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Abstract:  When an outside innovating firm has a technology to produce a higher qual-
ity good than the good produced at present, it can sell licenses of its technology to
incumbent firms using a combination of royalty and fixed fee, or enter the market with
or without license. We examine credibility of threat of entry of the innovating firm using
a two-step auction in an oligopoly under vertical product differentiation. The credibility
of threat of entry by two-step auction depends on the form of the cost function of the
new technology, whether it is concave or convex.
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1. INTRODUCTION

In Proposition 4 of Kamien and Tauman (1986) it was argued that in an oligopoly
when the number of firms is small (or very large), strategy to enter the market and at
the same time license the cost-reducing technology to the incumbent firm (entry with
license strategy) is more profitable than strategy to license its technology to the incum-
bent firm without entering the market (license without entry strategy) for the innovating
firm. However, their result depends on their definition of license fee. They defined the
license fee in the case of licenses without entry by the difference between the profit of
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an incumbent firm in that case and its profit before it buys a license without entry of the
innovating firm. Although this is the standard definition of license fee, we may consider
another definition. If an incumbent firm does not buy a license, the innovating firm may
punish the incumbent firm by entering the market. The innovating firm can use such a
threat if and only if it is a credible threat. In a duopoly case with one incumbent firm,
when the innovating firm does not enter nor sell a license, its profit is zero; on the other
hand, when it enters the market without license, its profit is positive. Therefore, threat
of entry without license is credible under duopoly, and then even if the innovating firm
does not enter the market, the incumbent firm must pay the difference between its profit
when it uses the new technology and its profit when the innovating firm enters without
license as a license fee. However, in an oligopoly with more than one incumbent firms,
the credibility of threat of entry is a more subtle problem.

In this paper we extend this analysis to an oligopolistic situation with three firms, one
outside innovating firm and two incumbent firms under vertical product differentiation.
We examine the definitions of license fee for producing a higher quality good than the
good produced at present considering the threat of entry by a two-step auction in the case
of licenses without entry. Also we suppose that the innovating firm uses a combination
of royalty per output and a fixed license fee.

A two-step auction, for example, in the case of a license to one incumbent firm with-
out entry is as follows.

1. The first step.

The innovating firm sells a license to one firm at auction without its entry con-
ditional on that the bidding price must not be smaller than the minimum bidding
price, which is equal to the willingness to pay for the incumbent firms described
below. The innovating firm imposes a predetermined (positive or negative) roy-
alty per output on the licensee. A firm with the maximum bidding price gets a
license. If both firms make bids at the same price, one firm is chosen at random.
If no firm makes a bid, then the auction proceeds to the next step.

2. The second step.
The innovating firm sells a license to one firm at auction with its entry.

At the first step of the auction, each incumbent firm has a willingness to pay the follow-
ing license fee;

the difference between its profit when only this firm uses the new tech-

nology without entry of the innovating firm and its profit when only the

rival firm buys the license with entry of the innovating firm.
In the first step each incumbent firm has an incentive to make a bid when the other firm
does not make a bid. On the other hand, it does not have an incentive to make a bid when
the other firm makes a bid. The decision of the innovator not to enter the market in the
first step is commitment if the incumbent firms accept the offer. We need the minimum
bidding price because if there is no minimum price, when one of the incumbent firms
makes a bid which is slightly but strictly smaller than this price, the other firm does
not have an incentive to outperform this bidding. Threat by such a two-step auction is
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credible if the total payoff of the innovating firm when it enters the market with a license
to one firm is larger than its total payoff when it licenses to one firm without entering
the market. A two-step auction in the case of licenses to two incumbent firms without
entry is similar, and at the first step of the auction the incumbent firm has a willingness
to pay the following license fee;

the difference between its profit when both firms use the new technology
without entry of the innovating firm and its profit when only the rival firm
buys the license with entry of the innovating firm.

In the first step each incumbent firm has an incentive to make a bid even if the other firm
makes a bid because if it does not make a bid, the auction proceeds to the next step.

In the next section we present a concise literature review. In Section 3 the model of
this paper is described. We use a model of vertical differentiation according to Tanaka
(2001). In Section 4 we consider various equilibria of the oligopoly. In Section 5 we
present the license fees under entry with license strategy. In Section 6 we consider a
two-step auction and present the definitions of license fees under license without entry
strategy. In Sections 5 and 6 the following results about the optimal royalty rate for the
innovator will be shown (see Proposition 1).

Entry with license to one firm case: If the goods are strategic complements, the op-
timal royalty rate is positive. If the goods are strategic substitutes, it may be
positive or negative.

Entry with licenses to two firms case: If the goods are strategic complements, the op-
timal royalty rate is positive. If the goods are strategic substitutes, it may be
positive or negative.

License to one firm without entry not using two-step auction case: If the goods are
strategic substitutes, the optimal royalty rate is negative. If the goods are strategic
complements, it may be positive or negative.

License to one firm without entry using two-step auction case: If the goods are
strategic substitutes, the optimal royalty rate is negative. If the goods are strategic
complements, it is positive.

Licenses to two firms without entry using or not using two-step auction case: The
optimal royalty rate is positive.

In Section 6 we examine the credibility of threat of entry by two-step auction, and will

show the following results (see Proposition 2).

1. If the cost function of the new technology is linear, the profit of the innovating
firm when it enters the market with a license to one incumbent firm and its profit
when it licenses to one incumbent firm without entering the market are equal.
Therefore, entry with license to one firm case and license to one firm without
entry case are equivalent. In this case we assume that threat of entry by two-step
auction is credible.

2. If the cost function of the new technology is strictly convex, threat of entry by
two-step auction is credible.

3. If the cost function of the new technology is strictly concave, threat of entry by
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two-step auction is not credible.

In Section 7 we present an example with uniform distribution of consumers’ taste pa-
rameter and a quadratic cost function. We will show that when the quality of the high-
quality good is high, licenses to two firms without entry strategy is optimal; on the
other hand, when the quality of the high-quality good is not high, entry with licenses
to two firms strategy is optimal. In appendices we present analyses of demand and in-
verse demand functions. Analyses of optimal strategies in general distribution and cost
functions case seems to be complicated. It is the theme of the future research.

Hattori and Tanaka (2018b) analyzed a two-step auction under vertical differentiation
with only a fixed license fee, and showed that when the quality improvement (the dif-
ference between the quality of the high-quality good and the quality of the low-quality
good) is small (or large), the two-step auction is (or is not) credible. This paper is an
extention of Hattori and Tanaka (2018b) to a case of a combination of royalty and fixed
license fee.

2. CONCISE LITERATURE REVIEW

Many references analyzed the relation between the technology licensor and licensee.
Royalties per output, fixed license fees, combinations of them, and auctions, are dis-
cussed by Katz and Shapiro (1985) and Kamien and Tauman (2002). Sen and Tauman
(2007) compared the license system when the licensor is an outsider and that when it is
an incumbent firm, using combination of royalties and fixed fees. The production ca-
pacity, however, is externally given, and they did not consider a choice of entry. Thus,
we need more discussion for the optimal strategies of outside innovators with an option
to enter the market. Duchene, Sen and Serfes (2015) considered new entrants with old
technology, and showed that a low license fee can be used to deter entry of potential en-
trants. But the firm with new technology is assumed to be an incumbent, and its choice
of entry is not analyzed.

