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Abstract: It is widely accepted in the literature about the classical Cournot oligopoly
model that the loss of quasi-competitiveness is linked, in the long run as new firms enter
the market, to instability of the equilibrium. In this paper, though, we present a model in
which a stable unique symmetric equilibrium is reached for any number of oligopolists
as industry price increases with each new entry. Consequently, the suspicion that non-
quasi-competitiveness implies, in the long run, instability is proved false.
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1. INTRODUCTION

Cournot’s oligopoly classical model raises four kind of issues in the literature: the ex-
istence and uniqueness of the equilibrium, the stability of such an equilibrium, the quasi-
competitiveness of the model and, lastly, perfect competition in the limit as the number
of oligopolists increase. Under diverse general assumptions, the four questions have
been taken care of. Stability was first considered in Theocharis (1960), where it was
proved that Cournot’s equilibrium solution was stable if there are two sellers, oscillatory
if the number of sellers is three, and unstable if the number is greater than three. These
results were immediately “corrected and appraised” in McManus & Quandt (1961)
where it was shown that Theocharis’ results were very restrictive as they depended pro-
foundly on the adjustment system chosen and also because a discrete approach had been
used whose dynamics were those of a system of difference equations. Consequently, the
stability depended strongly on the coefficients. McManus & Quandt (1961) considered
a continuous adjustment system (which is the most used in the literature) where each
firm changes its production proportionally to the difference between profit maximizing
production and actual production:
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(N gi = ki(q] — qi) .
The k; (> 0) are considered the ‘speeds’ of the adjustment.

Under this adjustment system, the classical Cournot model is stable no matter the
number of firms in the industry nor the values of the speeds of the adjustment.

At the same time, Fisher (1961) analyzed also Theocharis” adjustment system and
reached the same conclusions as McManus and Quandt. Fisher commented that despite
his result, “the tendency to instability does rise with the number of sellers”, whatever
that means.

Shortly after that, Hahn (1962) undertook the question of the stability and found
a sufficient condition to establish it under the continuous adjustment system (1) of
McManus and Fisher. Hahn’s condition is general enough to be widely applicable. In
short it says that if demand (), cost (C;), and ¢*, g;° are, respectively, total production
and firm i’s production at equilibrium and

(2) —d'(¢*)+C/'(g}) > 0.

Cournot equilibrium —when it exists and is unique— is stable.

Hahn’s condition was generalized in Okuguchi (1964) who proved its validity even
if the adjustment system were not linear but simply a sign-preserving function with
respect to the difference between profit maximizing production and actual one.

The existence of Cournot equilibrium has been proved under very varied conditions.
The most cited reference is perhaps Frank Jr. & Quandt (1963) (though existence had
already been proved under more restrictive assumptions, see McManus (1962)). A
more recent (and more general) proof can be found in Novshek (1985) and also in
Szidarovszky & Yakowitz (1982)

Uniqueness is more difficult to prove and the number of references diminishes.
We cite Ruffin (1971), Okuguchi & Suzumura (1971) Szidarovszky & Yakowitz (1982)
and Schlee (1993). A more recent contribution is Gaudet & Salant (1991). It is impor-
tant to remark that Okuguchi & Suzumura (1971) links uniqueness of the equilibrium
with Hahn’s condition and proves that this last condition implies not only stability but
also the uniqueness of the Cournot solution.

The question of convergence to perfect competition was dealt with in Frank Jr. (1965)
or McManus (1962). The former attempted to prove that quasi-competitiveness was
sufficient for convergence and the latter questioned the relationship between these two
issues. Later Ruffin (1971) detached the question of convergence to perfect competi-
tion from quasi-competitiveness and proved that the former issue is only related to the
convexity of the cost function.

Quasi-competitiveness is at the heart of Cournot model. In fact, the mathematical
model was expected to confirm the general opinion that competition lowers prices.
This was not the case: Frank Jr. & Quandt (1963), besides proving the existence of
equilibrium, present an example of passage from monopoly to duopoly in which
quasi-competitiveness is lost, Their demand function, though, is not strictly de-
creasing., Frank Jr. (1965) gives conditions to ensure quasi-competitiveness. Later,
these conditions were thoroughly investigated by Ruffin (1971), Okuguchi (1974) and
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Szidarovszky & Yakowitz (1982). It is worth reminding that Ruffin (1971), though
mainly concerned with long-run competitive behaviour, addresses the other three is-
sues mentioned at the beginning of this introduction: quasi-competitiveness, existence
and uniqueness of equilibrium, and stability. Ruffin points out that Hahn’s condition
ensures not only stability but also quasi-competitiveness and provides an example in
which quasi-competitiveness and stability break down with a large number of firms in
the market.

In short, when an equilibrium exists, Hahn’s condition implies uniqueness of the
equilibrium, stability and quasi-competitiveness,

If Hahn'’s stability condition is violated, Ruffin (1971), p. 498 remarks:

[...] it is probable that in this case the Cournot model would be-
come dynamically unstable before the long-run equilibrium could be
attained.

Later, Seade (1980) studies new entry in a Cournot market and assuming continuity
in the number of firms, proves that “industry output unambiguously expands [...] as
entry into stable equilibria takes place”.

Fisher’s comment and Ruffin’s and Seade’s papers seemed to indicate that strong
evidence existed linking non-quasicompetitiveness and instability: If a Cournot market
is stable, a new entry cannot rise the equilibrium price and, viceversa, in a stable Cournot
market where new entries occur, there gets to a point where the new entry provokes
instability,

For a discrete number of firms, specifically from monopoly to duopoly,
de Meza (1985) noticed that a rise in price could happen without the loss of local stabil-
ity. A previous note by some of the authors of this article, Villanova et al. (2001), offers
a model very similar to de Meza’s showing that equilibrium can be reached with global
stability.

Nevertheless, the question of the rise in the industry price and stability under an
indefinite number of entries, was still open.

An important contribution was made in 2000 by Amir & Lambson (2000). These au-
thors retake the question of quasi-competitiveness for a Cournot oligopoly using lattice-
theoretic methods. Their analysis is quite illuminating and reduces greatly the condi-
tions needed to draw conclusions about the existence of Cournot equilibria and their
relation to the issue of quasi-competitiveness. The global sign of the function

=—d'(g) + C"(gi)

is the key element in their work. This is precisely Hahn’s condition mentioned before.
Essentially, Amir and Lambson’s results are the following:

(1) If A > 0, the n-poly is quasi-competitive.

