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Abstract: An abbreviated or reduced-form monotonic polarization index is an increas-
ing function of the between-group term and a decreasing function of the within-group
term of a population subgroup decomposable inequality index. The between-group
term represents the ‘alienation” component of polarization and the within-group term
can be regarded as an inverse indicator of its ‘identification’component. An ordering
for ranking alternative distributions of income using such polarization indices has been
developed. Several polarization indices of the said type have been characterized using
intuitively reasonable axioms. Finally, we also consider the dual problem of retrieving
the inequality index from the specified form of a polarization index.
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l. INTRODUCTION

A surge of interest has been observed in the measurement of polarization in the last
decade because of its role in analyzing the evolution of the distribution of income, eco-
nomic growth and social conflicts. Loosely speaking, polarization refers to clustering
of incomes around local poles or subgroups in a distribution, where the individuals be-
longing to the same subgroup possess a feeling of identification among them and share
a feeling of alienation against individuals in a different subgroup (see Esteban and Ray,
1994). That is, individuals belonging to the same subgroup identify themselves with
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the members of the subgroup in terms of income but in terms of the same characteris-
tic they feel themselves as non-identical from members of the other subgroups. Since
an increase in the ‘identification’ component increases homogeneity (equality) within a
subgroup and higher ‘alienation’ leads to a greater heterogeneity (inequality) between
subgroups, both *identification” and *alienation’ are increasingly related to polarization.
Thus, polarization involves an equity-like component (identification) and an inequity-
like component (alienation). Evidently, a high level of polarization, as characterized
by the presence of conflicting subgroups, may generate social conflicts, rebellions and
tensions (see Pressman, 2001). Esteban and Ray (1994) developed an axiomatic char-
acterization of an index of polarization in a quasi-additive framework by directly taking
into account the above aspcclsl'z.

Zhang and Kanbur (2001) proposed an index of polarization, which incorporates the
intuition behind the ‘identification” and ‘alienation” factors. Their index is given by the
ratio between the between-group and within-group components of inequality, where for
any partitioning of the population into disjoint subgroups, such as subgroups by age,
sex, race, region, etc., between-group inequality is given by the level of inequality that
arises due to variations in average levels of income among these subgroups. On the
other hand, within-group inequality arises due to variations in incomes within each of
the subgroups. Thus, the between-group term can be taken as an indicator of alien-
ation and the within-group component is inversely related to identification. A similar
approach adopted by Rodriguez and Salas (2003) considered bi-partitioning of the pop-
ulation using the median and defined a bi-polarization index as the difference between
the between-group and within-group terms of the Donaldson-Weymark (1980) S-Gini
index of inequality (see also Silber et al., 2007). Such indices are ‘reduced-form’ or ‘ab-
breviated’ indices that can be used to characterize the trade-off between the alienation
and identification components of polarization.

As Esteban and Ray (2005, p.27) noted, the Zhang-Kanbur formulation is a ‘di-
rect translation of the intuition behind’ the postulates that polarization is increasing in
between-group inequality and decreasing in within-group inequality. Since the Zhang-
Kanbur -Rodriguez-Salas approach enables us to understand the two main components
of polarization, identification and alienation, in an intuitive way, our paper makes
some analytical and rigorous investigation using the idea that polarization is related
to between-group inequality and within-group inequality in increasing and decreasing
ways respectively.

Now, polarization indices can give quite different results. Evidently, a particular

I See also Esteban and Ray (1999), D’ Ambrosio (2001), Gradin (2002), Duclos et al. (2004), Lasso de la
Vega and Urrutia (2006) and Esteban et al. (2007).

2 The Esteban-Ray (1994) notion of polarization is based on multiple subgroups and is more general
than the concept of bi-polarization, which is measured by the dispersion of the distribution from the median
towards the extreme points (see Wolfson, 1994, 1997; Wang and Tsui, 2000; Chakravarty and Majumder,
2001; Chakravarty and D’ Ambrosio, 2010; Foster and Wolfson, 2010 and Lasso de la Vega et al., 2010). For
a recent discussion on alternative notions of polarization, see Chakravarty (2009),
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index will rank income distributions in a complete manner. However, two different in-
dices may rank two alternative income distributions in opposite directions. In view of
this, it becomes worthwhile to develop necessary and sufficient conditions that make
one distribution more or less polarized than another unambiguously. This is one ob-
jective of this paper. We can then say whether one income distribution has higher or
lower polarization than another by all abbreviated polarization indices that satisfy cer-
tain conditions. In such a case it does not become necessary to calculate the values of
the polarization indices to check polarization ranking of distributions. If the population
is bi-partitioned using the median, then this notion of polarization ordering becomes
close to the Wolfson (1994, 1997) concept of bi-polarization ordering.

