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Abstract:  We study implications of the choice of strategic variables, price or quantity,
by firms in a duopoly with differentiated goods in which each firm maximizes its rela-
tive profit. We consider general demand and cost functions, and show that the choice of
strategic variables is irrelevant in the sense that the conditions of relative profit maxi-
mization for the firms are the same in all situations, and so any combination of strategy
choice by the firms constitutes a sub-game perfect equilibrium in a two stage game such
that in the first stage the firms choose their strategic variables and in the second stage
they determine the values of their strategic variables. We define the relative profit of a
firm as the ratio of its profit over the total profit. But, even if we define the relative profit
of a firm as the difference between the profits of firms, we can show the same result.
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1. INTRODUCTION

We study implications of the choice of strategic variables, price or quantity, by firms
in a duopoly with differentiated goods in which each firm maximizes its relative profit.
We consider general demand and cost functions, and show that the choice of strategic
variables is irrelevant in the sense that the conditions of relative profit maximization
for the firms are the same in all situations, and so any combination of strategy choice
by the firms constitutes a sub-game perfect equilibrium in a two stage game such that
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in the first stage the firms choose their strategic variables and in the second stage they
determine the values of their strategic variables. We define the relative profit of a firm as
the ratio of its profit over the total profit (ratio case). But, even if we define the relative
profit of a firm as the difference between the profits of firms (difference case), we can
show the same result.

In another paper, Tanaka (2013), we have shown a similar result in the difference
case with a simple model in which demand functions are symmetric and linear, firms
have the same cost functions and their marginal costs are constant. This paper extends
this result to a case of general demand and cost functions, and we consider the ratio case
instead of the difference case.'

In recent years, maximizing relative profit instead of absolute profit has aroused the
interest of economists. Please see Gibbons and Murphy (1990), Lu (2011), Matsumura,
Matsushima and Cato (2013), Miller and Pazgal (2001), Vega-Redondo (1997), Schaf-
fer (1989) and Satoh and Tanaka (2013).2

In Vega-Redondo (1997), it is argued that, in a homogeneous good case, if firms
maximize their relative profits, a competitive equilibrium can be induced. But in the
case of differentiated goods, the result under relative profit maximization is different
from the competitive result.

Miller and Pazgal (2001) has shown the equivalence of price strategy and quantity
strategy in a delegation game when owners of firms control managers of firms seek
to maximize an appropriate combination of absolute and relative profits. But in their
analyses owners of firms themselves still seek to maximize absolute profits of their
firms. On the other hand, in this paper we do not consider a delegation problem, and we
assume that firms, or owners of firms, seek to maximize their relative profits.

We believe that seeking relative profit or utility is based on human nature. Even
if a person earns a large salary and if their brother/sister or close friend earns more,
then they are not sufficiently happy and may be disappointed. In contrast, even if a
person is very poor and if their neighbor has even less, then they may be consoled
by that fact. Our interpretation is related to the classical relative income hypothesis
of consumption theory by Duesenberry (1949), which states that the satisfaction (or
utility) an individual derives from a given consumption level depends on its relative
magnitude in the society, for example, relative to the average consumption, rather than
its absolute level. In addition, firms not only seek to improve their own performance but
also to outperform rival firms in the industry. The TV audience-ratings race and market
share competition by breweries, automobile manufacturers, convenience store chains,
and mobile-phone carriers (especially in Japan) are examples of such firm behavior.

! In Tanaka (2014) we analyzed a Stackelberg model of duopoly under relative profit maximization, and
have shown that the equilibrium output and price of the good of the leader and those of the follower are equal,
that is, the role of leader or follower is irrelevant to the equilibrium,

2 1n Matsumura, Matsushima and Cato (2013) and Satoh and Tanaka (2013) it is assumed that each firm
maximizes the weighted sum of its absolute and relative profits. In such a case, however, the equivalence of
quantity-quantity competition, price-quantity competition, quantity-price competition and price-price compe-
tition does not hold. It holds under pure relative profit maximization.
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In the next section we mention some related literature. In Section 3 we present the
model of this paper. In Section 4 we investigate the relationship between inverse and
ordinary demand functions. In Section 5 we analyze the choice of strategic variables in
a duopoly under relative profit maximization. In Section 6 we mention the relationship
between the difference case and the ratio case.

