1) Tw 211 Ya=-10 h=0.50 ¢ =0,292
1-2)  » ” h=0.25 o =0,438
2-1) W 211 7:s=0 h=0.5 o =0,477
2-2) ” “ h=10.25 e =0,509
3-1) T 212 Ya=0 h=0.50 g =0,346
3-2) u " h=0.25 ¢ =0.412
4-1) T 211 Ya=10 h=0.50 a;o.724
4-2) " h=0.25 o =0.579

However, the results were unsatisf_actory; that is, we could not obtain suitable
convergence values of parameters satisfying 7

yID_p (), S, @ 0 @ (g, 3, 4, 5)

Before we attain a convergence value Y , the value of the parameters obtained
by the Newton method failed to satisfy theoretical constraints assigned to the
preference parameters, That is, it was found that, by employing the Newton
method, calculated values of {7 ;} mc'wed radically step by step and finally
exceeded the limit givén hy theoretical requirement. [t scems that the Newton
Method is not suitable in this case for obtaining 751) and 7?2).

As to Lhe values of @ obtained by the Newton Method, the movement of the
values are more moderate than are {7 ;}. The value of h shows no remarkable
movement, Taking into account those results, we [ixed the values of {7} and
tenlatively changed the values of @ and h alternatively without employing. the
Newton Method. Out of eight results obtained by using the sels of parameters
shoun i;] Tab. V-5, four cases wilh better fits were taken as Lhe values for
i 4 *;} . The results are shown in Tab, V-8, The values in the table indicale

o= zuzit Nit s where u stands for the residuals in the PECI eqguation (1) in
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(4.7.2-1), subscripts is and t respectively, refer to the principal earners’
income c¢lass and the year 1961 through 1964, and Wit stands for the nunber of
households, The regions of ¢ and h with smaller @ can be clearly seen from
Tab. V-6. Among those sets of ¢ and h, we chose four sets of parameters taking

into account their.values of ¢'s. They are shown below. {(see Tab,V-7 also)

{Y: 74 ¥s) 74 o h g ¥ *
™ 211 -10 0.409 0.275 256.5
TH 211 0 0.500 0.325 262.7
CTH 212 0 0.378 0.350 252.6
W 211 10 0.681 0,425 292,3
foot note

(%) Previously, 1,3 was used as a rough approximation for the assigned hours
of works h., When the workers are assigned to work 8 hours a day (8 hours a day
is the mode! of the distribution of assighed hours of work in Japan.), h=1-3
holds by normalizing, 24, hours as unity, However, if we adopt one week as the
time unit by which quantities of labor supply are measured, 1,73 might be an
over estimate if holidays are taken into account., On the other hand, if the
assigned hours of work means total hours necessary to be engaged in employee
opporiunities (e.g. total hours include the hours for commuting), then 1,73
might be the under estimate for h, Thus, taking into account those factors of
over and underestimation, 1,3 was used as a rough spproximation for h. Now,
0.25 is c¢loser to 1,73 Lhan 0.50 is. Hence, in Tab. V-5, we pay careful
attention to the cases in which h=0.5 was applied to calculate H, and H:.

Among those cases, we adopt those with relatively swaller values for I U?'S,

(x x) ¢ stands for the values of the objective function applied Lo the years

1961 through 1964,
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Making use of the values for those parameters listed in the upper half of Tab.
V-7, the values of Ho an H; were caleulated respectively. It was found that
the differences between those calculaled values and those (the parameters of the
reduced form) previously estimated by the least squares method were quite small.
The values of o in the above table are to c¢close to those estimated from the
reduced form as well. This confirms the arguement in [5.1].

Further, for the vear 1964, we expanded the range of trial values of ¥ ..
Previbusly, we adopted the ranges for o and h by consulting Tab.V-5. fere,
expansion of the ranges for parameters was carried out by consulting the values
in Tab.V-7. The levels of {¥;} used are shown in Tab, V-8, We checked if the
restrictions are fulfilled, These results are shown in the Tab, V-8,

Among the cases shown in Tab, V-9, we took the cases which are Lthe same as
those in Tab, V-7, Civen the values of {7 ;} of those cases, levels of ¢ and
hs respectivelys were varied as shouwn in Tab.6 to compute the sum of squares of
the difference belween observed and calculated values for the participation rate,
3 (#u-u)?W (where W stands for numbers of households included in each
principal earner’s income class). Results are shown in Tab.V-10. The values
in this table differ from the values in Tab.6 in that the former values were
computed by ewploying the objective function p=3 (u*—ku*) W instead of the
newly defined objeetive function ¢=3 (ﬂ-l:)zw. From Tab V-10, it can be
seen the results are not significantly affected by the changing delinition of ¢.
Hereafter we shall use the new objective function instead of the old one because
the former is more convenient to judge the fitting of theoretical (estimated)
values for ; with observed values u.

In the lower half of Tab,V-11, the caleculated values of the paramelers in
the PEC! equations, Ho and H:s are shown, These values correspond to the values
{7} which yield a minimum ¢ for each year. Next, we tried to obtain final
estimates for the preference parameters meking use of the values listed in
Tab, V-11. In Tab V-12, the results of estimation by steepest ascent method
are listed, { The Newton Method was fnadequate because the estimates for the
parameters exceeded the ranges assigned by theoretical requirement.) Initial
values of preference parameters used for the estimation are those shown 1n
Tab V-12.

The results in Tab V'-12 are not satisfactory because no remarkaéle

improvement 1n the magnitudes of objective function were observed, and because
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there are no considerable difference between convergence values and initial
values for the parameters to be estimated. This can be interpreted to mean that
the objective function has local minima with respect to the parameters, Hence,
it would not be possible to attain better results so long as those initial
values of parameters arc used for the estimation by the steepes! ascent method?

The initial values themselves need to be improved.