(2) If A < 0, the n-poly is non-quasi-competitive.
The case in which A changes signs is what they call the hybrid case. This case is not
treated in depth,

It is worth mentioning that, in spite of the coincidence of Amir and Lambson’s A
with Hahn’s condition, stability is not mentioned in their paper. A quick calculation
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shows that the case A < 0 leads both to non-quasi-competitiveness and instability.

This confirms partly Fisher’s and Ruffin’s suspicions about the close relationship
between both questions. But only in part because the hybrid case leaves the door open
to the co-existence of non-quasi-competitiveness and a stable equilibrium. In the words
of Amir and Lambson, “[...] these cases [the hybrid ones] would be characterized
by a lack of monotonic relationship between the number of firms and the endogenous
variables of interest (per-firm output, price level)”. This is where our contribution enters
the scene showing that this is not necessarily so.

The models dealt with by these authors vary slightly in their assumptions concerning
demand and cost functions: some require differentiability, others only continuity or even
semi-continuity. Others consider increasing marginal costs, others not. Some consider
all the firms identical and others consider different costs for each firm, etc. A very good
summary of these results can be found in Okuguchi (1976) and a good reference for the
generalization to multi-product firms can be found in Okuguchi & Szidarovsky (1999).

A very good introduction to the subject is Friedman (1983). The state of the
art can be found in Daughety (2008) which updates a previous important compila-
tion, Daughety (1988). Other good summaries are Okuguchi & Szidarovsky (1999) and
Vives (2000).

In our previous work, Villanova et al. (2001), we built a model in which the pas-
sage from monopoly to duopoly caused, at equilibrium, a loss of quasi-competitiveness
keeping at the same time the stability. Obviously, the conditions of our model, though
general enough, did not go against the known results in this area. The main feature
of our model was an increasing two-piece linear cost function which was concave
throughout. Concavity was in order as the convexity of the cost function causes directly
the quasi-competitiveness of the model as had been shown in several occasions (see
Szidarovszky & Yakowitz (1982) —who prove quasi-competitiveness assuming strictly
convex cost functions— or the previously mentioned Amir & Lambson (2000)). This
result of ours showed the possibility of losing quasi-competitiveness without losing at
the same time the global stability of the equilibrium in a duopoly but could not be gen-
eralized to an r-poly with free entry maintaining the main characteristics of the model.
This has been noticed by Hoernig (2003) who studies Cournot’s comparative statics
under differentiated goods markets.

In this paper, we change the model in order to extend our results to an r-poly, where
r is any given number of firms. We prove that an oligopoly equilibrium may be non-
quasi-competitive and, at the same time, be (locally) stable under the adjustment system
given by equation (1) above. Besides, under a concave cost function, we prove that
as r increases, marginal cost and market price tend to be equal which means perfect
competition in the limit. Starting from any linear decreasing demand function we find
an increasing piecewise linear cost function with an infinite number of pieces such that
the model has the following unique features:

(i) A unique non-trivial symmetric Cournot equilibrium point exists for any number
of firms,
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Other trivial asymmetric equilibria may exist, in the sense that if a non-trivial
symmetric equilibrium exists for an r-poly, any number of entries with zero per-
firm output are also equilibria.

(i1) Industry price increases monotonically with the number of firms in the market;
that is to say, if p; denotes price at equilibrium when there are i firms competing
in the market,

Pl < pl<---< Py <:-
(iii) The successive equilibria are locally asymptotically stable.

(iv) The oligopoly is viable no matter the number of firms in the market, that is to
say, at equilibrium, profit for an individual firm is always positive.

(v) The model converges to perfect competition as the number of firms tends to
infinity; or, what amounts to the same, industry price p, tends to marginal cost
under perfect competition, which coincides with limiting marginal cost as output
tends to zero.

In section 2, after building the basic functions (demand and cost) of our model in a very
abstract way, we discuss the reaction curve and the necessary assumptions required to
achieve our results. We find the different Cournot points of our model. In section 3,
we use the parameters obtained in the previous section to determine completely the cost
function of our model. In section 4 we prove the existence and uniqueness of a sym-
metric Cournot solution as well the asymmetric ones which allow for no-output firms
in the industry. Section 5 covers the loss of quasi-competitiveness and the convergence
to perfect competition as the number of oligopolists tends to infinity. Perhaps the more
relevant feature of our model is presented in section 6 where we study the asymptotic
stability of the different equilibria under (1). The Appendix collects most of the proofs.

2. THE MODEL

We will assume the following. There are r firms in a classical Cournot market with
identical cost functions and linear demand. The demand and cost functions are:
i) Inverse linear demand function, p = a—bgq. (a, b > 0). Defined on the interval

[0, a/b].
ii) A concave continuous piecewise linear cost function with an infinite number of
pieces:
ci+dig if 5 <q <t
(3) Clg) = J. idq :_I. i—1
ca+dig if n<gq
where
—the satisfy0 < --- <y < iy <--- <113
— the ¢ satisfy ¢y > -+ > ¢; > ¢jp1 > -+ > 0

—thed;satisfy0 <dy < - - <di <diy1 <---.
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Figure 1. Cost function,

As we require the continuity of the cost function at each ¢ = t;,
(4) ¢i —Ciy1 = (dit1—di)ti, i=12,...,
We will also impose ¢; — 0. See Figure 1.
As we have already mentioned in the introduction, the non-convexity of our cost

function is necessary in order to achieve our goal since for linear demand and a convex
cost function, the classical Cournot model is quasi—competitive.

Under these assumptions, the profit function of irmk (k = 1,...,r)
is
(5) (@) = Mk (q1,....q,) = [a— b1+ +a)]a — Clan) .
If g denotes the production of the whole industry except for firm k:
(6) Gk=q1+ -+ g1 +q+1+--+qgr. k=12,.... r),

then function (5) can be written as
M (q) = Mi(ge. Go) = [a — blgr + G ] qx — Clqu) -

Displaying the different values of C(gx) and rearranging somewhat the result, we have

M Mg = Mg, = —bgi+[(a—d)—bg] g —ci if ;< Gk‘ﬁ li-1
M1 =—bg;+[(a—d)—bg]qx—c1 if 1 <gx<a/b

For our purposes, it will be convenient to modify the way of presenting function (7).
Let us define ¢{ as

a—d;
8 (‘ H—
) di 2b
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We can now write expression (7) as

©) (g = My, =-—bqgf +2b(gf —Gr/2) qx —ci if 4 < f{k. < ti-y

Mt =—ba}+2b(G§ —qx/Dar—c1 if 1 <qr <a/b.
We remark that, as d; > d;—, the qf satisfy
(10) 0<---<gfy <--<gi<---<gqji<al/2b).
The ¢ are the values of ¢ where, under monopoly (r = 1), the different parabolas that
constitute (9) have their vertexes (see Figure 2 below).