Hoppe, Jehiel and Moldovanu (2006) analyzed the relation between market structure
and licensing by auction. They considered licensing strategies of outsider licensor who
decides whether or not to license its innovation to potential entrants and incumbents,
and showed that a licensor can increase the auction fees by manipulating the number
of licenses to potential entrants, and licensing to more firms makes the market more
competitive. However, they did not consider a choice by the innovator to enter or not.

Hattori and Tanaka (2015) and (2016a) studied the adoption of new technology in
Cournot duopoly and Stackelberg duopoly. Rebolledo and Sandonis (2012) presented
an analysis of the effectiveness of research and development (R&D) subsidies in an
oligopolistic model in the cases of international competition and cooperation in R&D.
Hattori and Tanaka (2016) analyzed problems about product innovation, that is, intro-
duction of a higher quality good in a duopoly with vertical product differentiation.

Some other related studies are Kabiraj (2004), Wang and Yang (2004), Chen (2017),
Creane, Chiu and Konishi (2013), La Manna (1993), Watanabe and Muto (2008),
Pal (2010), Rebolledo and Sandonis (2012). See Hattori and Tanaka (2018a) for the
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contents of these references.

3. THE MODEL

The model of this paper is according to Tanaka (2001) (also see Mussa and Rosen
(1978) and Bonanno and Haworth (1998)). There are three firms, Firms A, B and C.
Firm A can produce the high-quality good whose quality is gy, and Firms B and C
produce the low-quality good whose quality is g, where gy > g1 > 0. The values of
qm and gy, are fixed. Both of the high-quality and the low-quality goods are produced
at the same cost.

At present only Firms B and C produce the low-quality good. Firm A is an outside
innovator, and it may sell licenses to use its technology for producing the high-quality
good to no or one or two incumbent firms (Firms B and C), and it can enter the market
with the high-quality good. Call Firm A the innovating firm and Firms B and C the
incumbent firms.

Firm A has five options.

1. To enter the market, and license its technology to no incumbent firm.

2. To enter the market, and license its technology to one incumbent firm.

3. To enter the market, and license its technology to two incumbent firms.

4. To license its technology to one incumbent firm, but not enter the market.
5. To license its technology to two incumbent firms, but not enter the market.

The cost function of the firms is c¢(-), which is twice continuously differentiable. There
is no fixed cost; thus ¢(0) = 0.

In the market there is a continuum of consumers with the same income. They have
different values of the taste parameter £. A consumer buys at most one unit of the good.
If a consumer with parameter £ buys one unit of a good of quality & at price p, his
utility is equal to the income plus —p + £k. If a consumer does not buy the good, his
utility is equal to the income. The parameter £ is distributed according to a distribution
function p = F(&) in the interval 0 < & < 1. Itis twice continuously differentiable. By
p we denote the probability that the taste parameter is smaller than or equal to &. The
size of consumers is one. The inverse function of F(§) is denoted by G(p). Note that
G()=1.

Let pr and x1 be the price and supply of the good of quality ¢;; py and xp be the
price and supply of the good of quality gg; and let x4, xp and x¢ be the outputs of
Firms A, B and C.

We consider the sub-game perfect equilibrium of a game with the following structure.

1. In the first stage Firm A chooses one of above five options. In the cases of one
or two licenses without entry, it determines whether it uses a two-step auction or
not.

2. According to a choice in the first stage, Firm A determines the number of li-
censes it sells, and it enters the market or not. The licenses are sold through
one-step or two-step auctions.

3. In the third stage the firms determine their outputs.
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4. GENERAL ANALYSIS

4.1.  Entry without license case
Suppose that Firm A (the innovating firm) enters the market without license to Firm
B nor C. Then, Firm A supplies the high-quality good and Firms B and C supply the
low-quality good. Let &1 be the value of & for which the corresponding consumer is
indifferent between buying nothing and buying the low-quality good. Then,
&L = PL.
qL
Let &g be the value of £ for which the corresponding consumer is indifferent between
buying the low-quality good and buying the high-quality good. Then
£y = PH — PL'
qH — 4L
Let xyg = x4 and x;, = xp + x¢. The inverse demand function is described as follows.
1. When xg > 0 and x;, > 0, we have pyg = (gqg — qr)G(l — xg) + q1.G(1 —
xpg —xp)and pp = qrG(l —xpg — xp).
2. When xg > O and x; = 0, we have py = qgG(1 — xg) and pr = qrG(1 —
xH).
3. When xg = 0 and x; > 0, we have pg = gqg — g + q.G(1 — x1) and
pL=qLG( —xp).
4. When xg = 0and x; =0, we have py = gy and pp = qr.
Since G(1) = 1, this is a continuously differentiable function with the domain 0 <
xg < land 0 < xyg < 1. About details for derivation of the inverse demand function
please see Appendix A.3.
The profits of Firms A, B and C are written as

A =[(ga —qL)G(1 —x4) +qLG(l — x4 — xp — xc)]xa — c(x4a),
7 =qLG(l —x4 —xp — xc)xp — ¢(xB),
7c =qLG(l —xa — xp —xc)xp — c(x¢).
The first order conditions for profit maximization of Firms A, B and C are

o
224 =(gH —qrL)G(1 —x4) +q.G(1 — x4 —xp — XxC)

axA B
—[(qr —q1)G'(1 —x4) + q1G'(1 — x4 — xp — x)1xa — ' (x4) =0,
om
ax—B = qLG(l — XA — XB — XC) — QLG/(I — XA — XB —.XC).XB - C/()CB) = Ov
B
aT[C ’ /
. =q.G( —xs4—xp—xc) —qLG (1 —x4 —xp — xc)xc —c (x¢c) =0.
c
The second order conditions are
827TA ; ;
= 2[(gr —qr)G' (1 —x4) + q.G' (1 — x4 — xp — x¢)]
A

+[(qr —qr)G"(1 —xa) + qLG" (1 — xa — xp — xc)1xa — "' (x4) < 0,
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82773 ’ ” "
o2 =—qL[2G'(1 —xa —xp —x¢c) = G (1 —x4 —xp — xc)xpl —c (xp) <0,
XB
azﬂc / " /!
oy —qrL2G (1 —xa —xp —x¢) = G (1 —x4 —xp — xc)xc] — " (x¢) < 0.
C

Hereafter we assume that the second order conditions in each case are satisﬁed
Denote the equilibrium profits of Firms A, B and C in this case by 7§ A , T 0 and T
Note that ngo = ngo.