We can conceive of two faclors affecting the initial values of parameters,
that is, (1) the range of numerical values of parameters tentatively varied for
calculating the values of the objective function, and {2) the wodel itself which
is used to calculate the values for objeetive function. With respect to the
former, we adopted the range as wide as possible, With respect to the latter,
it seems that reconsideralion of the model might be needed. Thus far we have
used an employment opportunity model, In this wodel, hours of self employed
work for non principal potential earners' is deleted from the analysis. However,
some non principal potential earners are self-employed, and the data for
self-employed wives in type A households are available, Hence, in order to
reexamine the initial values of parameters in Tab V-11, we shall construct,

in section Y[y a model including the selection of self-employed work.
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Fig. V-6  TW in 19617 “»” indicates h=0.5, and “+" indicates h=0.25

(6 is the estimate in 1964) limax (0.50)
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Tab. V—6 The serch for the preference parameters

(second estimation making of employee—model)

TW211 (ry=-10) ¢=Z'v2,-,w.-,(w,-, weight )
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1 2 3 4 5 6 7 8 9 10 11

NG| 0292 | 0307 | 0321 | 0336 | 0350 | 0365 | 0380 | 0.394 [-0409 | 0423 | 0438
1,0.250( 11193| 7799] 5449| 392.8| 3069| 274.1| 2844| 3294 402"1" 4980 6142
210.275] 2366.5| 1743.2] 1268.0} 911.5| 650.8| 467.8| 3483 281.0| 2565 2676 3082 66
310.300f 4025.1| 3097.1] 2363.1} 1785.5| 1334.7| 9876| 725.7| 5344 4015 3175 2744
4(0325| 5967.0| 47224] 37188| 2910.0| 2260.2| 17406| 1328.7| 1006.1| 7582| 5729 4403
5[0.350| 81033| 6536.1} 5257.3| 42123 3358.3| 2661.7| 2095.3| 1637.5| 1270.6| 9803 7547
6|0.375] 10371.6| 8479.9| 6923.7| 5640.3| 4580.1| 3704.2] 2981.2| 2386.0| 1898.2| 15009| 11804
710400} 12727.0] 10511.6| 8678.4| 7156.5| 5880.9| 4834.3| 3954.2| 3221.0| 2611.4| 21063| 1690.1
8]0.425] 15137.6] 12600.8) 10492.6; 8733.7) 7261.7) 6027.1( 49903 41194| 33882| 27753, 22632
9104504 17579.7| 147254| 12345.1| 10351.5| 8676.1{ 7264.1 6072.0( 5064.2| 4212.2| 3492.1| 28846
lb 04751 20036.4| 16868.9| 14220.3| 11995.2| 10118.8| 8531.5| 7185.7| 6042.6| 5070.8 424;4.5 3542.4
11| 0.500| 22495.1] 19019.6 16106.7| 13653.5{ 11579.0| 9818.8| 8321.3| 7044.6| 5954.6| 50233| 42276

TW211 (r3=0)
1 2 3 4 5 6 7 8 9 10 11

" 71 0477 | 0480 | 048 | 048 | 0.490 | 0493 | 0496 | 0.500 | 0.503 | 0.506 | 0.509
110.250| 1171.6] 1207.8] 1244.3| 12813| 13186 13563] 1394.3| 14325( 1471.1| 1510.0| 1549.1
210.275| 559.5{ 5832 6076 6328) 6586{ 6851] 7123| 740.0( 7684 7973] 8267
3(0300] 2940| 3024{ 3119 3226 3343 347.0] 360.8| 375.5| 391L1| 4076 4249
410325 2938{ 2B4.9] 277.5| 27L.7| 2674| 2645| 2629| 262.7] 2638 266.1| 2696/ 78
510.350| 499.9] 4722 4465 4228| 4010 381.0( 3629 3464| 331.7] 3185| 3069
6{0375] 8683| 8208 775.7T) 733.1| 69277 6549| 619.1f 585.5| 5539| 5243| 4967
710400 13662 1298.0] 12329| 11706 1111.1] 10544 | 1000.3| 948.7{ 899.7| 8530{ 8086
810425] 19682 18788 1793.0] 1710.5| 1631.3| 15553| 14823 14124] 13453 1281.0| 12195
910450 2654.7| 25438] 2436.9] 2333.8| 2234.5| 2138.8| 2046.7| 1957.9| 18725| 1790.2| (7111
10/ 0.475] 34104| 32777] 31495 30256| 29059 2790.3| 2678.6| 2570.8] 2466.7| 23663 22693
11 0.500) 422331 40686| 39188| 37738| 36336| 3497.9| 3366.6( 32395| 3116.6{ 2997.8| 28828
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TW2t2 (r3=0)

1 2 3 4 5 6 7 8 9 10 11

p %) 0346 | 0352 | 0359 | 0365 | 0372 | 0378 | 0385 | 0392 | 0398 | 0405 | 0411
110.250] 2046.3| 2150.3] 2254.7| 2359.5| 2464.5| 2569.7| 2674.8| 2779.8| 2884.7| 2089.3| 3093.7
210.2750 1007.2| 1090.1| 11755] 1263.0{ 13524 1443.5{ 1535.9| 1629.6| 1724.2| 1819.6| 19158/ 6.6
3| 0300 4513] b501.0f 555.8{ 6152 6785 7455\ 8157 888.7| 9644( 1042.2| 1122.2| 7.2
4103250 2609 268.7| 2846 307.7, 3374| 373.0! 4139] 4598 5100{ 564.2| 6220/ 7.8
51 0.350 352.3 311.7| 28257 2635 2538| 2526| 259.2f 2729 2929| 3189 3502 84
6| 0375 6648 571.0| 4920] 4264| 3732 3312 2095 2772 2635 257.8) 2533 9.0
710400 1153.7{ 10029{ 870.6f 755.1{ 6550 569.0| 496.0{ 4349 3848| 3447/ 3139| 96
8| 0425 17854 15748 13864 12183[ 10688| 936.5] 8199| 717.8[ 629.0| 5524| 487.2{10.2
9| 0450] 2534.7| 2261.9} 2015.2] 1792.5| 1591.6| 14110 12489| 1104.0] 974.8{ 860.2| 759.1
10| 0475 3382.0| 3045.3| 2738.7| 2459.5| 2205.7| 19752{ 1766.2| 1577.0 1406.1| 1252.1] 1113.7
111 0.500{ 4312.7{ 3910.5| 35424| 32055 28974| 2615.7| 2358.5| 2123.9| 1910.0] 17155 15388