As usual in Cournot’s model, each firm maximizes its own profit considering the pro-
duction of the rest of the market, gk, constant. In our model, given g the profit function
is not concave throughout [0, @ /b]. It consists of an infinite number of parabolas, each
one defined on the corresponding interval

1. x
Mg, = —bqf +2b (qf - 54&) gr—ci it <gp<ti-y.

The vertex of this parabola is found at
2

B ] .
(11) (fff— 54k b(qf - Eq") —cs)-
Let us denote the maximum of the profit function in [#;, t;—1] as I'IF‘?". Its value will
depend on the situation of ¢{ — gi/2 with respect to the defining interval [#;, f; -1 ]:

() If t; < gf —Gx/2 < ti—1, then TP = b (¢f — ék/Z)z — ¢; (the y—ordinate of
the vertex of the parabola).

tats t2 t q

Figure 2. Monopoly profit.
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(ii) If ;-1 < qf — qx/2, then T = Tg ;i (ti—1, k).

(iii) If‘qf —qr/2 <1, then HE?* = Mg (. Gr).
The graph of I ; in each one of the previous situations is shown in Figure 3.

Thus the value (or values) of ¢ that maximize T(q) depend on g through the
corresponding reaction curve Ry:

1 if 0<gf—1d<mn
gf —3dk if t <qf — 3Gk < ti-1
(12) Rx (@) =\ L1y if fio1 < qf — 34k < qf

t if 0<gf—1g<n

| 14§ — 3d if 1 <qf—3a <af.
The inequalities above can be re-written in terms of g:
e 0 <gf —qx/2 < 1; is equivalent to 2¢{ — 2t; < gx < 2¢f;

o ti <qf —qi/2 < ti—1 is equivalent to 2¢f — 2t;—1 < g < 2q{ — 21;;
® ti-1 < gf —qx/2 < qf is equivalentto 0 < Gy < 2¢ — 2ty

e 0 <gqf —qx/2 < 1y is equivalent to 2¢{ — 211 < gk < 2qf;

e 11 <gf —Gr/2 < qf is equivalent to 0 < g < 2¢g7 — 211.
Thus, a different way of writing (12) is

t bt Tk tiad it o
gf — 30k a5 — 5 qf — §dx
Situation (i) Situation (ii) Situation (iii)

Figure 3.
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fi-1 if 0<gx <2¢qf —2ti
af — Yax if 2qF =241 < Gk <2q° =21
(13) Ri(@) = § | if 2¢° — 24 < gk < 2¢f

a§ — 3ak if 0<qr <2¢5 —2n

1 if 2¢7—2n < Gk < 297 .

This reaction curve (see Figure 4a), Ri(gx), is in fact a multivalued function or corre-
spondence on the variable g;. Among all the possible values of Ry (gx) for a given g,
firm k& will choose, as gx’'s image, the value (or one of the values) that maximizes its
profit.

The graphs in Figures 1 to 4 correspond to the numerical example in footnote 3 on
page 83.

Consider now the vertexes of the infinity of parabolas that, given a fixed g constitute
[Ty (see equation (11);

3, NP
(14) V;(é”:b(q;—aﬁk) —¢, Ii=1,2,....

In order to determine the reaction function in our model we will impose the following
condition on the V;'s:

Foreachi =1, 2, ..., we demand that
(15) Vi=Viq.
. Fi(q ™~
Ri(0) ki)
™~
tj L
1
Gk @ 1 Gk
: h
Jim af = 60
a) Reaction curve b) Reaction function; lim q;-‘
j—o00

is found in Lemma 4

Figure 4.
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Let us determine the values of g that make this possible.
Inequality (15) leads to:

1.\2 1.\?
(16) ci—Ciy1 = b((?f = ‘z‘ék) = (Qfﬂ - Eék) )

and after some algebra and using relations (4) we get to
(17) (div1 —di)ti < b(gi + qiyy — 1) @7 —qiyy) -

This last expression can be simplified using the relationship between d; and ¢ from
equation (10);

(18) 2b(q; —qip)t < blai + i — ) (@7 — qivy)
which leads to
(19) Gk < qi +qi =2

We denote the right hand side of equation (19) as qf’:
(20) ql-h :=q|-c+qf+1—2.f,>, (i=12,...).
Consequently we can state the following
LEMMA 1. Giveni =1,2,...,Vi(Gx) = Vit1(Gr) if and only if g < qf‘
The next lemma is a direct consequence of the previous one:
LEMMA 2. Ifwe can find a sequence of q:’ satisfying definition (20) and satisfying
0<q{’4--- 44:’4(;?4_1 < ey
then, for eachi = 1,2, ... we will have that
Gk<ql 2VizVigu2Vipp>-,
and
Gk=q' i< <vi <V

For the time being, let us suppose we have the increasing sequence of qf’ needed in
Lemma 2. We are now prepared for choosing firm k’s reaction among the different set
of values Ry (qy).

5 i h - R,
LEMMA 3. Leti=1,2,... be given. If q" | < gk < q;' we have
Vig-gsViaasVizViprzVipaze,
and the situation of Tl ; on interval [t;, ti—1) is exactly situation (i) as described in
Figure 3. The situation in any interval on the left of [t;, ti—1), say [tixm, lism—1), is
either (i) or (ii) as described in Figure 3; lastly, the situation of any interval on the

right of [t;. ti—1). say [ti—m. li—m—1) is either (i) or (iii). Consequently, V;(Gy) is the
maxinmum value of Tlg (-, gg).
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The reaction function we finally get is:

gf — 3@ if 0<qgu<gqf
noy r:_. 1~ hoo_oa h
(21) Fr(ge) = Y14; —zax 1f g < gk <gq;

0 if 8qf < gx
(see Figure 4b).

2.1.  Cournot equilibrium points

Given the r reaction functions (21) we will call potential Cournot points the eventual
intersections of the different lines gx = Fi(gx) that can be found without taking into
consideration the constraints given by the inequalities

gty 2d <qly =Tl r).

There are an infinity of such points.

Among the potential intersections, those that satisfy the constraints will be called the
actual Cournot points.

If we choose r indexes, iy, i2,...,i,, among {1, 2. ...}, and restrict firm outputs to
positive values, the general solution of the system formed by the r equations chosen is
(see the Appendix):

Il'i.fz,.,.,i, =

22 (24¢ - 2214 o _ 2Xj=19 o 2Xindi
QH f‘+l q”‘ ,"'+I ooy qlr _r+l .
If instead of r firms, we allow for s firms, s — r of them with zero production output,

the general solution of the system formed by the s equations is:

3 oee ey

(23) Ly izsir 0,0 == | 25 — ——— .o, 2q; —
—

We call these asymmetric solutions trivial, since they are obtained from solution (22)

simply by adding firms with zero production.