4.2.  Entry with license to one firm case

Suppose that Firm A enters the market and licenses its technology for producing the
high-quality good to one of the incumbent firms. We assume that it is Firm C. Then,
Firms A and C produce the high-quality good, and Firm B produces the low-quality
good. Let xg = x4 + xc and x;, = xp. The inverse demand function is the same as
that in the previous case.

Denote the royalty per output and the fixed license fee by » and L. The profits of
Firms A, B and C are

A =g —qr)G(l —xa —x¢) +qLG(1 — x4 —xp — xc)lxa — c(x4),
7 =qrLG(l —xa —xp — xc)xp — c(xB),
e =g —qL)G(1 — x4 —xc) +qLG(1 — x4 —xp — x¢)]xc — c(x¢) —rxc — L.
The first order conditions are
(g —qL)G(1 —xa —x¢) +qLG(l — x4 —xp — x¢) (la)
— g —q)G' (1 —xa = xc) +qLG'(1 — x4 — xp — xc)]xa — ¢/(x4) = 0,
qLG(l —xa —xp —xc) —qLG' (1 — xa —xp — xc)xp — ¢'(xp) =0, (1b)
(g —qL)G( —xa —x¢) +qLG(1 — x4 —xp — x¢) (lc)
— g —qL)G' (1 — x4 —x¢) + q.G'(1 —xp — xp — xc)xc — ' (x¢) —r = 0.
Denote the equilibrium profits of Firms A, B and C by 7§ ,JTB and ncl Differentiating
(1a), (1b) and (1c) with respect to r, we obtain 454, 4X& apd dxc . About details of them

Tdr’ dr
dxc

see Appendix B. We have < 0. If the goods are strateglc substltutes d;*‘ and dXB

are positive. If the goods are strateglc complements 4 and de are negative.

4.3.  Entry with licenses to two firms case

Suppose that Firm A enters the market and licenses its technology for producing the
high-quality good to both incumbent firms. Then, all firms produce the high-quality
good. Let & be the value of & for which the corresponding consumer is indifferent
between buying nothing and buying the high-quality good. Then

g =11
4H
Let xg = xao + xp + x¢. The inverse demand function is described as follows.
1. When xyg > 0, we have py = guG(1 — xpg).
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2. When xy = 0, we have py = qp.

Since G(1) = 1, this is a continuously differentiable function with the domain
0 < xy < 1. About details for derivation of the inverse demand function please see
Appendix A.S.

The profits of the firms are
A =qHG( —xa —xp — xc)xa — c(xa),
78 =qyG( —xa —xp —xc)xp —c(xp) —rxp— L,
mc =quG( —xg4 —xp —xc)xc —c(xc) —rxc — L.
The first order conditions are
quG(1 —xp —xp —x¢) —quG'(1 —xp —xp —xc)xp — ' (xa) =0,  (2a)
quG(1 —xp —xp —x¢) —quG'(1 —xp —xp —xc)xp —r —c'(xp) =0, (2b)
qunG(1 —xp —xp —xc) —quG'(1 —xp —xp — xc)xc —r — c/(xc) =0. (20
Denote the equilibrium profits of Firms A, B and C by 7§ A i 5 % and e 2. Differentiating

(2a), (2b) and (2c) with respect to r, we obtain d;A, d;—f and dxc About details of them

see Appendix C. We have djr" < 0 and dxrc < 0. If the goods are strategic substitutes,

d;f‘ is positive. If the goods are strategic complements A s negative.

4.4. License to one firm without entry case

Suppose that Firm A sells a license of its technology to one of the incumbent firms
and does not enter the market. We assume that it is Firm C. Firm B still produces the
low-quality good. Let xy = x¢ and x;, = xp. The inverse demand function is the same
as that in the entry without license case.

The profits of Firms B and C are

g =qLG(1 —xp —xc)xp — c(xp),
e =[(gn —qL)G( —x¢) + q.G(1 — xp — x¢)lxc — c(x¢) — rxc — L.

The first order conditions are

qrG(1 —xp —x¢) —qrG' (1 —xp — x¢)xp — ¢'(xp) =0, (3a)
(qn —qL)G(1 —x¢) + q1G(1 —x — x¢) — [(qun — q1)G'(1 — x¢) (3b)
+q1G'(1 —xp — xc)lxc —r — ' (x¢) = 0.

Denote the equilibrium profits of Firms B and C by 71 ! and 71 . Differentiating (3a)
and (3b) with respect to r, we obtain

dxg  —qLG'(1 —xp —xc) +qLG"(1 — xp — xc)xp
dr P ’
and
dxc  —2q1G'(1 —xp —x¢) +q1G"(1 —xp —xc)xp — " (xp)
dr r
where

<0,
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I =[-2q.G' (1 —xp —x¢) +q.G"(1 —xp — xc)xp — ¢ (xp)10c
—[—q.G'(1 —xp —x¢) + q1.G”" (1 — xp — x¢)xB]
x [—qLG' (1 —xp — x¢) + q.G"(1 — xp — x¢)xcl,
0c =—2[(ga —q1)G' (1 —x¢) +qG' (1 —xp — xc)1 + [(qun — q)G" (1 — x¢)
+q1G"(1 —xp —x¢)lxp — " (x¢).

From the stability conditions of oligopoly (Seade (1980) and Dixit (1986)), ' > 0.

If the goods are strategic substitutes, ddLrB > 0, and if they are strategic complements,
d;—r‘* < 0.

4.5. Licenses to two firms without entry case
Suppose that Firm A sells licenses of its technology to two incumbent firms and
does not enter the market. Then, Firms B and C produce the high-quality good. Let
xg = xp + xc. The inverse demand function is the same as that in the entry with
licenses to two firms case.
The profits of the firms are
np =quG( —xp —xc)xp —c(xp) —rxp — L,
nc =quG( —xp — xc)xc —c(xc) —rxc — L.
The first order conditions are
quG( —xp —xc) —quG'(1 = xg —xc)xp —r — c'(xp) =0, (42)
quG(l —xp — xc) —quG'(1 — xp — xc)xc —r — ¢'(xc) = 0. (4b)

Denote the equilibrium profits of Firms B and C by ngz and nlcz. In this case we have
xp = xc. Differentiating (4a) and (4b) with respect to r, we obtain

dxp _dxc  —quG'(1 —xp—xc) —c"(xp)
dr — dr r’

where
I" =[-2qyG'(1 — xp — xc) +quG" (1 — xp — xc)xp — ¢ (xp)]x
[—2guG'(1 = xp —xc) + quG"(1 = xp — xc)xc — " (xc)] > 0.
From the stability conditions, we have
| —2guG'(1 —xp —x¢) + quG"(1 — xp — xc)xp — ¢ (xp)|
> —quG'(1 —xp —x¢) +quG"(1 — xp — xc)xBl,
and
| =2quG'(1 —xp — xc) + quG"(1 — xp — xc)xc — " (xc)|
>| —quG'(1 —xp — xc) + quG"(1 — xp — xc)xcl.

dxp dxc
Thus, > < 0and I < 0.
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5. ROYALTY AND LICENSE FEES IN THE CASES OF LICENSES WITH ENTRY

In the cases of licenses with entry the fixed license fee is equal to the usual willing-
ness to pay for the incumbent firms. We follow the arguments by Kamien and Tauman
(1986) and Sen and Tauman (2007) about license fees by auction.