TW?2ll (r3=10)
1 2 3 4 5 6 7 8 9 10 11

b ‘ 0579 | 0594 | 0608 | 0623 | 0.637 | 0652 [ 0.666 | 0.681 [ 0.695 | 0.710 | 0.724
110.250] 2662.11 1774.9] 1943.0{ 3230.8| 3421.6{ 3612.5{ 380341 3994.2] 4184.7| 4374.8]{ 4564.5
2102751 9135( 1042.0f 1178.0| 21144| 22885, 2464.8] 2643.1| 2822.8| 3003.7| 31856, 3368.2
30300 499.5| 5834 679.0] 1320.5{ 14687\ 1621.7{ 1778.9{ 1939.7| 2103.7| 22703 243;).3
410325( 316.2] 3485] 397.2{ 7849 8999 1022.7| 11524 12883.2| 14294| 15753| 17253
510350) 3242 299.1| 2954| 460.2| 536.1| 6231y 72027 826.1| 939.8| 1060.5| 11875
610375 4934| 406.2] 3457 3106 3426, 3894| 4495| 5215| 6039 6959 7962
710400 8006| 647.3( 526.0{ 308.7| 2928] 2056{ 3153| 349.9| 397.9| 4580{ 5290
810425 12279| 10048 819.5| 4333 3662 321.8] 297.9] 2923{ 303.2] 3289 3680|102
910450\ 1761.2] 14652} 12129 6680; 546.6| 4522; 382.1] 3338| 3052 2943 2994
10} 0.475| 2389.5] 2017.6; 1695.6| 9996 8214| 6745| 5559 4627 3925 3429 3122
11/ 0.500{ 2850.8; 30404 3230.8 1418.2 1180.7| 979.1] 809.8; 669.7| 5559| 466.0] 3976 N
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Tab., V—9 The sets of the prameters whieh fulfill the theoretica restrictions.

1964 TW (ry3=-10)

No| Casel & s Ty Ty rs 4 Hy H, > u
1] 211 |1 100 | -10 | 6000 | -400 | 0.292 141 | -266 | 708
20 211 |2 0.438 107 | -102 22
3| 212 |1 -1400 | 0.219 176 | -27 60
4] 213 |1 -2400 | 0.175 201 | -274 34
5| 221 |1 7000 | -400 | 0292 | 141 | -311 112
6| 221 |2 0.438 107 | -120| 077
71 222 |1 100 | -10 | 7000 | -1400 | 0.219 176 | -316 | 113
8] 222 |2 0.353 124 | -1241 113
91 223 |1 -2400 | 0.175 211 | -319 | 890
10] 224 |1 -3400 | 0.146 245 } -321 529
1| 231 |1 8000 | -400 | 0.292 141 | -355| 155
12| 231 |2 0.438 107 | -137 | 294
13] 232 |1 -1400 | 0.219 176 | -362 | 173
14] 232 | 2 0.353 124 | 141 151
15 233 |1 100 | -10| 8000 | -2400 | 0.175 211 | -365| 158
16 233 |2 0.296 140 | -144 | 073
17| 234 |1 -3400 | 0.146 2451 -366 | 121
18] 241 |1 9000 | -400 | 0.292 141 | -399 | 199
19] 241 | 2 0.438 107 | -154 | 747
20| 242 |1 -1400 | 0219 176 | -407 | 235
21 242 | 2 0.353 124 | -159 | 589
22| 243 |1 -2400 | 0.175 211 | -410 | 235
23| 243 | 2 0.296 140 | -162 | 281
24| 244 |1 -3400 | 0.146 245 | -412 | 206
25| 244 | 2 0.255 156 | -164 | 0.748
2% 311 |1 150 -10 | 6000 | -400 | 0.172 214 | -214 | 310
27| 311 | 2 0.235 166 | -109 | 613
28] 312 |1 -1400 | 0.144 249 | -275 | 704
29| 312 |2 0.209 18| -10| 109
300 313 |1 -2400 | 0.124 284 | -216 | 223
31| 313 | 2 0.188 199 | -111 178
32| 314 |1 -3400 | 0.108 319 | -276 | 329
33| 321 |1 7000 | -400 | 0.172 214 | -319| 855
34| 321 | 2 0.235 166 | -128 | 265
36 322 |1 -1400 | 0.144 249 | -321 | 489
36| 322 | 2 ' 0.209 183 | -129 | 549
37 323 |1 -2400 | 0.124 284 | -322| 159
38| 323 | 2 0.188 199 | -129 | 989
39| 324 |1 -3400 | 0.108 319 | -322 ] 0718
40| 324 | 2 0.170 216 | -130 | 162
4t | 331 |1 8000 | -400 | 0.172 214 | -365| 155
42| 331 {2 0.235 166 | -146 | 819