3. DETERMINATION OF THE COST FUNCTION

Let us keep in mind that our purpose is to build a non-quasi-competitive model. The
demand function is given and known; we are now going to determine those values of
the parameters used so far, ¢;, ¢;. d; and 1; in such way that our goal is achieved. In the
first place we will determine the ¢{ and the #;. From them, we will find ¢; and d; using
(8), (4) and the assumption that lim ¢; = 0.

The g{ are a decreasing sequence as seen in equation (10). We define them recursively
from the first one, gf.
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DEFINITION 1. Forj=1,2....,
j+ 2 1 .
(24) q§+1 = ::i ] (l — j+6) qj. with gf < a/2b

and 8 € (0,2/3).

We will later see the reason for the parameter § and its inclusion in the interval
(0,2/3).

Replacing q} by its corresponding expression in terms {Jt"q;?_I we eventually reach a
second definition for the q:;':

DEFINITION 2. Forj=1,2,...,
j+1 8

25 0 = e — g,
e U=Tg J-14a 4
where § € (0,2/3).]

DEFINITION 3. Forj=1.2,...,

1 j=2 | 28
26 ti==qg5(1-— 1 — +
(26) j 2("1( j+l( j+6) ’B(j+1)(j+5))
where § € (0, 2/3) as before and 2
3 3438

27 0 | — - ‘
27} <P<l-33%2s

We are now ready to see the following Lemma which will be needed in the sequel:
LEMMA 4. The q!’ defined in (20) satisfy
qu{’ < e <q;‘ <---<a/(2b),
and lim;_, o qf’ = 8¢f.
The lemma is proved in the Appendix.
Lastly, condition (4) says
¢ —Cip1 = (dip1—dp)ty i=1,2,...
Adding these last equations fori = 1,2...., n we get
n
c1—cp = Z(df-‘r] —di)t; .
i=1

If we impose that ¢, — 0 we must have

(28) = Z(d:‘+1 —d)t; .
i=1

We have that dj+1 — d; = 2b(¢f — q{,,) and from (8),

! In the Appendix we check the monotony of the 4§ sequence.
2 In the Appendix we check the monotony of the 1 o
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i+ 1
s =g — ——hSgt.
(29) di =a = +5b qi
Now, using for #; expression (39) from the Appendix, we finally have
—1/2+ (36 +2868)/4

(i— 14823 +8)?

o0 +
i
c1 =) (2—18)b(qg)*
i=l
This series is obviously convergent and its sum can be obtained with the help of hyper-
geometric series,
(300 a=
262 —4B86% + 285 —6+2 2 s2B—1)
452 2
where W (n, x) is the n-th polygamma function, i.e., the n-th derivative of the logarith-
mic derivative of I'(x), see Lebedev (1972).

(2—5Jb(aqf)2( ¢(1,1+a))

4. EXISTENCE AND UNIQUENESS OF EQUILIBRIUM

We are now prepared to tackle the first of our aims: the existence and uniqueness of
non-trivial Cournot’s equilibrium no matter the number of oligopolists in the industry.

THEOREM 1. Under the previous conditions, given a fixed number of firms, r = 1
with identical cost function (3), there exists a unique non-trivial Cournot equilibrium
point which is an actual solution of system (22). This solution is the one given by
i1=ip=--=i,=r:

_ 2 ¢ 2 ¢
(31) [r,...,r—(r_{_lqr---wr_f_lqr)-
If given a fixed number of firms, s, with identical cost function, there are s — r with zero
production, the unique trivial solution of system (23) is obtained for iy =i = -+ =
ip=irs
F=r

(32) Lror0.0 = iq‘ ..... iq", [ - 0

s o L= ey :

5—=r

The idea behind the proof (which is long and quite tedious and can be found in the
Appendix) is to see that among the potential solutions to (22), only the symmetric one
obtained for the system when the r equations are i; = i = --- = i, = r is an actual
solution. Let us recall that “actual” solutions are those that satisfy all the constraints
given by the inequalities q;."_l <gr < c}f’. (k= Linvwyr)

5. THE LOSS OF QUASI-COMPETITIVENESS, PERFECT
COMPETITION AND VIABILITY

THEOREM 2. Under the same conditions as before, the oligopoly equilibrium
reached is not quasi-competitive, that is to say, when a new firm enters the market
and a new equilibrium is reached, the new market price is greater than the old one.
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Proof. Let us call Q, the total production when there are r non-zero production
firms in the market under equilibrium. We are going to prove that, forr = 1,2, ... we

have 0, > Q1.
From (31) we have

ré p 8(l1—=8)

i 3 [ (4

P q]+—r—]+3qi

which, as longas 0 < § < 2/3, is strictly decreasing with r and tends to 8¢{ as r — oc.
Thus, industry price satisfies

(33) Qr =rgr =

rl_l:rolo p(Q,) =a— bdqy .
and marginal cost is the corresponding to C’(0), that is lim d,. Now,
. 1 _ e\ . c__ . _ ¢
rl_g}gcd, = r]ﬂ};c(a 2bg;) =a—1b rl_lyr!c}0 2q, =a—bdqy,
as from definition 2, limg{ = 8¢ /2. O

This result completes Ruffin’s results on the subject as it proves that convexity of the
cost function while a sufficient condition for perfect competition in the limit, is not a
necessary one, Ruffin (1971).

Lastly, the oligopoly is always viable no matter the number of firms in the market.
We will see that equilibrium profits constitute a strictly decreasing sequence (r — ©0)
with limit zero. This implies, consequently, that equilibrium profit is always positive
for any number of firms in the market.