Next, given the diversity of numerical indices it will be a worthwhile exercise to char-
acterize alternative indices axiomatically for understanding which index becomes more
appropriate in which situation. An axiomatic characterization gives us insight of the
underlying index in a specific way through the axioms employed in the characterization
exercise. This is the second objective of our paper. We characterize several polariza-
tion indices, including a generalization of the Rodriguez-Salas form. The structure of
a normalized ratio form index parallels that of the Zhang-Kanbur index. We then show
that the different sets of intuitively reasonable axioms considered in the characterization
exercises are independent, that is, each set is minimal in the sense that none of its proper
subset can characterize the index.

Finally, we show that it is also possible to start with a functional form of a polarization
index and determine the inequality index which would generate the given polarization
index. Specifically, we wish to determine a set of sufficient conditions on the form
of a polarization index to guarantee that there exists an inequality index, which would
produce the polarization index. This may be regarded as the dual of the characterization
results for polarization indices.

Since subgroup decomposable inequality indices form the basis of our analysis, in
the next section of the paper we make a discussion on such indices. The polarization
ordering is discussed and analyzed in Section 3. The characterization theorems and a
duality theorem are presented in Section 4. Section 5 concludes the paper. Proofs of all
the theorems are relegated to an Appendix (Section 6),

2. THE BACKGROUND

For a population of size n, the vector x = (x1,x2,...,. x,,) represents the distribution
of income, where each x; is assumed to be drawn from the non-degenerate interval
[, 00) in the positive part R}, of the real line R'. Here x; stands for the income
of person i of the population. For any i, x; € [v,00) and so, x € D" = [v, 00)",
the n-fold Cartesian product of [v, 00). The set of all possible income distributions

is D = |J D", where N is the set of natural numbers. Forall n € N, forall x =

neN
n

(X1.X2, ..., X)) € D", 3" (x;/n), the mean of x, is denoted by A(x) (or simply by 2).
i=1

For all n € N, 1" denotes the n-coordinated vector of ones. The non-negative orthant
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of the n-dimensional Euclidean space R" is denoted by R”. An inequality index is a
function 7 : D — R..

An inequality index is said to be population subgroup decomposable if it satisfies the
following axiom:

Subgroup Decomposability (SUD): Forall k > 2 and forall x', x2, ..., xt e D,

k
I(x) = 1(q 1", 2a0™, M)+ 3" i, W), (1)

i=1

k
where n; is the population size associated with the distribution x', n = Y n;,
i=l
Ai = A(x") = mean of the distribution x;, A = (A1, A2,..., k), n = (n1,n2,..., ng),
w; (n, 1) is the positive weight attached to inequality in x, assumed to depend on the
vectors n and A, and x = (x',x%,...,x¥). SUD shows that for any partitioning of
the population, total inequality can be broken down into its between-group and within-
group components. The between-group term (B/) gives the level of inequality that
would arise if each income in a subgroup were replaced by the mean income of the sub-
group and the within- group term (W 1) is the weighted sum of inequalities in different
subgroups (see Foster, 1985 and Chakravarty, 2009). Since for inequality and SUD to
be well defined, we need n, k € I"and n; € I' forall 1 < i < k, we assume throughout
the paper that n > 4, where I' = N\{1}.