43] 332 |1 150 | -10| 8000 | -1400 | 0.144 | 249 | -367 | 117
44| 332 | 2 0209 | 183 | -147| 230
45| 333 |1 -2400 | 0.124 | 284 | -368 | 705
46| 333 | 2 0.188 199 | -148 | 493
47| 334 | 1 -3400 | 0.108 | 319 | -368 | 284
48| 334 | 2 0.170 | 216 | -148 | 900
49{ 341 | 1 9000 | -400 | 0172 | =214 | -411| 233
50{ 341 | 2 0235 166 | -165 | 114
51 342 | 1 -1400 | 0.144 | 249 | -412| 201
52{ 342 | 2 0209 | 183 | -166 | 643
53| 343 | 1 -2400 | 0124 | 984 | -414 | 152
54| 343 | 2 0.188 | 199 | -166 | 199
55| 344 | 1 -3400 | 0.108 | 319 | -414 | 958
56| 344 | 2 0.170 | 216 | -167 | 442
57| 411 | 1}-200| -10| 6000 | -400 | 0122 | 288 | -276| 354
58] 411 | 2 0.161 226 | -111 ] 340
59| 412 |1 -1400 | 0.107 | 322 | -276 | 389
60| 412 | 2 0148 | 242 | -111 | 479
61| 413 | 1 -2400 | 0095 | 357 | -277| 127
62| 413 | 2 0.137 25 | -111] 650
63| 414 |1 -3400 | 0086 | 392 | -277| 284
64| 414 | 2 0.128 | 275 | -112| 857
65| 421 | 1 7000 | -400 | 0122 | 288 | -322 | 132
661 421 | 2 0.162 | 226 | -130| 210
67| 422 | 1 -1400 [ 0107 | 322 | -322| 0742
68| 422 | 1 0.148 | 242 | -130| 310
69| 423 | 1 -2400 | 0095 | 357 | -323| 217
70| 423 | 2 0.137 | 259 | -130 | 435
71| 424 |1 -3400 | 0086 | 392 | -323| 900
72| 424 | 2 0.128 | 275 | -130| 592
73| 431 | 1 8000 | -400 | 0122 | 287 | -368| 656
74| 431 | 2 0.161 226 | -148| 123
75| 432 |1 -1400 | 007 | 322 | -368 | 247
76| 432 | 2 0.148 | 242 | -149| 193
77| 433 | 1 -2400 | 0095 | 357 | -369 | 207
78| 433 | 2 0137 | 259 | -149| 285
79| 434 |1 -3400 | 0.086 | 392 | -369 | 100
80| 434 | 2 0128 | 275 -149| 401
81| 441 | 1 9000 | -400 | 0.122 | 288 | -414 | 146
82| 441 | 2 0.161 226 | -167 | 656
83| 442 |1 -1400 | 0.107 | 322 ] -414| 900
84| 442 { 2 0148 | 242 | -167 | 113
85| 443 | 1 -2400 | 0095 | 357 | -414 | 400
86| 443 | 2 0137 | 258 | -168 | 178
87| 444 |1 -3400 | 0.086 | 392 | -415| 1736
88| 444 { 2 0.128 | 275 | -168 | 263

225
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1964 TW (r3=0)

No| Case | A Ty T 7y 7y g Hy WZ )y uZ-]
1| 211 11 100 6000 | -400 | 0477 101 | -169 | 134
20 211 |2 0.509 97 | - 83 5.5
31 212 |1 -1400 | 0.346 125 | -179 138
4| 212 |2 0.411 11| - 87| 111
5] 213 |1 -2400 | 0.272 149 | -183 | 734
6] 221 |1 7000 | -400 | 0477 101 | -198 | 247
7] 221 | 2 0.509 97 | - 971 160
8] 222 |1 ~1400 | 0.346 125 | -209 | 301
9| 222 |2 0411 L -102 | 351
0] 223 |1 -2400 | 0.272 149 | -213 1 249
11 224 |1 -3400 | 0.224 173 | -216 | 140
121 231 | 1 8000 | -400 | 0477 102 | -226 | 374
13] 231 | 2 0.509 98 | -111 | 074
14 232 |1 -1400 | 0.346 125 | -238 | 500
5] 232 |2 0.411 11| -116 | 0820
16] 233 |1 -2400 | 0.272 149 | -244 | 4839
17{ 233 | 2 0.346 125 | -119 | 226
18] 234 |1 -3400 | 0.224 172 | -7 381
190 241 |1 9000 | -400 ! 0477 102 { -254 { 507
201 241 | 2 0.509 97 | -125 | 192
21| 242 |1 -1400 | 0.346 125 | -268 | 717
22| 242 | 2 0411 111 | -131 142
23] 243 | 1 -2400 | 0.272 149 | -274 | 769
24| 243 | 2 : 0.346 125 | -137 { 0724
25| 244 |1 -3400 | 0.224 172 | -277 | 692
%! 244 | 2 0.298 139 | -136{ 1486
27 311 |1 150 6000 | -400 | 0.266 152 | -183 | 656
281 311 | 2 0.275 147 | ~ o1 60.3
291 312 |1 -1400 | 0.220 175 1 -185 1 1.04
30 312 | 2 0.245 161 | - 92| 996
31 313 |1 -2400 | 0.188 199 | -187 { 396
32| 313 |2 0.220 174 | - 921 154
33| 314 |1 -3400 | 0.154 223 | -187 | 228
34] 321 |1 7000 | -400 | 0.266 152 | -214 | 239
350 321 | 2 0.275 148 | -107 | 300
36| 322 |1 -1400 | 0.220 175 | -216 | 128
37] 322 | 2 0.245 161 | -107 | 547
38( 323 |1 -2400 | 0.188 199 | -218] 3186
39] 323 1|2 0.220 175 | -218 ] 909
40| 324 |1 -3400 | 0.164 223 | -108 136
41| 324 | 2 o 0.200 189 | -109 | 141
420 331 {1 8000 | -400 | 0.266 152 § -244 | 481
43 331 | 2 0.275 148 | -122| 123