5.1. License to one firm
The willingness to pay for each incumbent firm is equal to
the difference between its profit when only this firm uses the technology
for producing the high-quality good with entry of Firm A and its profit
when only the rival firm buys the license with entry of Firm A.
This is because each incumbent firm knows that there will be one licensee regardless of
whether or not it buys a license. The incumbent firms B and C have the same willingness
to pay, so even when one of them does not make a bid, the rival firm gets the license.
The fixed license fee is
This equation means nél = rrl‘;,l . The total payoff of Firm A in this case is written as
gOel :ﬂgl +rxc + Lel
=[(gn —qr)G(1 —xa —xc) +qLG( — xa —xp — xc)1xa — c(x4)
+(gr —qL)G(1 — x4 — x¢c) + qLG(1 — x4 — xB — x¢)]xC
—c(xc) — (g6 —xa —xp — xc)xp — c(xB)).
Using the first order conditions, the condition for maximization of ¢ with respect to r is
written as follows.
do*! dxc dxs dxc

=r=S (g —qu)G' (1 —xp — A L=
P r (g —qL)G' (1 —xa XC)(XC 7 + XA dr)

dx dx dx
—qLG' (1 —x4 —xp — x¢) | (x¢ —XB)—A + (x4 — XB)—C + (x4 +XC)—B
dr dr dr

=0.
Then, we get the optimal royalty rate for Firm A as follows.
el _ (gg —qL)G'(1 — x4 — x¢) ( dx dxc>

e YA

dxc
dr

qLG'(1 —xq4 —xp — x¢)

dxc
dr

We can show the following lemma.

+

dx dx dx
(Xc = XB) =2 4 (x4 — Xp) = + (x4 + x0) 2 |
dr dr dr

LEMMA 1. Ifthe goods are strategic complements, the optimal royalty rate is posi-
tive. If the goods are strategic substitutes, it may be positive or negative.

Proof. See Appendix D. (]
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5.2.  Licenses to two firms
The willingness to pay for each incumbent firm in this case is equal to
the difference between its profit when two firms use the technology for
producing the high-quality good with entry of Firm A and its profit when
only the rival firm buys the license with entry of Firm A.
This is because each incumbent firm knows that there will be one licensee when it does
not buy a license. In this case there is a minimum bidding price which is equal to the
willingness to pay for the incumbents because without the minimum bidding price no
firm makes a positive bid. The fixed license fee is

This means ngz = ngl. The total payoff of Firm A is
¢ = +r(xp +xc) +2L7 = quG(1 — x4 — x5 — xc)(¥a + xp + )

—c(xa) —c(xp) —c(xc) — 2711‘;1.

Note that ngl is constant and irrelevant to determination of the royalty rate in this case
because it is determined in the case of entry with a license to one firm. Using the first
order conditions, the condition for maximization of <p62 with respect to r is written as
follows.

dgae2 dxp dxc , dxy
= _ _ — 1 — — — _
el < P + ar quG (1 —xp —xp — xc)(xp + x¢) P

dxp
—quG'(1 —xa = xp —xc)(xa + x0)— =
dxc
—quG'(1 —xp — xp — xc)(xa + XB)W =0.
The optimal royalty rate is

. G'(1—x4a—xg—x dx dx dx
I L At k.7 k. | RO Z SR 0. R L.
dr dr dr

If the goods are strategic complements, 7¢> > 0. If the goods are strategic substitutes,
7¢2 may be positive or negative.

6. ROYALTY AND LICENSE FEES IN THE CASE OF LICENSES WITHOUT ENTRY:
TWO-STEP AUCTION

6.1. One-step auction

If the licenses are auctioned off to the incumbent firms by one-step auction, the fixed
license fee is determined by the usual willingness to pay for the incumbent firms de-
scribed in Kamien and Tauman (1986) and Sen and Tauman (2007).
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6.1.1. License to one firm
The willingness to pay for each incumbent firm is equal to
the difference between its profit when only this firm uses the technology
for producing the high-quality good without entry of Firm A and its profit
when only the rival firm buys the license without entry of Firm A.

Then, the fixed license fee is
"= @g + 1" —np.

This equation means nlcl — rrg. Denote L in this case by L', and denote the total

payoff of Firm A in this case by ¢'! to distinguish it from the total payoff in the two-
step auction case. It is

¢ =rxc + L' = [(qn — q1)G( — x¢) + qL.G(1 — xp — x¢)]xc — c(xc)

—(qLG(1 — xp — xc)xp — c(xB)).
Using the first order conditions, the condition for maximization of ¢'! with respect to r
is written as
d@“
dr
Then, we obtain the optimal royalty rate for Firm A as follows.
I qLG' (1 — xp — x¢) dxc dxp
roo=— Xp— —xc——— ).
dr dr

dxc dxp
=0 +q,G(1—xp— xc)xB)W —q1G'(1—xp— xc)xc? =0.

dxc
dr

Denote it by #!. If the goods are strategic substitutes, 7' < 0. If the goods are strategic
complements, 7! may be positive or negative.

6.1.2. Licenses to two firms
The willingness to pay for each incumbent firm in this case is equal to

the difference between its profit when two firms use the technology for
producing the high-quality good without entry of Firm A and its profit
when only the rival firm buys the license without entry of Firm A.
There is a minimum bidding price which is equal to the willingness to pay for the
incumbents. The fixed license fee is

L? =@g + 1) —ng.

This means nlcz = nél. Denote L in this case by L2, and denote the total payoff of

Firm A by @*2. It is

¢ = r(xp +xc) + 2L = quG(1 — xp — x¢)(xp + x¢) — c(xp) — c(xc) — 274,

Note that ngl is constant and irrelevant to determination of the royalty rate because
it is determined in the case of a license to one firm without entry. The condition for
maximization of ¢> with respect to r is
dg'? <de dxc dxp

=r

dxc
=B C ) guG A —xp— S guG (1—xp— =B 0.
I I + dr> quG' (1—xp—xc)xp I quG (1—xp—xc)xc P 0
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The optimal royalty rate is

» quG'(1 —xp — x¢) ( dxc de)
rc = X X .

dxg 4 dxc
dr +

Denote it by 7/2. This is positive.

dr

6.2. Two-step auction
We consider a two-step auction for each case.

6.2.1. License to one firm
In this case the two-step auction is carried out as follows.

1. The first step.

Firm A sells a license to one firm at auction without its entry conditional
on that the bidding price must not be smaller than the minimum bidding price,
which is equal to the willingness to pay for the incumbent firms described below,
and Firm A imposes a predetermined (positive or negative) royalty per output on
the licensee. A firm with the maximum bidding price gets a license. If both firms
make bids at the same price, one firm is chosen at random. If no firm makes a
bid, then the auction proceeds to the next step.