In order to check that, we consider an equilibrium point (31) (or (32)) and the profit

there
2rgt\ 2¢¢ 2¢¢
l-[max sone _ b r r_._ = +d ¥ ;
” (” r+l)r+l (L’ Tt

This, after using (2), (29), and some algebra becomes

. aq(‘ 2
34 max — p S ) L e
(34) r (r =14 5) Cr
As ¢, — 0 with r, it is obvious that

lim M =0.

r—+00

We must finally check that TI™* is a decreasing sequence:

max max
o § o SO

I 2
= (}"-I-IS) }— (cr — €r41) -

Cr — Cr41 = (dr41 — dp)ty .
Replacing d, and ¢, by their values in (29) and (26), we finally obtain

Using (34) we have

1
max __ pymax _ €42
nr I-Ir+l b(éq]) [(r_[+5)

From (4) we have

2
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2
[imax _ pymax _ z"J(Sqf)
g T =1+ 8)2(r +8)2

2
8(3+2ﬁ)}}0

[S(r —-p) + 2

for r > 1 (using (27) it is easy to see that 8 < 1),

6. THE STABILITY OF THE SUCCESSIVE EQUILIBRIA

In order to prove the stability of our model we will use a commonly used adjustment
system. We assume that each firm adjusts its output proportionally with the difference
between its actual profit and its profit maximizing output:

a1 = ki (F1(41) — q1)
(36) di = ki (Fi(@i) — qi)

ds = kg (Fs[és) e (Is) s
wherethe k; > 0 (i = 1,2,..., ) are the speeds of adjustment.
This is no standard system of differential equations. The piecewise character of
Fi(qk) make (36) a very special dynamical system.
Nevertheless, we have already established that there are two kinds of steady states to
our system:
e The symmetric ones for which the r firms in the industry have positive equal out-
puts.
e The asymmetric ones, where to the r firms above, another s — r are in the industry
with no output at all.

We will assume without loss of generality that the » firms with positive production are
ordered according to their speeds of adjustment: kj < kz < --- < k,.
Using our reaction function (21) the system of s differential equations (36) becomes

ki(gc —%qi—aqi) i=1,....r;
(37) ‘}!_: ‘(r 21 ‘)
ki(—qi) T ke ot P

3 We provide the data for a numeric example that satisfies all our assumptions showing thus the feasibility
of our model. The figures provided in the paper are those that correspond to this numerical situation,

(35) p=100—2g (0<gq <50).

We choose qf =24 Ifwefixd=1/3then0 < B < 0.5454 ... ; we choose § = 1/2.
Forr =1,2,...,5 the successive productions and prices at equilibrium are:

Or/r O P
24 24 52

6 12 76
343 | 1029 | 7943
2.4 9.6 80
1.85 | 9.25 81.5

[ O

When r — 00, @ — 8 and this establishes the price p = 84, This is the perfect competition price that
coincides with the marginal cost at ¢ = 0: C'(0) = lim,—, oo d, = 84.
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The solution, our Cournot equilibrium, is, as we have already seen,

§—r

zqf..... 2(;'“,"0 ..... 0
r+1 r+1

Let us recall that this equilibrium comes from solving system (43) which required that

gi € [qf_,.qf} fori=1,...,r

(38) and
qj = 8qf for j=r+1,...,5.
Denoting
_ 2q;
T

the equilibrium is written
(Grs---sqr,0,0,...,0).

It cannot escape the reader that a difficult problem one faces when solving the dynamic
system (36) is the control of the orbit of the solution. The piecewise character of F (gx)
partitions the phase space, [0, a/b)*, into an infinity of regions in which a different
system of differential equations rules the dynamics and, consequently, the orbit of a
solution starting at a point (g1(0), ..., ¢s(0)) is altered accordingly from one region to
another.

We can establish without much difficulty that each one of these different systems
of differential equations, when considered on its own (that is, without any constraint
whatsoever), has a stationary solution which is globally asymptotically stable.

THEOREM 3. The stationary solution of the system of differential equations
ki(gf — 3di—aqi) i=1..... £
ki(—gi) i=r+1,...,5.
is globally asymptotically stable.

After that, we are ready to prove that all our equilibria, symmetric or not, are asymp-
totically stable for the dynamical system (36). This is done in the next Theorem whose
proof (Appendix) is a bit elaborate. To give you a general idea of the line of reasoning,
we prove that we can find a set, S, around the equilibrium for which any starting orbit
tends back to the equilibrium without abandoning the region established by the con-
straints (38). This is essential as on the very moment an orbit leaves the region of the
initial constraints it falls in the basin of attraction of a different attractor and we have no
guarantee ot if going back to our original equilibrium,

LEMMA 5. Under the max norm, |[(x1, X2, ....Xs)|lsec = max; |x;|, the ball

B((Gry.... T e 0). p/(s — 1))
of center (Gr,...,qr,0,....0) and radius p/(s — 1), where
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(s — D(rgr — 8q7)

p = min (r—l)é,—qfﬂ,,qf—(r—])(},. ;

is entirely contained in the region established by the set of constraints (38).

Instead of the max norm, any other equivalent norm could be used, but this one is
more convenient for our purposes.
Our main Theorem in this section is:

THEOREM 4. There exists a radius n > 0 such that the equilibrium

is asymptotically stable for any initial conditions lying in the ball

B((qrs..., dr, 0,...,00, ).
APPENDIX: PROOFS.

PROOF OF LEMMA 3

Proof. If qf*_i <gp < qf. replacing qf by its value, ¢{ + ¢, —2t;, and qf’_l by its
value g{_; +¢f — 2t;—1, we have immediately that
1. R | B
5(4}' —qi) +i <gqf — 5 Gk <ti-1 = E(q,?_l -q;).

Asgf., <4qf <qf_,,wehave

1.
r;ﬁtff—iqk{n_z‘

and the vertex V; is exactly within (f;, r;—1) as shown in situation (i). Now, as we are
assuming that the qf’ are strictly increasing, for any interval on the left of [, 1;_1), say
[titm- ti+m—1), the situation oqu_'_m — % Gx is determined by the relationship gy < ¢
Replacing, as before, q:’_'_m by its value gf, ,, + 4{, ,,41 — 2ti+m, We Obtain

h
i+m*

fff‘-.}-m = gk = ligm -

Consequently, situation (iii) in Figure 3 is ruled out, and as V; = Vi, and Vig >
Mg (tigm—1). Vi is the greatest value of g on [0, t;—1). Now, on the right of [#;, ti—1),

say [ti—m. ti—-m—1), the situation of ¢;_, — %(}k is, as before, determined by the in-

ali h h ¢
equality ¢;'_,, y i—m

obtain,

_1 < qk- Replacing g' , | by its value g{_, | +¢ — 2ti_m—1 We

c ] o~
ql'—m - _Qk < r:—m—-l .

2
As before, situation (ii) in Figure 3 is ruled out, and as V; > V,_, and Vi_, >

MMy (ti—m), Vi is the greatest value of Iy on [t;_1, g{]). O
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MONOTONY OF q; From (24)

| 1
P CUTINR N ¥ RN
i1 ( +1+1)( j+5)%

As0 <8 < 2/3 < 1 itis seen at once that

| | | | |
e (e PR P O N
( j+l)( j+8)<(+d+l)( j+1) GLIE

MONOTONY OF t;. From (26)

I‘—l c(] ji=2 (] | )+}3 25 )
i=34; T+ 1 T+ G+DG+9)

If we replace q;.' by its expression (25) after some algebra we get to
I 8(4j+38+288—2) : 1 2+286—6
(39) 1j =24 7 - =q10| - : - .
27 2 —-14+8)G+ 9 J+8 A j+s—=1(j+98)
The expression between parenthesis is clearly decreasing with j.