2. RELATION TO THE PREVIOUS STUDIES

There are many studies about the choice of strategic variables in a duopoly under
absolute profit maximization. The most famous paper is Singh and Vives (1984). They
showed that in a differentiated duopoly if the goods are substitutes (complements), it is
a dominant strategy for each firm to choose the quantity (price) as a strategic variable.
Using a geometric analysis of a duopoly Cheng (1985) showed that if the goods are sub-
stitutes (complements), Cournot equilibrium prices (quantities) are higher than Bertrand
equilibrium prices (quantities), and a quantity (price) strategy dominates a price (quan-
tity) strategy. Tasnadi (2006) formulated a model in which firms endogenously choose
strategic variables in an oligopoly where they produce homogeneous goods under ca-
pacity constraints, and showed that every firm chooses the quantity in the equilibrium.
Reisinger and Ressner (2009) analyzed a duopoly model with stochastic demand in
which firms first commit to a strategic variable and compete afterwards, and showed
that firms set prices if uncertainty is high compared to the degree of substitutability and
quantities if the reverse holds true. Matsumura and Ogawa (2012) analyzed the endoge-
nous choice of a price or a quantity contract in a mixed duopoly with a public firm, and
showed that choosing the price contract is a dominant strategy for both firms, whether
the goods are substitutes or complements. Tanaka (2001a) analyzed an oligopoly with
differentiated goods, and showed that quantity strategy is the best response for each
firm when all other firms choose a price strategy; thus the Bertrand equilibrium does
not constitute a sub-game perfect equilibrium in a two-stage game such that in the first
stage firms choose strategic variables and in the second stage they determine the levels
of their strategic variables. A quantity strategy is also the best response for each firm
when all other firms choose a quantity strategy; therefore the Cournot equilibrium con-
stitutes a sub-game perfect equilibrium. Tanaka (2001b) analyzed a duopoly in which
the products of the firms are vertically differentiated, that is, there are a high quality
firm and a low quality firm, and showed that if the goods are substitutes, a quantity
strategy dominates a price strategy for both firms. These studies are conducted under
the assumption of absolute profit maximization.

Klemperer and Meyer (1986) presented a model where price-quantity choice does
not matter. This result is the same as ours. However, they analyzed a one-stage game in
which firms simultaneously determine strategic variables and the levels of their strategic
variables. On the other hand, other works mentioned above analyzed a two-stage game
in which firms determine their strategic variables in the first stage, and determine the
levels of their strategic variables in the second stage. The model of this paper is also a
two-stage game.
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3. THE MODEL

There are two firms, A and B. They produce differentiated (substitutable or comple-
mentary) goods. The outputs of Firm A and B are denoted by x4 and x g, the prices of
the goods of Firm A and B are p4 and pp. The inverse demand functions of the goods
produced by the firms are

pA = pa(xa,xg), and pp = pp(xa,Xxp). (1)
From these inverse demand functions the ordinary demand functions are derived as
follows.
xa =xa(pa, pp), and xp = xg(pa, PB) -
We have
% <0, and a‘lﬁ <0.
0x4 oxp
We assume that the effect of a change in the output of a good on its price is larger than
the effect on the price of another good. Then,

IpA - dpp| |9pa - pa| |ops - opa| |dpm pB
dxa axal’ |0xa dxg| |dxg axg| |dxg dxal’
and, we have

dpa dpp  dpa dpp -0
dxp 0xgp  Oxp 0xa

4, RELATIONS BETWEEN INVERSE DEMAND FUNCTIONS AND
ORDINARY DEMAND FUNCTIONS

Let us investigate the relations between the inverse demand functions and the ordinary
demand functions.

First consider a case where the strategic variables of the firms are the prices. Differ-
entiating (1) with respect to p4 given pp yields

apa 0xq  Opa dxp dpp dxq4  dpp dxp
=——t——, ad = ———  ——.
dxq dpa  Oxp Opa oxa dpa  Oxp Opa
From these equations we get
dpp dpp
dxA dxp dxp xa
— = , and — = — : (2)
dpa  dpadps _ 3padpp pa 9pa 3pp _ 3pa 3pp
Bx;. aXB 813 31_4 a.r,\ axB 3.‘(3 Bx;.