Shorrocks (1980) has shown that a twice continuously differentible inequality in-
dex I : D — R1+ satisfying scale invariance (homogeneity of degree zero), subgroup
decomposability, the population principle (invariance under replications of the popula-
tion), symmetry (invariance under reordering of incomes), continuity and non-negativity
(the non-negative index takes on the value zero if only if all the incomes are equal) must

be of the following form;
L EIE ] eson

ne(c—1) /5

I : ilo A 0 2
X)) = - — cC=Vu,
c(x) P g-ri (2)
1 B x Xi
S Biepdl. s
n ‘;; A A ‘

The family /., which is popularly known as the generalized entropy family satisfies
the Pigou-Dalton transfers principle, a postulate, which requires inequality to reduce
under a transfer of income from a person to anyone who has a lower income such that
the transfer does not change the relative positions of the donor and the recipient. The
transfer decreases /., by a larger amount the lower is the value of ¢. If ¢ = 0, [,
coincides with the Theil (1972) mean logarithmic deviation /7. Fore = 1, I, becomes
the Theil (1967) entropy index of inequality. For ¢ = 2, I, becomes half the squared
coefficient of variation. The well-known Gini index of inequality becomes subgroup
decomposable if subgroup income distributions are non-overlapping. (See Takayama,
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1979, for a discussion on the Gini index.) Since our formulation of SUD does not
depend on such a restriction, /. does not contain the Gini index as a special case.

The absolute sister of the family /., that is, the class of subgroup decomposable
inequality indices satisfying twice continuous differentiability, the population principle,
symmetry, continuity and non-negativity that remains invariant under equal translation
of all incomes is given by:

n

__l_ B(x;—=2) _
!g(.t)_nZ[e 1), 65£0;

i=1

l n
1v(x)=;2.t?~kz. (3)

i=1
The variance Iy and the exponential index /g, for all real non-zero values of 8, satisfy
the Pigou-Dalton transfers principle (see Chakravarty and Tyagarupananda, 2009).

The weight attached to the inequality of subgroup i in the decomposition of the family
I, is given by w;(n. ») = (n;/n)/(x/2;)¢. The corresponding weights in the decom-
position of I and Iy are given by w; (n. 1) = (n;e%i)/(ne?*) and {n; /n} respectively.
Evidently, the sum of these weights across subgroups becomes unity only for the two
Theil indices and the variance.

If there is a progressive transfer of income between two persons in a subgroup then
inequality within the subgroup decreases without affecting between-group inequality.
But polarization increases because of higher homogeneity/identification of individuals
within a subgroup. Of two subgroups, a proportionate (an absolute) reduction in all
incomes of the one with lower mean keeps the subgroup relative (absolute) inequality
unchanged but reduces its mean income further. Likewise, a proportionate (an abso-
lute) increase in the incomes of the other subgroup increases its mean but keeps rela-
tive (absolute) inequality unaltered. This in turn implies that B/ increases. In other
words, a greater distancing between subgroup means, keeping within-group inequality
unchanged, increases between-group inequality making the subgroups more heteroge-
neous. A sufficient condition that ensures fulfillment of this requirement is that the
decomposition coefficient w; (n, ) depends only on n; /n. The only subgroup decom-
posable indices for which this condition holds are the Theil mean logarithmic deviation
index /7., which corresponds to ¢ = 0 in (2), and the variance. We denote the set
{Imr. Iv} of these two indices by SD. For further analysis, we restrict our attention to
the set SD. Note that the members of §D are onto functions and they vary continuously
over the entire non-negative part of the real line. (It may be mentioned here that the
Esteban-Ray (2005) discussion on the Kanbur-Zhang index is based on the functional
form Iy7.) We also assume throughout the paper that the number of subgroups (k) is
exogenously given.

3 Buourguignon (1979) developed a characterization of Iy, using w;(n, 1) = n; /n.
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3. THE POLARIZATION ORDERING

Following our discussion in Section 1, we define a polarization index P as a real val-
ued function of income distributions of arbitrary number of subgroups of a population,
partitioned with respect to some homogeneous characteristic. Formally,

DEFINITION 1. By a polarization index we mean a continuous function P : 2 —

R', where
Q= U ( l_[ D"") .
kel “miel,1<i<k
Forany x = (x',x2,...,x%) € Q,k € T, the real number P (x) indicates the level of

polarization associated with x.