PROOF OF LEMMA 4

Proof. The result is an immediate consequence of the following expressions of qf’
obtained through (20), (24), (25) and (26):

i —1 Bs .
40 T [ ¢
(49) 41 (s+1 (f+1)(;—2+3))"?*
i—1  (1—p)s
41 LS9 8 )F
e % C+1 i+hi+0)d
Now
o fiml =P8 N\
! _;'l”c}oz(wrl T+ha+s )% =2 mar =84
as by (25) limg{ = 8 q7/2. O

COURNOT POINTS OF THE MODEL. Given the r reaction functions (21):

gt — 2k it 0<gp <ql

0 if 8¢ < g
we are interested in finding all the potential intersections.

Let iy, ....i, be any r-ple of indexes chosen among 1,2, .... Let g = Fr(gx) > 0;
the system of r equations that has to be solved is
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an=af = 3@+ a3+t gt +arn)
B=q5 -3 +a+Fat+a)

(42) :
@=qf, — 5@+ a2+ F G+ G+ +4r)

ar=aq — 3@ +q+- g+ +a-)
that can be written as

29 + @ + - + @& + - + a4 = 24
@+ 22 + -0+ @ + 0+ @ = 2

4 : ; : )
@+ @ + -+ 2 + -+ g = 2
@+ @ + o+ @ + o + 2 = 2

Adding up both sides of the equations we have
(r+Dig1+-+aq) =2+ +4;),
and, as forany k, (k = 1,2, ... gl gr = gk + Gk

A2 e ey
f!k—r+](‘!f]+ +4qi) —ak.

which, replaced in (42) leads to
; 2 : :
G =24i, = Tt
Thus the solution is

2 2 2 ;
(2(;5 - ngzquj, - 2(1}1 S ;=|‘75st e Zc}fr - —E:,-:'q;'}_) )

r+1
Lets now suppose that we have a system of s equations with gy = Fi(gx) > 0 if
k= 1250055 ryand gm = 0whenm =r +1,...,s. The system is:
Qo =q; - Y@+ a++ap++ar)
_ e ok
(43) Jar =4 —s3l@r+q@+-t+at--t+ar-1)
gr+1=0
s =0,
Proceeding along the same steps as before, we reach the solution
5 s—r
" —
L4 C c r C
2(}‘“ — r-i—_l ;=|(j‘-j. RiaEy 2q;-r —_ H_—]Ej=1q,-j, 0,... 3 0.,
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PROOF OF THEOREM |

Proof. To begin with, for reasons that will be clear in the sequel, we treat the mo-
nopoly case separately. Let us suppose then that r = 1.

From (22), the potential solutions are [;, = qfl. where i1 € {l,2,...}. Asthe qf;
constitute a decreasing sequence, and the maximum profit of the firm, (14), is propor-
tional to the square Of‘fﬁ' it is clear that our firm will choose the greatest possible value
for gf,: ¢f. Thus, when r = 1, the result is clear.

Let us now assume that there are r = 2 firms that have the same positive production
and s — r firms with zero production. Consequently the first r firms will all choose the
same equation as their reaction and i} = iz = --+ =i, = i. We will prove that the only
actual solution for system (23) is obtained when i = r. Let

2 . 2 ——
(44) [i,.,,.l'.O‘,.,,(] = r -+ ]qi!'--! Q;-O- --'10

I=r

be the corresponding potential solution of system (23), which in this case is

ai=qf —3q1 if ¢"  <q <ql
ak=qf — 3 if ¢! <q<qf

ar=qf — 54 if q' | <§4r <ql".

qr+1=10 if ‘Sff'f < qr+1
gs =0 if 3‘7?‘ < §s
From solution (44) we have that for firm k. (k= 1,...,r),
r—1
45 4, = 2g¢ .
(45) qk q; |

As our solution must satisfy the necessary constraints, we must have qf‘_l <gr < qf‘
which using (40) and (41) can be written as

i — 1 ) : -—1
2(: ‘ B )q;fzq,’c"_

i+1 (+1DG—2+9) r+1
j—1 (1—B)é :
2 ¢
= (i+l+{r'+l)(i+§))q’
Simplifying,
e i—1 Bs s PR Lt (1—p)s

- < .
i+ 1 (i+DGE—24+68) " r+1 " i+1 (i+ D@ +9)
The double inequality is obviously true for i = r, for any » > 2. We are now going to
prove that in case i > r the left inequality fails to be true and if i < r, the right one is
not true,
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Since the expression in the left hand side of the first inequality increases with i, it
will suffice to prove that the inequality is not true for i = r + | and our assertion will
follow. In this case, replacing i = r + | we have:

r—148 fBé
47 —_—i =
&0 r+1 2
But (r — 1 + &)/(r + 1) increases with r which means that its value is always greater

than the value obtained for r = 2,
r—=148 148 & pé
= T T e

r+1 = 3 2 2
The contradiction between (47) and (48) prove thati < r.

Let us now consider the second inequality in (46). The right hand expression in-
creases again with i; we will thus prove our assertion if the inequality fails fori = r—1,
the greatest possible value of i less than r. Replacing i = r — 1, we have

r—1 r-=2 (1—p)é
."—t—lq r rir—=1+34)

(48)

from which we obtain

2 (1—=p)s
<

r+l1 r—14$6
and
(49) r—]+5{(l—ﬁ)6l

r+1 2
But from (48) we have

r=1+8 & (1-p)5

50 _— s = —
wh) r+1 20 2

The contradiction between (49) and (50) proves that i > r. We conclude that i = r as
we contented.
We now have to check that the s — r zero-production firms also satisfy their con-

straints, i.e. gm = 8q{ form =r+1,...,. s, This is trivial because we now know that,
using (25),
2r . 2r r+1 8 ¢
T = = > § & e
W= 1~ 741 2 r—ltsn="4

as long as § < 1, which is the case.
Obviously, allowing for s = r leads to the solution (31).