2. The second step.

Firm A sells a license to one firm at auction with its entry. Then, the willing-

ness to pay for each incumbent firm in this step is

ngl 1+ 12— mgl,
At the first step of the auction, each incumbent firm has a willingness to pay the follow-
ing license fee;
the difference between its profit when only this firm uses the technology

for producing the high-quality good without entry of Firm A and its profit
when only the rival firm buys the license with entry of Firm A.

Then, the fixed license fee is
=@l + L - =g

This equation means nlcl = ngl. Denote L in this case by L'!.

In the first step each incumbent firm has an incentive to make a bid with the license
fee L!! when the other firm does not make a bid. On the other hand, it does not have an
incentive to make a bid when the other firm makes a bid. We need the effective minimum
bidding price L' because the profit of a non-licensee is ng which is larger than ngl.
If the minimum price does not function effectively, when one of the incumbent firms
makes a bid which is slightly but strictly smaller than this price, the other firm does not
have an incentive to outperform this bidding.

Denote the total payoff of Firm A in this case by ¢'!. Then,

¢ =rxc + L' = [(gn — q1)G(1 — x¢) + qLG(1 — xp — x¢)lxc — c(xc) — 7w

Note that ngl is a constant number which is determined in the entry with a license to
one firm case. The condition for maximization of ¢ with respect to r is
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dgl! dxc , dxp
ar T qLG (1 —xp — xc)xc 7 0

Then, we obtain the optimal royalty rate for Firm A as follows.

Al q.G'(1 —xp — xc)xc dxp

dxc dr -’
dr

Denote it by #!. If the goods are strategic substitutes, /! < 0, and if they are strategic
complements, > 0.

6.2.2. Licenses to two firms
We consider the following two-step auction

1. The first step.

Firm A sells licenses to two firms at auction without its entry conditional
on that the bidding price must not be smaller than the minimum bidding price,
which is equal to the willingness to pay for the incumbent firms described below,
and Firm A imposes a predetermined (positive or negative) royalty per output on
the licensee. If both firms make bids, they get licenses. If at least one of the firms
does not make a bid, then the auction proceeds to the next step.

2. The second step.

Firm A sells a license to one firm at auction with its entry. Then, the willing-

ness to pay for each incumbent firm in this step is

nf;l 4 L — 2l
At the first step of the auction, each incumbent firm has a willingness to pay the follow-
ing license fee;
the difference between its profit when two firms use the technology for
producing the high-quality good without entry of Firm A and its profit
when only the rival firm buys the license with entry of Firm A.
The minimum bidding price should be equal to this willingness to pay. Then, the fixed
license fee is
L? = (¢ + L) — ng.
This means JTIC2 = ngl. Denote L in this case by L2,
In the first step each incumbent firm has an incentive to make a bid when the other
firm makes a bid because if it does not make a bid, the auction proceeds to the next step.
Denote the total payoff of Firm A in this case by ¢'2. It is

¢ =r(xp +xc) +2L"% = quG(1 — xp — xc)(xp + x¢) — c(xp) — c(xc) — 27

Note that 74! is constant and irrelevant to determination of the royalty rate in this case.
B yalty
The condition for maximization of $*> with respect to 7 is

do*? dxp  dxc , dxc dxp
dr " dr + dr aHG g —xc) | *p dr +xc dr




HATTORI & TANAKA: ROYALTY AND LICENSE FEE UNDER VERTICAL DIFFERENTIATION 95

7= Xp—— +XxXc——

quG'(1 —xp — x¢) dxc dxp
dr dr )’

dxpg dxc
dr + dr

Denote it by 72, Tt is positive, We see 7> = 72, but the total payoff of Firm A with
two-step auction and that without two-step auction are different.
Summarizing the results about the optimal royalty rates for Firm A.

PROPOSITION 1. Entry with license to one firm case: If the goods are strategic
complements, the optimal royalty rate is positive. If the goods are strategic sub-
stitutes, it may be positive or negative.

Entry with licenses to two firms case: Ifthe goods are strategic complements, the op-
timal royalty rate is positive. If the goods are strategic substitutes, it may be
positive or negative.

License to one firm without entry not using two-step auction case: If the goods are
strategic substitutes, the optimal royalty rate is negative. If the goods are strategic
complements, it may be positive or negative.

License to one firm without entry using two-step auction case: If the goods are
strategic substitutes, the optimal royalty rate is negative. If the goods are strategic
complements, it is positive.

Licenses to two firms without entry using or not using two-step auction case: The
optimal royalty rate is positive.

6.3. Credibility of threat of entry

In this subsection we will prove our main results. Firm A uses a two-step auction if
and only if the threat by the existence of the second step of the auction is credible, and
it is credible if and only if the total payoff of Firm A when it enters the market with a
license to one firm is larger than (or equal to) its payoff when it does not enter and sells
a license to one firm not using a two-step auction. Therefore, if

w8l + 7% + L > #lxe + L,
threat of entry by two-step auction is credible. On the other hand, if
FlGC + le - ”21 +’:eGC + Lel’

the two-step auction is not credible.
We show the following proposition. Note that we assume c(0) = 0, that is, the fixed
cost is zero.

PROPOSITION 2. 1. If the marginal cost is constant, that is, the cost function is
linear; entry with license to one firm case and license to one firm without entry
case are equivalent, and so threat of entry by two-step auction is credible.

2. If the cost function of the firms is strictly convex, threat of entry by two-step
auction is credible.

3. If the cost function of the firms is strictly concave, threat of entry by two-step
auction is not credible.

Proof. 1. First consider the case of entry with a license to one firm. Note that Firm
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A can control the output of each firm by the royalty rate. Let ¢ = x4 + x¢. Denote the
constant marginal cost by ¢, and denote the total payoff of Firm A by ¢¢!. It is written
as

¢! =mf +rxc + L =[(qn — q1)G(1 —xa — xc) +q1G(1 — x4 — xp — x¢)1xa
—cxa+(ga —q)G( —xa —x¢) +qrG(1 — x4 — xp — xc)lxc — cxc
—(qLG(1 —xp —xp — xc)xp — cxp)
=[(ga—qr)G(1—q) + q.G(1—q—xB)lg—cq—(qLG(1—g—xp)xp—cxp).
If the marginal cost is constant, ¢” = 0. Thus, dq = d;r" + dxc and de in Section 4.2
are written as (see also Appendix B)
dq _ |-(gu —qu)G'(1 —q) +qLG'(1 — 4 — xB)108

dr A/
dxg _ [=(gu —q)G' (1 —=q) +q.G'(1 — g — xp)lop
dr A ’

where
0 = —qL[2G'(1 —q — xp) — G"(1 = § — xp)xp] — ¢"(xB),
op =—qrLG'(1 —q —xp) +¢q.G"(1 —q — xp)]xp.
The condition for maximization of ¢! with respect to r is
dq dxp

AM— —Ap—— =0, 5
1 L (5

where
M =(@qn —q)G(1 —q)+q1.G(1 —q — xp)
—[(gn —q1)G'(1 = §) +qLG'(1 — G —xp)1G — ¢ +qLG'(1 — § — xp)xB,
M =qrG(—§—xp) —qrLG' (1 =§ —xp)xp —c+qrLG'(1 =4 — xp)g.
From (1a) and (1¢) we have
(qn —qL)G(1 —§) +qLG(1 —§ —xp) — [(qn — qL)G'(1 = §)
+q1.G'0—q—xp)lg—c=r—[gn —qL)G1 —§) +qL.G(1 —q — xp)] +c.
From this and (1b), (5) is rewritten as
(r ~Lan — 406U ~ D) +4:G0 —G )]+ +a1G' (1~ G~ xyxp) L

dx
—qLG'(1—§ fxB)q—B =0.