441 332 |1 150 8000 | -1400 | 0.220 175 | -247| 365
451 332 | 2 "0.245 161 | -123] 267
46| 333 | 1 -2400 | 0.188 199 | -2491 210
47| 333 | 2 0.220 175 | -123 | 496
481 334 |1 -3400 | 0.164 2231 -250 1 711
49| 334 | 2 0.200 189 | -124| 83s
50 341 | 1 9000 | -400 | 0.266 152 | -2715| 7686
51 341 | 2 0275 | 148 | -137| 341
52| 342 | 1 -1400 | 0.220 175 | -2181 678
53 342 | 2 : 0.245 161 | -138| 103
541 343 -1 -2400 | 0.188 199 | -280] 509
551 343 | 2 0.220 175 | -139] 237
56| 344 |1 -3400 | 0.164 223 | -281| 309
571 344 | 2 0.200 189 | -140 ] 452
58 411 | 1]- 200 6000 | -400 | 0.185 202 | -187| 508
59, 411 | 2 -] 0190 1981 - 93! 281
60| 412 | 1 -1400 | 0.162 225 | -187| 260
61| 412 | 2 . 0.175 211 | - 4| 386
62 413 | 1 -2400 | 0.144 249 | -188 | 710
63| 413 | 2 0.162 225 | - 84| 516
64| 414 | 1 -3400 | 0.129 213 | -188 | 147
65| 414 | 2 0.151 29| - 94| 618
66| 421 | 1 7000 | -400 | 0.189 202 | -218| =248
67| 421 | 2 | 0.190 198 | -109| 180
68| 422 | 1 -1400 | 0.162 225 | -219| 190
69| 422 | 2 0.175 211 | -109| 257
700 423 |1 -2400 | 0.144 243 1 -219( 164
71] 423 | 2 0.162 225 | -109 | 353
72| 424 |1 -3400 | 0.129 273 1 -220! 522
73| 424 | 2 0.151 239 | -109] 471
4| 431 |1 8000 | -400 | 0.185 202 | -249| 193
75| 431 | 2 0.190 198! -124] 110
76| 432 | 1 -1400 | 0.162 225 | -250 | 597
77| 432 | 2 0.175 211 | -125| 166
78| 433 | 1 -2400 | 0144 249 | -251 | 0.702
79| 433 | 2 0.162 225 | -125| 237
80| 434 |1 -3400 | 0.129 2731 -251 | 922
81| 434 | 2 0.151 239 | -125| 326
82| 441 |1 9000 | -400 | 0.185 202 | -280| 489
831 441 | 2 0.189 198 | -140| 632
84| 442 | 1 ~1400 | 0.162 225 | -281 | 288
85| 442 | 2 0.175 211 -140| 102
86| 443 | 1 -2400 | 0.14 249 | -282 1 112
871 443 | 2 0.162 225 1 -141| 154
881 444 | | -3400 | 0.129 213 | -282| 138
89| 444 | 2 - | 0.151 2391 -141| 220
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1964 TW (rz3=10)

No| Case | & Ty T3 Ty s g Hy H, >ul
14211 |1 100 10 | 6000 | -400 | 0.724 81 | -111 111
27211 1|2 0.579 91 - 69 931
3] 221 |1 7000 | -400 | 0.724 81 | -129 291
4| 221 2 0.579 91 - 81 409
51 222 1 -1400 | 0498 99 - 149 6.86
61 222 | 2 0.468 103 - 86 668
71 231 1 -400 | 0.724 81 | -148 572
8] 231 2 0.579 91 - 92 1.5
9] 232 1 -1400 | 0.498 99 -170 136
10 232 | 2 0.468 103 | - 98 23
1] 233 |1 0.382 117 | -179 156
12} 241 1 9000 -400 | 0.724 81 -166 9.15
131 241 2 0.579 91 -104 { 0734
141 242 1 -1400 | 0.498 99 -191 215
15 242 | 2 0.468 103 -110 { 0.768
16 243 |1 -2400 | 0.382 117 | -201 270
171 243 | 2 0.394 115 -114 137
18| 244 1 -3400 | 0.311 135 -206 258
191 311 |1 150 10 6000 | -400 | 0.373 119 1 -135 114
201 311 | 2 0.314 1347 - 78 599
214 312 |1 -1400 | 0.305 137 | -138 |1 0967
22| 312 | 2 ’ 0.280 146 - 79 933
23| 313 |1 -2400 | 0.258 155 | -140 550
241 313 | 2 0.252 158 - 79 138
251 321 i 7000 -400 | 0.373 119 -157 630
261 321 12 0.314 134 - 91 329
271 322 1 -1400 | 0.305 137 -161 3.14
28| 322 | 2 0.280 146 - 92 547
29| 323 |1 -2400 | 0.258 155 | -163 { 0.765
307 323 | 2 0.252 158 | - 93 85.7
311 324 1 -3400 | 0.224 173 -164 272
321 324 | 2 i 0.229 170 - 93 127
331 331 |1 8000 *‘400 0.373 119 179 155
34 331 2 0.314 134 -104 16.1
b 332 1 -1400 | 0.305 137 -184 12.1
361 332 | 2 0.280 146 -105 297
371 333 1 ~-2400 0.258 155 -186 647
381 333 | 2 0.252 158 -106 502
391 334 |1 -3400 | 0.224 173 | -188 1.76
401 334 2 0.229 170 -106 792




41| 341 | 1 150 10| 9000 | -400 | 0373 119 | -202| 272
42| 341 | 2 " 0.314 1341 -117| 635
43| 342 |1 -1400 | 0.305 137 | -207 | 253
44| 342 | 2 0.280 146 | -118 | 140
45| 343 |1 -2400 | 0.258 155 | -200{ 191
46| 343 |2 0.252 158 | -119] 268
47| 344 | 1! -3400 | 0.224 173 | -211| 110
48| 344 | 2 0.229 170 | -120 | 461
49 411 |1 200 10| 6000 | -400 | 0.254 157 | -140| 644
50| 411 | 2 0.217 ur| -8 | 241
510 412 | 1 -1400 | 0.221 175 | -141| 210
52| 41212 0.200 189 | -8 | 326
53] 413 | 1 -2400 | 0.195 193 | -142 | 490
541 413 | 2 0.186 201 | - 81| 429
55| 414 | 1 -3400 | 0.175 211 | -142| 945
56| 414 | 2 0.173 213 | - 81| 551
57{ 421 | 1 7000 | -400 | 0.254 157 | ~163 | 0.703
58] 421 | 2 0.217 177 | - 93| 159
59| 422 |1 -1400 | 0221 175 | -164 | 334
60| d22 | 2 0.200 189 | - 93| 221
61| 423 | 1 -2400 | 0.195 193 | -165| 143
62| 423 | 2 - | o0.186 201 -9%4| 299
63] 424 | 1 -3400 | 0.175 211 -166| 374
64| 424 | 2 0.173 213 -94| 392
65| 431 | 1 8000 | -400 | 0.254 157 | -186| 587
661 431 | 2 0.217 177] -107| 101
67| 432 | 1 -1400 | 0.221 175 | -188| 144
681 432 | 2 0.200 189 | -107| 147
69| 433 | 1 -2400 | 0.195 193] -189| 145
70| 433 | 2 0.186 201 | -107] 205
71| 434 | 1 -3400 | 0.175 211 | -189| 915
72| 434 | 2 0.173 213 -108| 277
73| 441 | 1 9000 { -400 | 0.254 157 | -209| 182
74| 441 12 ' 0.217 177 -120| 617
75| 442 | 1 -1400 | 0.221 175 | -211| 101
76| 442 | 2 0.200 189 | -121| 944
77) 443 | 1 ~2400 | 0.195 193 | -212| 329
78] 443 | 2 0.186 201 | -121| 137
79| 444 {1 -3400 | 0175 | 211 | -213 0.704
80| 444 | 2 0.173 213 -121| 191
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1964 TW (r3=30)