Lastly, we are going to prove that if not all of the iy, i2. ..., i, are equal, there are no
actual solutions of systems (22) and (23). The s — r firms with zero production do not
play any role in this part of the demonstration. Let us assume then thatij <ip <..- <

ir and iy < i,. We recall that the constraints of solution (23) require
at_y <di <a

(51 h - h
4,1 = 4qi, <4, -

Now, from (23), we have
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iy = 2(q, +qy + o ai) = = D—= 31 4}

(}erZ(ifﬁ"'qu'}'"""Qi )_(r—l) ZI; 5q”

Consequently,
Gi, — qi, =2(4f, — 45,) »
and (51) can be written as
al_y <G, —2Gf —4qf) <ql
(52) :
at_y <G, <al'.

It is now obvious that if we manage to establish that
(53) q;': — qf:_,] < 2 (qu —-q,v":) .
it will be impossible to satisfy neither (52) nor (51).

To simplify notation and make the checking of (53) easier, we call iy = i, and i, =
i +d (d > 0). With this notation (53) becomes:

(54) alva = di1 < 2§ = dfra) -
Changing sides,
(55) q;“_i,d +2¢f, 4 < ‘f;Ll + 24§ .
Using (25), (40) and (41) we have
TR bt W 2(1 — B)s : ¢
ql-}-d + “itd i+d+ lql+d + (i +d— 1}(!, +d +5)qt+d + 2ql+d
4(i +d) 2(1—B)s &
== : — : Givg
(i+d+1) (i+d—=10+d~+9)
_( 2i+ds (1-p)8° ) ¢
T \itd—1+48 (i+d—1+8i+d+9)
28(1 —8) (1 — B)s? :
=25 >,
( T rd—i+s (i+d-1+5)(f+d+a))‘“

This last expression decreases with i and with d. Thus, in order to satisfy (55) ford > 1
it suffices to satisfy it for d = 1. For d = 1 the left hand side of (55) becomes

28(1 — 8) (1— B)8? ) ,
56 26 + + ¥
Y ( i+ G +83+1+86)
and the right hand side,
i . =l 286 ¢
i1+ 24 (2i+1 (T Di—279 T2)4

( 4i 285 ) .
— — qt
G(+D) G+hi—2+8)%
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( 8i Bs? ) 5
= [2- —— N q1
i—14+8 (i=-24+8—-1+8

28(1 — & 82
=( o R pe )fif-

i+14+8 (i—-2480G0—-14+78)
Now, replacing the corresponding values in (55) and simplifying:

2(1 =6) (1—p)8 2(1 = 8)
=
i+é (i+80+143) (i—248)i—1408)

or, equivalently,

(1—p)8 Bs 2(1—8)  2(1=28)

G+OG+148)  G=248)G—=1+8)  I~—-1+8  i+s
B 2(1 = 8)

T+ -1

which can be written
(1—=p)+86—1) B&@i+39)
i+6+1 i—2+6

2 2
1-8)8(1- ———)+88(1+———) <2-125.
(1=5) ( i+5+l)+'6 ( +s—2+5){

Rearranging,

<2-=268,

or

286 25(1 —=p)
i—24+8 i+8+1
The condition 0 < & < 2/3 ensures the positivity of the right hand side of last inequality.
Now, as we want (57) to be true for i > 2, dividing through by 2§ we get

B 1—g  2-33
=248 ite+l- B

(57) <2-35.

and ifi > 2
B 1—p 2-3 B 1= 2-36
” = < = o <
i—248 i+6+1 25 § 843 28
this last inequality being equivalent to
3 3446
| — =§———
b<l=3%31%
which is the condition we have demanded our g to satisfy all the time. g

PROOF OF THEOREM 3

Proof. Let us recall that we are solving system (37), that is:
_ ki(al = 3Gi—qi) i=1.....r;
= ki(—qi) ti=aol Ly 5

As the stationary solution is (g,, ..., L | 0) let us carry out a change of variables:
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qi—qr: i =105 r
(58) Xp =
qi i=r4lsaps:
Consequently, ¥; = ¢j, X = Z#,’(qj —qr) = §; — (r — 1)g, and using that
- _ 2
=

the system becomes
(59) iy = ! '

which is a homogeneous system that can be written:

X = Ax
where A is
k1 —=k1/2 -+ —k1/2 0 0
—k2/2 =k -+ —k2/2 0 0
A= | =k /2 —k /2 --- —ky 0 0
0 0 0 —kpg1 e 0
0 0 0 0 cee =k

with 0 as stationary solution.
The stability of the system depends entirely on the eigenvalues of matrix A. These
eigenvalues are exactly those of

2ky ki - Ky 0 S |

ko 2ka -+ k2 0 O ||

B=| ko ko - 2k 0 cee 0
0 0 v 0 2k 0

\ 0 0o .- 0 0 cee 2k

multiplied by —1/2. Now, the eigenvalues of matrix B are all real and positive. This
can be seen just considering its characteristic polynomial,

2k — x ki ce ki
60) P()=(hyi—x)--Chy—x)| 2 Hemx ok
ky ky cee 2 —x
Obviously, the s — r eigenvalues k,+1. ..., kg are positive. The rest are the zeroes of

the polynomial,
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2k —x k1 k1
(61 mo=| 2 ook
k, kry  cer 2 —x

which are also positive. This is proved as follows.
It is easy to see that

Mkj) =k; [ [tk —kj).
i=1

i#)
As ki < ka < -+ < k., we have that the signs of the sequence

M k1), M (k2), ..., M(k.), M(o0)

alternate. This fact guarantees that the r roots of M(x) are one in each interval
(k1.k2). ..., (kr=1, k), (kr, 00). If € consecutive k;’s are equal, k; itself becomes a
root of multiplicity £ — 1, which can be seen differentiating ¢ times M (x) from its
determinant form, (61); the rest of the roots remain in the same intervals as before.
Consequently, A’s eigenvalues are all strictly negative and therefore the stationary
solution of our system is asymptotically stable. O

PROOF OF LEMMA 5

Proof. Let (q1,..., Grs Qrals - qs) € B((Grv....qr.0,..., 0).p/(s —1)). We
can write
qi = qr +& for i=1....r ; H—’" B
qugj f()t‘ j:r“f-]....._..\‘ Wlth (GI‘SJ)DG{S—]‘
Then, fori=1,....r,

Gi = (r =g, +4 +ZEjA
J
But

jgi— =i <|g|+ X e <o -nLe+s-n—Lo=p
j

s—1 §—1
and by p’s definition, p < min{(r — 1)g; — ¢*_,,¢" — (r — 1)g,} and so for i =
Lecinsiis Ty é]‘ S (qf_1|qf).