Then, the optimal royalty rate is written as
=i —qu)G(1 ~ 9 + LG~ § —xp) —c—qLG'(1 = § — xp)xp
- _0OB
—qrG'(1 —q —xp)g——.
Op

el

The first order condition for Firm C, (1¢), with » = 7¢" is rewritten as

(g —qL)G( —q) +qLG(1 —q — xp)
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—[gn —q0)G' (01 —§) +q.G'(1 —§ — xp)lxc — ¢
—(qu—q0)G(1 —q) —qrG(1 —§ —xp) +c+q1G'(1 —§ — xp)xp
/ ~ _O0B
+q.G (1 —q—xB)g—
0p
=—I[(gu —q1)G'(1 — @) +qrG'(1 —q — xp)lxc + q.G'(1 — G — xp)xB
o
+q1G'(1—q— xB)cj—B =0.
Op
With x4 + x¢c = g, this and the first order condition for Firm A, (1a),
(qu —q1)G(1 —§) +q.G(1 —§ — xp) — [(qu —q1)G' (1 — @)
+q1G'(1—G—xp)lxa—c=0
imply
(qu —q0)G1 — @)+ qLG(1 —q —xp) — [(gu —q1)G'(1 — @) (6)
+q1LG'(1 =g —xp)1g —c+qLG'(1 —q — xp)xp
o
+q1G'(1—q — xB)é—B =0.
Op

Next consider the case of license to one firm without entry not using a two-step auction.
Let § = xc. Denote the total payoff of Firm A in this case by @'!. It is written as
¢"' = gn —q)G(1 =9 +q1G(1 =G —xp)1G — ¢§ — (qLG(1 = § — xp)xp — cXp).

This is the same as ¢°!. If ¢ = 0 g — dxc gpq d;—r’* in Section 4.4 are written as

> dr dr
dcj_QB de_ OB
dr T dr T’

0p and op in this case are the same as those in the previous case. The condition for
maximization of @ ! with respect to 7 is

{llgn —q)G(1 =) +qLG(1 = q — xp)] = [(gn — qL)G'(1 = @) (N

_ _ _ d
+qLG'(1—G—xp)lG—c+qG'(1—G— xB)xB}d—f

- _ _ _.dx
—[qtG(01 — G —xp) —qLG'(1 —q —xp)xp—c+qrG' (1 —§ — xB)q]d_rB =0.

From (3a) and (3b), (7) is rewritten as
de

— =0.
dr

_ dq _ _
(r+qLG'(1 = = xp)xp)5- —qLG (1 = 4 = x8)q
Then, the optimal royalty rate is
~[1 / — / _ _OB
r=-q1G(1—q—xp)xp—qLG (1 —q— xB)qe—-
B

I is rewritten as

The first order condition for Firm C, (3b), withxc = gandr =7
(qn —qL)G(1 = §) +q.G( =G —xp) — [(qu — q)G'(1 = @) (3)

+q1G'(1—q—xp)lg—c+q.G'(1—q—xp)xp
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OB
O
(6) and (8) are the same. Therefore, two cases are equivalent.

+q1G'(1-q—xp)g— =0.

2. ¢! with g = x4 + xc is
9" =l(gn — q1)G(1 — §) + qL.G(1 — § — xp)1g — c(xa) — c(xc)
—(qLG(1 —q — xp—)xp —c(xp)).
@' with § = xc is written as
¢ =llgn —q)G(1 =) +qLG(1 — § — xp)1g — (@)
—(qLG(1 —q — xp—)xp — c¢(xB))
= + c(xa) + c(xc) — c(xa + xc)-

If the cost function is strictly convex,

X X X
c(xe) < —X_¢(xa 4+ x0) + (1 - 7C) c(0) = —5 c(xa + x0),
XA+ xc XA +Xxc XA+ Xxc
X X X
c(xa) < —2—c(xa+xc) + <1 — 7A> c(0) = —2—c(xa + xc).
XA+ xc XA +xc XA+ xc
Then,

c(xa) +clxe) < c(xa +xc).
This means that separation of production between two firms is more efficient than con-
centration to one firm.

This property of the cost function is called strict super-additivity. The

strict convexity of the cost function with zero fixed cost implies strict

super-additivity.
Thus, when x4 + xc in the case of entry with a license and x¢ in the case of license
without entry are equal, ¢¢! is larger than @', and the maximum value of ¢¢! is larger
than the maximum value of ¢'!. Hence, threat of entry by two-step auction is credible.

3. Similarly to the case of strictly convex cost function, if the cost function is strictly
concave, we find
c(xa) +clxc) > c(xa +xc).
This means that concentration of production to one firm is more efficient than separation
between two firms.

This property of the cost function is called strict sub-additivity. The strict
concavity of the cost function with zero fixed cost implies strict sub-
additivity.
Thus, when x4 + xc in the case of entry with a license and x¢ in the case of license
without entry are equal, @'! is larger than ¢!, and the maximum value of ¢'! is larger
than the maximum value of ¢¢!. Hence, two-step auction is not credible. U
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7. THE OPTIMAL STRATEGIES: AN EXAMPLE

Analyses of optimal strategies in general distribution and cost functions case seems
to be complicated. We will consider an example. We assume that p = F(6) has
a uniform distribution. Then, p = 0, 0 = G(p) = p, F'(#) = G'(p) = 1 and
F"(0) = G"(p) = 0. We consider a case of convex cost function. The cost function
of the firms is c(x;) = %quiZ,i = A, B,C. Denote gy = tqr, t > 1. We present
summaries of the calculation results.

License to one firm without entry not using two-step auction case: The optimal roy-

alty rate and the total payoff of Firm A are
=1t o,
3
qr (91> — 6t —2)
123t + 1)
Licenses to two firms without entry not using two-step auction case: The optimal
royalty rate and the total payoff of Firm A are

Flxe + I =

72 qrt’
4t + 1
qr(108¢* 4+ 3613 — 452 — 281 — 4)
123t + 124t + 1)
Entry without license case: The profit of Firm A is
oo _ 4L~ D22t + 1)
A 2(4t 4+ 1)2
Entry with license to one firm case: The optimal royalty rate and the total payoff of
Firm A are

> 0,

F2(xp +xc) + L1? =

o1 _ gL+ 12O — 12t — 1)

L TG+ )G 124 )

qr9r* + 303 — 82 — 141 — 1)
4GBt + D@2+ 12t + 1)

7_[1841 +f€1xC + Lel —

Ifl<t< @,wehavefe1 < 0.