Similarly, differentiating (1) with respect to pg given pa, we obtain

dxp g% 0xa g%

— = , and — = — . (3)
apa Ip apa 0 apa 0 apa 0,
w o EmE-EE T T RE-RE
We have 9 9
b’ <0, and k. < 0.
Ipa opp

If the goods of Firm A and Firm B are substitutes, then
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d d a a:
ﬁ40,240,£>0 ndﬁb»[).
0xp dxa apa app

On the other hand, if they are complements, then
ad a a> a;
ﬁ>0 ﬂ>0,£{0, andﬁ{O‘
axp dxa apa opB

Also we have
dxg dxp dxa Oxpg

apadps  9ps Opa
Next consider a case where the strategic variable of one firm is the price and that
of the other firm is the quantity (output). Assume that Firm A determines the price of
its good and Firm B determines its output. The inverse demand function for Firm B is
written as follows.
P8 = pB(xa(pa, pB), XB) . (4)
Differentiating (4) with respect to pa given xp, we get

app apg 0xa i dpg dxa dpp 1 3;)3 ﬂr,q
[l o e s = aps ox ’
Ipa dx4 Opa  Oxa Opp Opa = 3% o4 Br,q Bp,q

From (3) we have

1
dpg dx Apa Ip
"~ xa Ops x4 dxp
Thus, using (2),
dpp
B _ 3xs
~dpa
Ipa 5o
On the other hand, the ordinary demand function of the good of Firm A is written as

(5)

xA =xA(pa, pB(xa, xB)). (6)
Differentiating (6) with respect to xp given p4, and using (3) we get

3
x4 _ dxp dpp  0xa dpp 0x4 _ 1 dxas dpp _ 5% o
dxp dpp dxp  Odpp dxa 0xp ] — g%% dpp dxp g% ’
Differentiating (4) with respect to xg given p4, and using (7) we obtain
apa @
dps _ Ops  Oppdxa _ OpB  Gxpdvs )
dxp Odxg 0xadxp Oxp dpa
x4
Differentiating (6) with respect to p4 given xp, and using (2), (3) and (5) we obtain
dx,q 31',4 dxa dpp
a'p,q Bp,a, dpp Opa
s dpa s |
o dxp _ dxg Oxq (9)
" Opadps _ padps dpadps _ padps | dpa T dpa’
dxq dxp dxg 0xa dxa dxg dxg 0xa dxa dxa
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Similarly in the case where Firm A’s strategic variable is the quantity and Firm B’s
strategic variable is the price,

324 325 323 aE;\
HPA _ dxpg 3x3 _ dx g dPA _ 3PA _ dxa dxg A de _ 1
T s 9xy B dxy 0 app " dps
app e 0x4 r dxa dxa s dpgp T

5. CHOICE OF STRATEGIC VARIABLES UNDER RELATIVE PROFIT MAXIMIZATION

In this section we analyze the choice of strategic variables by the firms. We define the
relative profit of each firm as the ratio of its absolute profit over the total absolute profit
of two firms. However, when we define the relative profits as the difference between the
profits of the firms, we can show the same result.

5.1.  Quantity-quantity conpetition
Let denote the absolute profits of Firm A and B, respectively, by 74 and 7. Then,

TA = PA(XA, XB)XA — ca(XA),
and
mg = pgl(xa,xp)xp —cplxp).
The relative profits of Firm A and Firm B are denoted by ® 4 and ® g. They are written
as follows,
s s
CDAZ—A, and CDB:—B.
A+ 7R A+ 7B
Firm A determines x4 so as to maximize ® 4. The condition for maximization of ® 4 is
written as follows,
Ama dmy  Omp
—— (g +7ag)—ma|l——+ — | =0.
0xa dxa dxa
This is rewritten as

0 omp 0
—napg—nma— =0.
axa £ a x4
Similarly the condition for maximization of ®p is
anp ama
—7g —Apg—— =
dxp A B dxp
Then, we have
a a
(p,q—c:,‘-l—.mﬁ)ﬂg—x_gﬁng ~0, (10)
x4 dxz

and 5 g
pg—c’};—i—xgﬂ J"I'A—IAﬁJ‘TB:O. (1)
dxp dxp
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5.2.  Price-quantity competition

Assume that Firm A chooses the price of its good as a strategic variable, and Firm B
chooses the output as a strategic variable. In this case the absolute profits of Firm A and
B are written as follows,

TA = pAXA(pA. PB(XxA.XB)) —ca(xa(pa. pB(xA.XB)),
and
g = pp(xa(pa. pp(xa.xp)). Xp)xgp —cp(xp).
The relative profit of Firm A and that of Firm B, which are denoted by ® 4 and ® g, are
also written as follows,
ri 4
GDA:—A, and op = ——.
wA+ 7R A+ TR
Firm A determines p4 so as to maximize ® 4 given xp. The condition for maximization
of ® 4 is written as follows.