No| Case | A~ 7, 7y 4 75 o Hy Hy nut
1] 312 1| 10| 30| 6000 |-1400 | 0.509 98 | - 8 | 464
2| 312 |2 0348 | 125 | - 61| 857
3| 322 |1 7000 0.509 98 | -100] 1.26
4] 322 |2 0348 | 125 | - 70| 554
5| 332 |1 8000 0509 | 98| -114 | 0.843
6| 332 | 2 0348 | 125 | - 81| 345
7] 333 | 1 -2400 | 0421 | 110 | -119 | 0.709
8| 333 |2 0314 | 134 -8 | 514
9] 342 |1 9000 | -1400 | 0509 | 98 | -128 | 242
10| 342 |2 _ 0348 | 125 - 91| 202
11| 343 | 1 2400 | 0421 | 110 | -134 | 204
12| 343 |2 0314 | 134| -92| 317
13| 412 [ 1] 200| 30| 6000 |-1400 | 0.354 | 123 | - 91| 178
4] 412 | 2 0260 | 159 | - 62| 253
15| 413 | 1 -2400 | 0310 | 135 | - 93| 323
6] 413 | 2 0232 | 168 | - 63| 324
17| 422 |1 7000 | -1400 | 0354 | 123 ] -107 | 622
18] 422 | 2 0250 | 159 - 73| 179
19] 423 |1 -2400 | 0310 135 | -108| 135
20| 423 | 2 , 0232 | 168| - 73| 233
2| 432 |1 8000 | -1400 | 0354 | 123 | -122| 133
22| 432 |2 0.250 159 -83| 125
23| 433 | 1 -2400 | 0310 135 | -124 | 393
2| 433 | 2 0232 | 168| -81| 166
25| 434 | 1 -3400 | 0275 | 148 | -125 | 986
6| 434 | 2 0217 | 1t -s4| 217
27| 442 |1 9000 | -1400 | 0354 | 123 ] -137| 104
28| 442 | 2 0250 | 1591 - 94| 852
29| 443 |1 2400 | 0310 | 135 | -139 | 0749
30| 443 | 2 0232 | 168 ] - 94| 117
31| 444 | 1 3400 | 0275 | 148 -141| 229
32| 444 | 2 0217 | 177( - 94| 156




1964 TW (73=20)

Ne| Case { A | 7, 73 7, re g Hy H, zu?

1 312 1 150 20 6000 | - 1400 0.400 113 - 107 245
21 312 |2 0.314 134 - 69 889
3 322 1 7000 0.400 113 -125 1 0.779
41 322 | 2 0314 134 - 80 550
51 323 |1 -2400 { 0.335 128 -128 1.08
61 323 2 0.283 145 - 81 82.1
71 332 1 8000 | -1400 | 0.400 113 -143 341
81 332 | 2 0.314 134 - 92 322
9 333 1 - 2400 0.335 128 - 147 1.75
10| 333 | 2 0.283 145 | - 92 50.8
11| 334 {1 -3400 | 0.289 143 -149 | 0696
12| 334 | 2 0.258 155 | - 93 76.2
13| 342 1 G000 | - 1400 0.400 113 -161 888
14| 342 2 0.314 134 -103 173
15 343 | 1 -2400 | 0.335 128 - 165 682
16| 343 2 . 0.283 145 - 104 294
17| 344 1 -3400 | 0.289 143 | -167 367
18] 344 | 2 0.258 155 -105 470
19 412 1 200 20 6000 | - 1400 0.284 144 -112 188
200 412 | 2 0.225 172 - 70 284
21 413 | 1 -2400 | 0.250 159 -113 383
22| 413 | 2 0.209 183 -7 368
230 422 i 7000 | -14600 0.284 144 -130 4717
24| 422 2 0.225 172 - 82 197
25| 423 |1 -2400 | 0.250 159 -131 136
26| 423 | 2 0.209 183 - 82 261
27| 424 |1 -3400 | 0.224 173 | -132 303
281 424 %1 2 0.195 193 - 83 338
29] 432 |1 8000 | -1400 | 0284 144 -149 | 0.701
30| 432 2 0.225 172 - 94 134
31| 433 1 ~-2400 | 0.250 159 -150 263
321 433 2 0.209 183 - 94 183
33 434 1 -3400 | 0.224 173 -151 940
34| 434 2 ] 0.195 193 - 94 242
35| 442 1 9000 ! -1400 | 0.284 144 -168 334
36| 442 | 2 0.225 172 -105 89.1
37| 443 1 ~2400 0.250 159 -169 | 0992
38| 443 2 0.209 183 - 106 126
391 444 1 -3400 | 0.224 173 -170 | . 130
401 444 2 {.195 193 ~106 171
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Tab, V—-10 4dvalue

TW211 73=-10 ¢=%(a-2)w(w weight)