Often economic indicators abbreviate the entire income distribution in terms of two
or more characteristics of the distribution. For instance, a ‘reduced-form’ welfare func-
tion expresses social welfare as an increasing function of efficiency (mean income)
and a decreasing function of inequality (see Ebert, 1987; Amiel and Cowell, 2003 and
Chakravarty, 2009, 2009a). Likewise, we have

DEFINITION 2. A polarization index P is called abbreviated or reduced-form if
forall x = (x',x%,....x%) € Q, k € I, P(x) can be expressed as P(x) =
f(BI(x), WI(x)), where I € SD is arbitrary and the real valued function f defined
on R? is continuous.

We refer to the function f considered above as a characteristic function. Clearly, the
polarization index defined above will be a relative or an absolute index according as we
choose Iy, or Iy as the inequality index,

Since the characteristics ‘identification’ and ‘alienation’ are regarded as being intrin-
sic to the concept of polarization, in order to take them into account correctly we assume
that the function f is monotonic, that is, it is increasing in B/ and decreasing in W/,
Such polarization indices are called feasible. Formally,

DEFINITION 3. A reduced—form polarization index P(x) = f(BI(x), WI(x)),
where I € SD, x = (x',x2,...,x%) € Q, k € T are arbitrary and the real valued
function f defined on R_z,_ is continuous, is called feasible if f is increasing in Bl and
decreasing in W1,

It will now be worthwhile to comare the index presented in Definition 3 with the
Esteban-Ray (1994) index, which is given by

kK k
ER(p,z)=A ZZ pitepilzi — 21,

i=1 j=1
where z; is the representative income, defined in an unambiguous way, of subgroup i,
pi is its population size, z is the vector of z;’s, A > 0 is a constant and ¥ € (0, 1.6].
Here the function p¥, which is positive for p; > 0, indicates a sense of identification of
an individual in subgroup i with other persons in the same subgroup. As the parameter
k approaches zero, E R approaches the Gini index. A positive value of «, and hence the
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identification function p7, underlines the differences between inequality and polariza-
tion. On the other hand, the distance function |z; — z;| is an indicator of the alienation
component. Clearly, both identification and alienation are directly related to ER. Thus,
while in our case, identification is formulated in terms of inverse within-group inequal-
ity, in the case of ER, it is a function of population proportions. In contrast, in both
cases, the alienation component is based on income distances. While ER directly in-
corporates the subgroup-sizes, in the reduced-form index the subgroup-sizes are taken
into account in the within-group component of inequality. (See the definition of the
family SD in Section 2.) Thus, for the latter identification is formulated involving both
subgroup-sizes and subgroup inequality levels. Now, for a small subgroup if inequality
of the subgroup is sufficiently high, its contribution to overall within-group inequal-
ity component may be high. Consequently, its impact on identification, and hence on
polarization, is quite low.

In the Esteban-Ray framework, the postulates are formulated in terms of population
shift and minimum polarization arises when there is perfect homogeneity in the sense
that the entire population is concentrated in a subgroup, that is, identification is maxi-
mum. In the reduced-form set up the notion of polarization is based on inequality in-
dices and therefore, the postulates involve, among other conditions, scaling/translation
of incomes and redistribution of incomes. The minimum polarization arises in this
case when both alienation and identification are minimum, that is, when B/ = 0 and
W1 is maximum. In the E R-case, polarization is maximized when the population is
equally split into two subgroups and the remaining subgroups have zero population-
size, whereas in our case, maximum polarization arises if identification is maximized
(W1 = 0) and alienation (B1[) is also maximum, Thus, while for the E R-case, these
extreme situations are specified in terms of population concentration, in the present
case, they are consequences of income concentration, These differences arise because
of different basic formulations,

Note that as the number of subgroups increases and k ends up in n, each individual
constitutes a subgroup. Since for the concept of subgroup inequality to be defined, there
should be at least two persons in a subgroup, within-group inquality is undefined. That
is, now there is only one subgroup, the entire population. Consequently, inequality is
represented only by the between-group term, a direct indicator of polarization. Thus,
in this polar case in the absence of identification component inequality and polarization
are increasingly related. In fact, Esteban and Ray (1994) also did not ‘claim that the
notion of polarization always conflicts with that of inequality (op. cit., p. 825)".