Entry with licenses to two firms case: The optimal royalty rate and the total payoff of
Firm A are

FeZ _ 2th2(t + 1)2

= >
Qt+1)QRt2+61+1)
7 + 72 (xp + xc) + 2L

_ qL
T4+ DB+ D22 + 61 + 1)(312 4+ 121 +

+ 2536817 + 14805:° — 331817 — 7781t* — 36601> — 7771> — 781 — 3).

’

7 (3241'0 4 3672¢° + 149043
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XqL

0.02 - bl

V341
2

Figure 1. Optimal strategy for Firm A when ¢t >

License to one firm without entry using two-step auction case: The optimal royalty

rate and the total payoff of Firm A are
Al _(JL(3f -1

—_ El

36t + 1)

All 211 qL 8 7 6
i = 2016¢8 + 2284217 + 443071
rxct T ES IS SIS * +

— 74521 — 23031¢* — 88381> — 137112 — 1201 — 5).

Licenses to two firms without entry using two-step auction case: The optimal roy-
alty rate and the total payoff of Firm A are

2
p2 _ ALt
4t + 1
Al2 712 qr ’ ’ °
22— 324¢ 2700t + 6345¢
7o +x0)t 2GR DEE Tz r o !

+24541° — 1761¢* — 172813 — 5211% — 661 — 3).

Comparing ¢! +7¢'xc + L¢! and #'xc + L',

el | zel Fel _ (zll 7l1 gLt — (57 + 1)
il - i =
Ta FIXC A Cxe+ L) = Darr e 1+ 1)

Therefore, threat of entry by two-step auction is credible. About this example we get
the following results.

1. Ift > @(% 1.366), licenses to two firms without entry strategy is optimal for
Firm A. Please see Figure 1. In this figure
Y1 = ;;l2(xB 4+ xc) + 202 — (,;lGC + Z“),
Y = flz(xB + xc) + 2ER (7!21 + 761)6(1 + I:el),
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Figure 2. Optimal strategy for Firm A when 1 < ¢ < @
Y3 = flz(xB +xc) + 2012 — (7122 + fez(xB + xc) + 2Le2),
Y =2 (xp + xc) +2L7 — 7.

2.Ifl <t < ¢§2+1 , entry with licenses to two firms strategy is optimal for Firm A.

Please see Figure 2. In this figure
0 = n’f‘z -+ er(xB + xc) + afe (flGC + i“),
o =l + 7% (xp +xc) +2L7 — (w5 +7'xc + L),
g3 = w2 + 7% (xp + x¢) + 2L7 — (7 (xp + xc) + 2L,

¢4 =2 +72(xp + xc) + 2L — 7.

8. CONCLUDING REMARK

We have analyzed the choice of options for the innovating firm under oligopoly with
vertical product differentiation to enter the market with or without licensing its technol-
ogy for producing a higher quality good to the incumbent firm, or to license its technol-
ogy without entry using a combination of a royalty per output and a fixed license fee.
We have shown that the results depend on the form of the cost function. Analyses of op-
timal strategies in general distribution and cost functions case seems to be complicated.
It is the theme of the future research.

APPENDICES

A. DETAILED ANALYSIS OF DEMAND FUNCTIONS

If a consumer with taste parameter £ buys one unit of a good of quality k at price p,
his utility is equal to y — p + &k. Let &y be the value of & for which the correspond-
ing consumer is indifferent between buying nothing and buying the high-quality good.
Then,
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PH
§o=—.
qH
Let &1 be the value of £ for which the corresponding consumer is indifferent between
buying nothing and buying the low-quality good. Then,
PL
&L= —.
qL
Let £y be the value of & for which the corresponding consumer is indifferent between
buying the low-quality good and buying the high-quality good. Then
PH — PL
H=—""".
qH — 4L
We find

£ = (9H —q1)éH + CILéL'
qH
Therefore, &, > &y > &p orép > &y > &1
For§ > (<)éL,
y—pL+&qL > (Qy.
For & > (<)o,
y—pa+&qu > (<)y.
For & > (<)égq,
y—pH+&qu > (<)y — pL +&qL.
A.l. License to one firm without entry case
In this case Firm C produces the high-quality good, and Firm B produces the low-
quality good. Let xy be the demand for the high-quality good and x; be the demand
for the low-quality good. Then, we get
1. When pg > gy (§0 > 1) and pr > g1 (§2 > 1), we have xy = 0 and x; = 0.
2. When pg < g (50 < 1) and pp > 5—ZqL (&L = & = &p), we have xg =
1 — F(&) and x; = 0.
3. When py, <qr (52 < 1), pu > Z—EQH (6n > &0 > &) and pp—pL > qu—qL
(kg = 1),wehavexy =0and xy =1 — F(&).
4. When pr, <qr (&L < 1), pu > Z—'ZPL (n > &0 > &) and py—prL < qH—qL
(6 < 1),wehave xp, = F(§g) — F(§r) and xg = 1 — F(§p).
From this demand function we obtain the inverse demand function as follows.
1. When xg > 0 and x; > 0, we have pg = (gg — qr.)G(1 — xpg) + qrG(1 —
XH — xL) and pL = qLG(l — XH — )CL).
2. When xg > 0 and x; = 0, we have py = quG(1 — xy) and p;p = q. G(1 —
xH).
3. When xg = 0 and x; > 0, we have pyg = gqu — qr + q1G(1 — x1) and
pL=qrG( —xg).
4. When xg = 0 and x; =0, we have py = gy and pr = qr.
This is a continuously differentiable inverse demand function with the domain 0 <
xg <land 0 < xy < 1. Wehave xyg = xc and x; = xp.
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A.2. Entry with license to one firm case

In this case Firms A and C produce the high-quality good, and Firm B produces the
low-quality good. The inverse demand function is the same as that in Case A.l with
Xg = xa +xc and x; = xp.

A.3.  Entry without license case

In this case Firm A produces the high-quality good, and Firms B and C produce the
low-quality good. The inverse demand function is the same as that in Case A.1 with
xg =xaand x;, = xg + xc.

A.4. Licenses to two firms without entry case
In this case Firms B and C produce the high-quality good. Let xg be the demand for

the high-quality good. Then, we get

1. When py > gu (§0 > 1), we have xg = 0.

2. When pg < qu (é0 < 1), wehave xg = 1 — F(&)).
Then, the inverse demand function is described as follows.

1. When xg > 0, we have py = guG(1 — xpg).

2. When xy = 0, we have py = qp.
This is a continuously differentiable inverse demand function with the domain 0 <
xg < 1. We have xg = xg + xc.