B

ar o ar
TAma+7p) —ma | = + =2 ) =o0.
apa apa  Opa
This is rewritten as
dma dmg

B—TMAT—

apa apa

Firm B determines x g so as to maximize ® g given pa. The condition for maximization
of &g is

dmpg dma 0
—— A —Ap—— =
8,\‘3 A Ba B
Then, we have
dx ap
|:x,q + (pa — ("A)—A} TR — ﬁxgr.r,; =0, (12)
dpa OpA
and
dpgp x4
(PB‘T’-YBE—C;;) J‘TA—(PA—C;;)mFB=O- (13)

From (5) and (9), we rewrite (12) as follows.

1 v
|:_m + (pa — C:ﬂﬁ] g — axI:ngrA =0.
ax,q,

ax;.
Thus, the following equation is derived.
pa ops
(am + pa— L‘i’;) g — E-rsm =0. (14)
This is the same as (10) which is the condition of relative profit maximization for Firm

A in the case of quantity-quantity competition.
From (7) and (8), we rewrite (13) as follows.

TR 2 o
Xp 0XA J A XRB —
|:hg+(—axg ~ oo )«\'B_CB} mA+ (pa —cp) 578 =0. (15)
dxa dxg
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From (14)

A Opp pa
Yp— ——XA.

’
PA—Cp=——7—2XB
A TR 0XA 0x4

Substituting this into (15),

a A a B a A
s e 4 A OpB pa e -~
P+ | —— Xp—cg|mAa+|—7—xXBp— —XA|7—TB =

dxpg pa g XA axa
dxa

Then, the following equation is derived.

d 9
p — g+ L2 xp | ma — Phxamp =0. (16)
x4 dxpg

This is the same as (11) which is the condition of relative profit maximization for Firm
B in the case of quantity-quantity competition.

These results mean that quantity-quantity competition and price-quantity competition
are equivalent,

5.3.  Quantity-price competition

Assume that Firm B chooses the price of its good as a strategic variable, and Firm A
chooses the output as a strategic variable. In this case Firm B determines the price of
its good given the output of Firm A, and Firm A determines its output given the price
of the good of Firm B. Interchanging A with B, by the same methods as those in the
previous subsection we can show that quantity-quantity competition and quantity-price
competition are equivalent,

5.4. Price-price competition

Assume that both firms choose the prices of their goods as their strategic variables.
The relative profits of Firm A and B are

= TA paxa(pa,pp)—ca(xa(pa,pgs))

matng  paxa(pa.ps)—ca(xa(pa,pp))+pexs(pa.p)—cB(xp(pa.pB))
and

g pexg(pa.pp)—cp(xp(pa,pB))
P ratns pBXB(pa.pB)—cB(xB(pA.PB))+PAXA(PA.PB) — cA(XB(PA.PB))
Firm A determines p4 so as to maximize ® 4. The condition for maximization of & 4
is written as follows.

am am am
—A(Jf,q+?rs)—fu —A+—B =0.
apa dpa  pa

This is rewritten as

0mA omp 0

—np—T =0.

apa B 4 apa
Similarly the condition for maximization of ®p is

dmp ama

——apa —ap— = 0.

ps ps

Then, we have
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0Xx 4 oxg
-m+(p,4—c’)—} ng + (pp—cp)—ma =0, (17)
[ A apa 8 apa
and 3 3
XB XA
[xsw“(ﬁs—cfg)mTB] HA‘?’(PA—C:‘)&!TB?TB:O- (18)
By some calculations (see Appendix) we get for Firm A
apa dpp
(x,qm + pa — ch) np = Xpy A= 0.

This is the same as (10) which is the condition of relative profit maximization for Firm
A in the case of quantity-quantity competition,
And for Firm B we get

apB ’ apa
P o) - Sl . S
(rg o1 + pp—Cg ) ma—xa oxs B

This is the same as (11) which is the condition of relative profit maximization for Firm
B in the case of quantity-quantity competition.
We have shown the following result.