1 2 3 4 5 6 7 8 9 10 1
| 0202 | 0307 | 0321 | 0336 | 0.350 | 0365 | 0.380 | 0.304 | 0409 | 0423 | 0.438
i |o02s0| 2275| 17a5| 1271| 9s0| 757| 683| 758 o9s52| 1270 1710 2267
2| 0275 | 4576 | 37.94| 30.72| 2425 1865| 1402| 1044] 797 662| 642| 1737
3| 0300| 6665| 5882| 5099| 4339| 3620| 2057 | 2362| 1845| 1416| 1080 842
4 | 0325| 8243| 7557| 6831| 60.89| 5347| 4622 | 3027| 3278| 2684| 2157 17.05
5| 0350| 9327| 87.73| 8160| 74.99| 6809| 6105| 5400 47.10| 4047| 3423| 2848
6| 0375] 10054 9625| 01.28| 8570 | 7964 | 7324 | 6661| 5987| 53.16| 4660 40.29
7 | 0400 | 10528 | 102.05| 98.15| 93.58| 8846| 8286| 7683! 7063| 64.21| 57.74| 5133
8 | 0425 | 10830 | 10586 | 102.89| 99.29| 9505| 90.28| B85.04| 7942 7349| 67.36| 61.14
9 | 0450 | 11026 | 10847 | 106.23 | 10339 | 99.94| 9594 | 9143 | 8647 8LI2| 7547| 69.59
10| 0475 | 111531 11022 | 10854 | 10633 | 10354 | 10023 | 9640 | 9208| 8733 | 8220] 76.77
11| 0500 | 11226 | 11137 | 110.05 10838 | 10620 | 10347 | 10024 | 9653| 9235 87.75| 8279

TW21l =0 $=Y(a—m)w

1 2 3 4 5 6 7 8 9 10 11
INC| 0477 | 0480 | 0483 | 0486 | 0.490 | 0493 | 049 | 0.500 | 0.503 | 0.506 | 0.509
1 | 0250| 6203| 6437 6676 | 69.19| 7166| 7416| 76.71| 7930 | 8193 | 8460| 87.30
2 | 0275 2078| 2200 2327 | 2459| 2596| 2738] 2884 3035| 31.91| 3352| 3517
3 |0300] 701| 731| 765| 805| 849 898! 9s52| 1001 1095| 11.44| 1217
4 | 0325 809| 770| 735| 70s| 679 658] 641| 628 620| 616 617
5 | 0.350| 1643| 1558 | 1476 1398| 1324 | 1253{ 1186| 11.22| 1062| 1006| 9.54
6 | 0375| 2772| 2659| 2548| 2440| 2335| 2233| 2133| 2036| 1942| 1851| 1763
7 | 0400 | 3959| 3832| 3706| 3582| 3460| 3340] 3221 31.05| 2090 | 2878| 27.68
8 | 0425| 5085| 4953 | 48.23| 4693 | 4564 | 4436] 4309| 41.83| 4059 | 3935| 3813
9 | ca50| 6096| 5967| 5838| 57.09| 5580 | s5452| 5323 | 5196| 50.68| 4941 48.15
10 | 0475| 69.76| 6853| 6730| 66.06| 6482| 6358| 6233 61.08| 59.83| 5858| 57.33
11 | 0500| 77.26| 76.12| 7497| 7381| 7264| 7147| 7029| 69.10| 67.90| 66.70| 65.50
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TW212 r5=0 ¢=X(a-2)%w
1 2 3 4 5 6 7 8 9 10 1

U 0346 | 0352 | 0359 | 0365 | 0372 | 0378 | 0385 | 0392 | 0398 | 0405 | 0411
1 | 0250 | 141.80 | 14951 | 157.36 | 16534 | 17345 | 181.68 |-190.01 | 198.44 | 20697 | 21559 | 224.20
2 | 0275| 5501| 60.16| 6555| 71.17| 7699 | 8303 | 89.26| 9567 | 102.27 | 109.03 | 11595
3 | 0300| 1691| 1941| 2220| 2526 2860| 3220 3606 | 40.16| 4450 | 4907 | 5387
4 |o0325| 652 678| 733 817| 930| 1071 1240 1435| 1658 | 1907 2181
5 (0350| 1062| 922] 809| 722 661| 627 620| 639| 68| 757 83
6 | 0375| 2136| 1888| 1661 1455| 1272| 1.41| 973| 859| 768| 701| 659
7 | 0400| 3435 31.26| 2832 2553| 2201| 2046 | 1819 16.11| 1423| 1256] 11.09
8 | 0425 4729| 4395 4069| 3752| 3446| 31.52{ 2871| 2604 | 2352| 21.16| 1896
9 | 0450| 50.09| 5574| 5242 49.13| 4590| 4273 | 39.65| 3665| 33.76] 3098| 2832
10 | 0475| 6935| 66.15| 6293| 59.70| 5648| 5328 | 50.11| 4699{ 4392] 4093 3801
11| 0500| 7799| 7503| 7202| 6896| 6588| 6277 5966 | 56.55| 5347 5041| 4740

TW21l 73=10 $=%(u—-u)%w
1 2 3 4 5 6 7 8 9 10 1

5 10579 | 0594 | 0.608 | 0.623 | 0637 | 0.652 | 0.666 | 0.681 | 0.695 | 0.710 | 0.724
1| 0250 183.50 | 199.37 | 21567 | 23236 | 24941 | 266.81 | 284.52 | 302.52 | 320.79 | 33931| 358.06
2] 0215| 9294 10488 11744 | 13058 | 144.27| 15849 | 173.20 | 18838 | 203.99 | 220.01| 23642
3| 0300| 4170 4964| 5831 67.70| 77.77| 8849| 99.84| 111.79| 124.30 | 137.37| 15095
40325| 1612| 2048] 2561 3150| 3814 4550| 5356| 6230| 71.70| 81.74| 92.39
5/035| 670 809| 1024| 1313] 1676| 21.13| 2623| 3204| 3854 4573| 5358
6|0375| 699 610 58| 634| 750 936 1192| 1517 1913] 2377 2909
7| 0400| 1279| 1023| 823| 682 603 587| 636| 749| 929| 11.74| 1486
8{0425] 2134| 1769| 1443] 1166 940| 768| 653| 59| 599| 663 7.89
o |0aso| 3107| 2664| 2255| 1889| 1558| 1272 1032| 843| 706| 624| 597
10} 0475| 4092| 36.11| 3153| 2720| 2319| 1957 1628| 1339| 1095| 898 749
11{ 0500| 5031| 4537| 4056{ 3590| 3145| 27.25| 2333 19.80| 1656| 4372| 11.29
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Tab, V—11