A.5. Licenses to two firms with entry case
In this case all firms produce the high-quality good. Let xyz = x4 + xp + xc. The
inverse demand function is the same as that in Case A.4.

B. DETAILS ABOUT %a, @b onp e

s < IN SECTION 4.2.

Differentiating (1a), (1b) and (1¢) with respect to r, we obtain
dxs  oapop —oactp dxp _oacop —opla dxc  0a0p —oapop
dr A
where

dr A

dr A

’ ;) )

9% 4
04 = 9 =2[(qn —qrL)G' (1 = x4 — x¢) + q1.G' (1 — x4 — xp — x¢)]

2
A
+ (g —qr)G" (1 — x4 —x¢) + qLG" (1 — x4 — xp — x¢)1xa — " (xa),

827[3 1 ” ”
Op = e —qL26° (1 —xp —xp —xc) =G (1 — x4 —xp —xc)xp]l — ¢ (xp),

B

327Tc , ,

bOc = L o —2[(gn —qL)G (1 —xa —xc) +qLG (1 —xa — xp — x¢)]
c
+ (g — qL)G" (1 — x4 — x¢) + qrG" (1 — x4 — xp — x¢)Ixc — "' (x¢),
9274
OAB = =—q1G'(1 —xp—xp —x¢) +qrLG"(1 —xp — X — XC)XA,

0XAXB
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327'[,4 , /
OAC = =—(qn —qL)G' (1 = x4 —xc) +q.G' (1 —xp — xp — xC)
BxAxc

+[(qr — q)G"(1 —xa —x¢) + q1.G"(1 — x4 — xp — x¢)x4,

327[3 327'[3

o= = =—q1G'(1 —x4 —xp —x¢) +q1.G"(1 — x4 — xp — xC)xB,
0XBXA OXBXC
327TC / /
oca = =—(qn —qL)G' (1 = x4 —xc) +q1.G' (1 —xp — xp — xC)
BxCxA

+[(qr — q)G"(1 —xa —x¢) + q1.G"(1 — x4 — xp — x¢)Ixc,

32716 / ”
ocB = =—qrLG(1 —xa—xp —xc) +qLG" (1 —xa — xp — xc)xc,
dXcXp
A" = 0406c — 0a0pocE — OBoACOCA — OCOABOB + OACOBOCB + OABOBOCA.
By the second order conditions, 04 < 0, p < 0, ¢ < 0. From the stability conditions
for oligopoly (Seade (1980) and Dixit (1986)) A" < 0. We assume that the absolute
values of 64, Op and O¢ are larger than those of ¢’s, and the magnitudes of o4p5 and

oAc are similar. Then, we have d;—f < 0. If the goods are strategic substitutes, o’s are

negative and ddLrA and ddx—rB are positive. If the goods are strategic complements, o’s are

L dxA de >3
positive and 74 and <72 are negative.
C. DETAILS ABOUT 4%, &% ANp 2% [N SECTION 4.3.

Differentiating (2a), (2b) and (2¢) with respect to r, we obtain
dxa _oalop —0p+oc —bc)

- s

dr A
dxp _ 0A0c —Oa0p +040B — 0AOC
dr A ’
dxc _ 040p — 0p0c +0A0C — OACB
dr A ’
where
04 = —2quG' (1 —xa —xp —x¢) + quG"(1 — x4 — xp — xc)x4 — " (x4),
0p = —2quG'(1 —xa —xp —xc) +quG"(1 —xa — xp — xc)xp — " (xB),
0c = —2quG'(1 —xa —xp —x¢) +quG"(1 —xa — xp — xc)xc — ' (x¢),
o4 =—quG'(1 —xa —xp —x¢) +quG" (1 —xs — xp — xC)x4,
op=—quG'(1 —xp —xp —x¢c) +quG" (1 — x4 — xp — xC)xB,
oc =—quG'(1 —xp —xp —x¢) +quG" (1 —xa — xp — x¢)xc,

A = 040p0c — Opopoc — Oposoc — Ocoaop + oaopoc.
By the second order conditions, 04 < 0, 6p < 0, 8c < 0. From the stability conditions
for oligopoly (Seade (1980) and Dixit (1986)) A < 0. We assume that the absolute
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values of 64, 6p and 6¢ are larger than those of o4, op and oc, and that the magnitudes

of o’s are similar. We have d;—f < Oand d;—f < 0. If the goods are strategic substitutes,

o’s are negative and d;—r’* is positive. If the goods are strategic complements, o’s are
positive and df—r" is negative.

D. PROOF OF LEMMA 1.

We assume
G(1—xa—xc) —G'(1 —xq4 —xc)xa > 0, 9
The first order condition for Firm A, (1a), means
(g —qL)[G(1 —xa —x¢) — G'(1 — xp — x¢)x4] (10)

+qrLlG(l —xs —xp —x¢) — G'(1 —xa —xp — xc)xa]l = ¢’ (x4) > 0.
Thus, (9) will hold. For example, if p has a uniform distribution, from (10)
gr(1 —2x4 —xc) = qrxp + ¢’ (x4) > 0.
Then, we get
G(l—x4 —xc)—G (1 —x4—xc)xa=1—-2x4 —xc > 0.
Assume that x4 = xp and (1b) is satisfied. Then,
qrG(1 —xa —xp —x¢) —qLG' (1 —xp — xp — x¢)xa = ¢'(xa).
Substituting this into the left hand side of (1a), we get
0T A
— =(qn —q)[G( —xa — x¢) — G'(1 — xp — xc)xal.
3)6,4
By (9) this is positive. Therefore, x4 > xp. If (1a) is satisfied, x4 = xc and r < 0,
then the left hand side of (1c¢) is nonnegative. Thus, when » < 0, we have x¢ > x4 and
Xc > XB.
We can show the following results.

1. If the goods are strategic complements, then the optimal royalty rate is positive.
2. If the goods are strategic substitutes, then the optimal royalty rate may be posi-
tive or negative.

Proof. 1. If the goods are strategic complements, ddir*‘, d;—rB and d;—f are all neg-
ative. Then,
dy®! dxc dxa dxc
=r—— — — G'(1 —xs— -2 -
ar |, s (g —qrL)G (1 — x4 — x¢) | xc 5 T4 I

—qrG' (1 — x4 — xp — x¢)
dx dx dx
X | (x¢c — XB)—A + (x4 — XB)—C + (x4 +xc)—B > 0,
dr dr dr

because x4 —xp > 0, xc —xp > 0 and x4 +xc > 0. Thus, the optimal royalty
rate is positive.
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2. If the goods are strategic substitutes, d;—r“ > 0, d;_rs > 0 and ddch < 0. Then,
since xcddLrA > 0, xAd;—rC < 0, (xc — xg)ddirf‘ > 0, (xqg — xg)”l;—rc < 0 and
dxp

(xa + x¢)=7> > 0, the optimal royalty rate may be positive or negative.
O
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