THEOREM 1. In a duopoly with differentiated goods, whether the goods are sub-
stitutes or complements, quantity-quantity competition, price-quantity competition,
quantity-price competition and price-price competition are all equivalent under rela-
tive profit maximization.

Theorem 1 means that price and output as strategic variables in the first stage are
indifferent for both firms. Thus we can conclude

THEOREM 2. In a duopoly under relative profit maximization, whether the goods
are substitutes or complements, any combination of the choice of strategic variables by
two firms is a sub-game perfect equilibrium of the two stage game such that in the first
stage the firms choose their strategic variables and in the second stage they determine
the values of their strategic variables.

6. NOTE ON THE DIFFERENCE CASE

In the difference case, in which the relative profit of a firm is defined as the difference
between the profits of firms, the conditions of relative profit maximization for Firm A
and B, for example, in the case of quantity-quantity competition are

n —(f-+r Qﬁi —x aEE__
PA A XA 3XA B axA 3
and " 5
’ PB PA
- — | =—xa—— =0.
(Ps Cg T XB HIB) XA oxp
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Comparing them with (10) and (11), if 74 = 7, the difference case and the ratio case
are equivalent. But , if 4 # mp, they are not equivalent. In the difference case as
well as the ratio case, however, we can show the irrelevance of the choice of strategic
variables.

7. CONCLUSION

We have shown that in an asymmetric duopoly with differentiated goods under rela-
tive profit maximization the choice of strategic variables is irrelevant in the sense that
the conditions of relative profit maximization for the firms are the same in all situa-
tions. This result can be extended to a symmetric oligopoly in which all firms have the
same cost function and demand functions are symmetric. In an asymmetric oligopoly,
however, it may fail. It is a future issue.
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APPENDIX: CALCULATION OF PRICE-PRICE COMPETITION

Substituting (2) into (17) yields

- s 1 dps
dxg 7 dxa _
Xa+(pa— ':"‘)j_)_ ates |72 T PB =B o as  paopr A0
dxq Oxpg dxg dxq J dxa dxp dxpg x4
Simllarly substituting (3) into (18) yields
r pa a apa
I XA i XB
xg+(pB—cp)ly— 3= | A+ (pa —cy) np =
Adpp _ 9pa dpB dpa dpp _ Ipa dpp
i e il ot i Tk ol s

Rearranging the terms of these equations,

(%M_%@

dpp dpp
_¢',)PB ¢y PB L —0, (19
dx4 0xp i Hx;l)ﬂs + (pa LA)&.YB mg+(ps cg)am TA (19)

and
dpa dpp  Opa Hpg)
S o Bod ) — =0. (20

(au dxp Oxp dx A+ (P LB) ,a,m‘ T (P4 = LA) BKB (20)
From (20)

) _(_"' —_; () _C'F)BID_A}T +x BIEJ_A%_BID_A@ m

Ps B %PA:'TA PA 4 dxg B B dxs dxg  dxp 0xa Al

XA

Substituting this into (19), and multiplying g%i- to both sides, we obtain
dpa (dpadps  dpa dps +( A
== A — Cyp)TT
3\‘,1 37(3 37(3 8.\‘ PA A Bax,g 3\‘,1

— (pa—cymglbBdra _ 28 %M_B_HP_W_B)ﬂ
pa 4 dxaq 0xg  O0xp 0x4 '

dpp Opa

0xs 0xp a 0x4

Then, since 522 572 — 375 35, > 0> we get

Similarly from (19)

;o 1 ;. 0pB dpa dpp  dpa dpp
pa—cp=—5—"|(pPB —(.B}mng +xal\lm———-—7——)7B]|.

B
5%”3 dxa 0xg dxg 0xa

Substituting this into (20), and multiplying %% to both sides, we obtain

XBT Aap_g (BPA SP_B - 3,U_Aa,t)_8) + (pp — (,B)J'{AapA Ops
dxp \Oxp dxp  Oxp Ox dxp 0xp
; dpa Opp ﬂp,; dpa dpp  Opa dpp
_(pg CB]HAEE—XA axg (mm—mm)zo

Then, we get

B pa
(ng + pB —cfg) TA— XA Anp =0.
XB dxp
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