Asfor j=r+1,...,: S,
Gj=rGr+ Y & +85=08q5+ (rdr —8q) + Y & +E;.

i )
But
(r@r =845+ Y & +8;>0
i
and using p’s definition,
(s — D(rq, — 8q7)

p= ;
r
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we have

- . r
;E;+(rqr—3qil zzj:’éﬂrmsz

since Y, [&] < ;-Ll.
B -

Consequently, for j =r+1,...,: s—r, 4j > 8qq. (|
PROOF OF THEOREM 4

Proof. In the proof we consider both equilibria at the same time,

For the symmetric case, we just assume that s = r and there are no O-producing firms,

Theorem 3 proved that the stationary solution of our system (37) is globally asymp-
totically stable. As we have already mentioned, the problem is that system (37) rules the
dynamics of our model only if the orbit of the solution satisfy the constraints (38). We
are going to find an open neighborhood such that for any initial conditions contained in
such a neighborhood, the solution to (37) is entirely contained in the ball of Lemma 5,
and consequently tends to the equilibrium.

Let us retake the change of variables (58) used in the proof of Theorem 3 that led to
the homogeneous system written as

X = Ax,

and 0 as its steady state.
The solution that satisfies the initial conditions

—_
G.8) =(81,. ... & Ergly -0y &)

is

(62) x(1) = eM.(&, 6).

Now, as the system is asymptotically stable, and consequently any solution (62) must
tend to the stationary state, 0, it is immediate to see that there exists a constant, M > 0
such that for all + = 0, we have

M =M.

o0

In this way, for all r = 0 we have

X)) lleo =

w3,

o) N e[,
o0 oo o0
Undoing the change of variables, we have the solution to (37)

q(t) =x(t) + (Gry .. - Gy Oicsany 0))
with the initial conditions
(63) (q100),....qs(0)) = (Gr + &1,...,@r + &  Ert1s. .5 E5) .

(We take the £; > 0 as we do not consider negative outputs.)
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This solution satisfies
_ _ —
1G(E) = Grs e a s Oy eeey O]l < M- H(s.e}Hm

Now, let B = B((Grs....qr,0,...,0), p/(s — 1)) be the ball of Lemma 5 and let
n=p/ls—1HM].
Taking (&, &) such that H (£, ¢€) || < 5, our orbit {g (1) };=0 C B asforanyt >0
o0

() = (Grs-.-2Gr.0,....0)loo = M-p/l(s = DM]=p/(s — 1).

REFERENCES

Amir, R. & Lambson, V. (2000). On the effects of entry in Cournot markets. Review of Economic Studies, 67,
235-254.

Daughety, A, E, Ed. (1988). Cournot Oligopoly: Characterization and Applications. Cambridge: Cambridge
University Press.

Daughety, A. E. (2008). Cournot competition. In S. N. Durlauf & L. E. Blume (Eds.), The New Palgrave
Dictionary of Economics, Basingstoke: Palgrave Macmillan.

de Meza, D. (1985). A stable cournot-nash industry need not be quasi-competitive. Bulletin of Economic
Research, 37(2), 153-56.

Fisher, F. (1961). The Stability of the Cournot Oligopoly Solution: The Effects of Speeds of Adjustment and
Increasing Marginal Costs. Review of Economic Studies, 28(2), 125-135.

Frank JIr., C. (1965). Entry in a Cournot market. Review of Economic Studies, 32, 245-250,

Frank Jr., C. & Quandt, R. (1963). On the existence of Cournot equilibrium. International Economic Review,
4, 92-96,

Friedman, J. W. (1983). Oligopoly theory. Cambridge: Cambridge University Press.

Gaudet, G. & Salant, S. W. (1991). Uniqueness of cournot equilibrium: New results from old methods. The
Review of Economic Studies, 58(2), pp. 399-404,

Hahn, F. (1962). The stability of the Cournot oligopoly solution. Review of Economic Studies, 29, 329-331,

Hoemig, S. H. (2003). Existence of equilibrium and comparative statics in differentiated goods cournot
oligopolies. International Journal of Industrial Organization, 21(7), 989-1019.

Lebedev, N. (1972). Special Functions and their Applications. New York: Dover Pub.

McManus, M. (1962). Numbers and size in Cournot oligopoly. Yorkshire Bulletin of Economic and Social
Research, 14, 14-22,

McManus, M. & Quandt, R. (1961). Comments on the Stability of the Cournot Oligopoly Model. Review of
Economic Studies, 27(2), 136-139.

Novshek, W. (1985). On the Existence of Cournot Equilibrium. Review of Economic Studies, 52, 85-98,

Okuguchi, K. (1964). The stability of the Cournot oligopoly solution: A further generalization. Review of
Economic Studies, 31, 143-146.

Okuguchi, K. (1974). Quasi-competitiveness and Cournot oligopoly. Review of Economic Studies, 40, 145—
148,

Okuguchi, K. (1976). Expectations and Stability in Oligopoly Models, volume 138 of Lecture Notes in Eco-
nomics and Mathematical Systems. Berlin, Heidelberg, New York: Springer—Verlag.

Okuguchi, K. & Suzumura, K. (1971). Uniqueness of the Cournot oligopoly equilibrium: A note. Economic
Studies Quarterly, 22, 81-83,

Okuguchi, K. & Szidarovsky, F. (1999). The Theory of Oligopoly with Multi-product Firms. Berlin, Heidel-
berg, New York: Springer—Verlag, 2nd, rev. and enl. ed. edition.

Ruffin, R. (1971). Cournot oligopoly and competitive behaviour. Review of Economic Studies, 38, 493-502.

Schiee, E. (1993). A curvature condition ensuring uniqueness of Cournot equilibrium, with applications to
comprarative statics. Economics Letters, 41, 29-33.

Seade, J. (1980). On the effects of entry. Econometrica, 48(2), pp. 479489,



96 KEIO ECONOMIC STUDIES

Szidarovszky, F. & Yakowitz, S, (1982). Contributions to Cournot Oligopoly Theory. Journal of Economic
Theory, 28, 51-70.

Theocharis, R. (1960), On the Stability of the Cournot Solution on the Oligopoly Problem. Review of Eco-
nomic Studies, 27(2), 133-134,

Villanova, R., Paradis, J., & Viader, P. (2001). A Non-Quasi-Competitive Cournot Oligopoly with Stability.
Keio Economic Studies, 38, 71-82.

Vives, X. (2000). Oligopoly Pricing: Old Ideas and New Tools. Cambridge, Mass.: MIT Press.



	page1
	page2
	page3
	page4
	page5
	page6
	page7
	page8
	page9
	page10
	page11
	page12
	page13
	page14
	page15
	page16
	page17
	page18
	page19
	page20
	page21
	page22
	page23
	page24
	page25
	page26
	page27
	page28