miny (u—1)%w

TW 21l (75 =-10) TWL (7, = 0) TW2I (7, - D) TW211 (7, - 10)
re 100 100 100 100
rs |~ 10 0 0 10
re | eo00 6000 6000 6000
re | - 400 - 40 “tao0 = 40
minZ(ue—#, V2w o i 0.408 0.500 0.378 0.681
& | o 0.3%5 0.350 0.425
Foviw | 256.5 262.7 252.6 292.3
minZ(u—fi)w o 0.423 0.506 0.385 0.652 |
& | oz 0.325 0.350 0,400
Ivlw | 642 6.16 6.20 5 87
1961 | 1962 | 1963 | 1964 | 1961 | 196z | 1963 | 1961 | 1961 T 1062 | 1063 | 1964 | 1061 | 1062 | 1963 | 1984
Ho | n94| nss| nsol moo] w21 009! 100.1] 00| 1252] 1221 120.2] 17| sas| s41] sa4| 847
Ha |-150.1]~135.3 [-126.2|~115.6 |~134.0|~123.4 [~116.7 |~108.6 [-152.3 |~ 140.3 |-132. 7 [~123.4 |-115.5 | -108.4 [ -103.8 | - 9.0
H3 {-164.2)-148.0 |-138.1 | -126.4 |-152.3 |-140.3 | -132.7 | 123, 4 | 18a.1 |-150.1 |-142.9 | -132.9 |~142.9 | -134.1 |—128.3 | ~121.2
2ol 0.023{ 0.028 | 0.023[0.020 | 0.023] 0.027] 0.02¢)0.017 | 0.023] 0.028] 0,023 0.8 | 0.022) 0 o28| 0.02¢| 0 a8
R_J o7es| 0.808| 0.912|0.998 | 0.787] 0.611 | 090 0947 | 0.796| 0.804] 0914009 | n.70r| 0.m19] 0.008]0.985
T.v | 0.186) .15 | 0.118]0.0826| 0.187] 0.157; 0.124|0.0677| 0.185| 0.160| 8119 | 0.0887 | 0198 | 0,157| 0.122 | 0. 08%
w 46.5 50.5 53.5 57.5 39.4 42.8 45.2 4B.6 36.6 397 42.0 5.1 32.0 3.8 36.8 39.5
Tab, V—12 The results obtained by the steepest aseent method
TWal (ra=-10)| TW2ll (ry3=10) | TW2I2 (r3=0) | TW21 (ra=10)
initial [convergence| initial |convergencel initial convergence initial |convergence
value value value value value value value value
Tz 100 99. 9998 100 | 99. 999997 100 |99. 999965 100 | 99. 999934
T3 - 10| =10.000 0 |-0.0000659 0| 0.0000132 10| 10. 000038
Ta 6000 6000 6000 6000 6000 6000 6000 6000
Ts - 400 -~ 400 — 400 -~ 400 - 1400 - 1400 - 400 ~ 400
0. 42331 0.41140 0. 50610 0. 49992 0.38494 | 0.382141 0.65163 (. 64585
0.275 0. 27877 0.325 0, 32407 0.350 0.35139 0.400 | 0,402383
6.4185 |— 6.3907 6.1615 [—6. 156997 6. 2002 |— 6.19630 5.8717 |— 5.8541




Tab., V—1 3 Continued
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TW21l (r3=—10)
HIERE | DURE(TIstep ) 1961 1962 1963 1964
¢ 6.4185 6. 3260 H | 164 | 129 | 1.8 | 1081
T2 100.0 99. 894 H; | —~146.4 —132.4 —123.8 -113.6
T3 -10.0 ~8.5756 Hy | —160.2 | -144.9 | -135.5 | -124.3
Ts 6000. 0 6004. 3 Su’| 0.0240 | 0.0279 | 0.0228 | 0.0187
Ts -400.0 —396. 06 R | 0786 | 0.806 | 0.915 | 0.949
c 0.4233 0.4245 T# | 0192 | 0.160 | 0.119 | 0.0898
h 0.275 0.2779 '
TWail (r3 = 0)
PIAE | ERE (32step) 1961 1962 1963 1964
é 6.1615 6.1186 He | 1012 | 100.1 99.25 | 98.21
T2 100.0 99. 459 H, | -131.3 | -121.0 | -114.4 | —106.4
73 0.0 0.1050 Hj | —148.8 | —137.0 | —129.6 | —120.6
T4 6000. 0 5999. 19 Zu?| 0.0233 | 0.0278 | 0.0233 | 0.0178
Ts —400. 0 -400. 58 R 0.788 | 0.810 | 0.913 | 0.947
7 0. 5061 0. 4997 Tw | 0.186 | 0.159 | 0.120 | 0.0883
h 0.325 0.3183
TW212 (73 = 0)
PIRE | A (23step) 1961 1962 1963‘ 1964
¢ 6. 2002 6.1907 Ho| 125.0 121.9 | 1200 | 117.5
s 100.0 100. 003 Hp | —152.2 | -140.1 | -132.5 | —123.3
73 0.0 0. 0797 Hj | —163.8 | —150.8 | —142.7 | -132.7
T4 6000. 0 6000. 4 Su?| 0.0232 | 0.0284 | 0.0229 | 0.0177
rs | —1400.0 -1399. 3 R 0.786 | 0.804 | 0.915 | 0949
P 0.3849 - 0.3839 Tu | 0.186 | 0.161 0.119 | 0.0879
h 0.350 0. 3501
TW211 (ry=10)
FHRE IPHA# ( 32step) 1961 1962 1963 39
¢ 5.8717 5.8408 Ho| 83.53 | 84.10 | 84.42 | 84.78
s 100.0 99.918 Hy | -114.8 | -107.7 | -103.1 | -97.38
T3 10.0 10.100 Hj| —140.8 | -132.1 | -126.4 | ~119.4
T4 6000. 0 6000. 0 Zu?| 0.0227 | 0.0278 | 0.0239 | 0.0173
Ts ~400.0  —398.00 R 0.792 | 0.818 | 0.910 | 0.945
o 0.6516 0. 6387 Te | 0180 | 0.158 | 0.122 | 0.0884
h 0.400 0.3936
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