There are some more differences between our approach and ER-approach. For in-
stance, in the ER-approach, the impact of merger of two equally-sized groups at the
midpoint will depend on the shape of the entire distribution. However, in the Zhang-
Kanbur set up, this will lead to reduction of inequality as well as polarization. This
difference arises because while the latter looks at polarization simply in terms of iden-
tification and alientation with a fixed number of groups, the former allows variability of
groups as well as shifts of populations across groups. While our objective is definitely
not to supplant the ER -index, we see a clear merit in the Zhang-Kanbur approach given
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that the number of groups as well as group sizes are fixed, because it takes into account
the alienation and identification factors in a very easy and intuitive way. Since polariza-
tion is a multifaceted phenomenon, our attempt to look at polarization from a different
perspective appears to be quite sensible,

3.1. The Ordering
In order to develop a polarization ordering of the income distributions, consider the

distributions x = (x!,x2,...,x5,y = (v y2, ..., 90, € ﬁD"". where k > 2,
ni = 2,1 <i < k are arbitrary. Then we say that x is more poi;rlizecl than y, what we
write x >p v, if P(x) > P(y) for all feasible polarization indices P : ﬁ D" — R!,
Our definition of > p is general in the sense that we do not assume equafthly of the total
income of the distributions.

As we have noted in the previous section, given y = (1,92, 95 € D",

[

i

k
2. s vk) € ] D™, which is more polarized than y,

by one of the following three polarization inc!reasing transformations: (i) decreasing
W1 (keeping BI unchanged), (ii) increasing B/ (keeping W/ unchanged), and (iii)
decreasing W1 and increasing B/7. We can write these three conditions more compactly
as BI(x) = BI(y)and W/ (x) < WI(y) with strict inequality in at least one case. The
following theorem demonstrates equivalence of this with x >p y.

we can generate x = (x!, x

k
THEOREM 1. Let x = (x',x%,...,x%,y = &', ¥% ..., 9% € [] D", where

i=l
k>=2.n; =2, 1 <i <k, are arbitrary. Then the following conditions are equivalent;

(i) x>p v
(i)) BI(x) = BI(y) and WI(x) < WI(y) for any inequality index I in SD, with
strict inequality in at least one case.

PROOF: SEE APPENDIX.

What Theorem 1 says is the following: if condition (ii) holds then we can unam-
biguously say that distribution x is regarded as more polarized than distribution y by all
reduced-form polarization indices that are increasing in B1 and decreasing in W 1. Note
that we do not require equality of the mean incomes of the distributions for this result
to hold. Clearly, condion (ii) in the theorem can be verified easily.

3.2.  Discussion

The polarization ordering defined in the theorem is a quasi-ordering—it is tran-
sitive but not complete. To see this, consider the bi-partitioned distributions x =
((1.3,5),(2,6))and y = ((1, 3,5), (2,4)). Let us choose Iy as the index of inequality
and denote its between and within-group components by B/y and W ly respectively.
Then Bly(x) = (6/25), Bly(y) = 0. Also Wiy (x) = (16/5), Wly(y) = 2. Thus, we
have Bly(x) > Bly(y) and Wiy (x) > W/y(y). This shows that the distributions x
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and y are not comparable with respect to > p and hence > p is not a complete ordering.
Next, suppose that for three distributions x, y and z, partitioned with respect to the same
characteristic into equal number of subgroups, we have x >p vand y >p z. Thenitis
easy to check that x > p z holds, which demonstrates transitivity of > p.

Now, to see that inequality ordering of income distributions is different from po-
larization ordering, consider the bi-partitioned distributions y = ((a.¢), (b.d)) and
x=((a,c—e),(b+ed).wherea <b<c<dand0 < & < (¢ —b)/2. Then it
is easy to see that Bly(y) < Bly(x) but Wiy (v) > Wliy(x). Hence for all feasible
polarization indices P, we have P(y) < P(x). But by the Pigou-Dalton transfers princi-
ple, Iv(y) > Iy (x). Next, let us consider the income distribution x = (1 x2, .. xh

k
€ [] D™ and generate the distribution y = (."'I ; _\!2, - _\-‘"] from x by the following

i=1
transformation: y' = x? forall i # j and y/ is obtained from x/ by a progressive trans-
fer of income between two persons in subgroup j. By construction, B/ (x) = BI(y)
and WI(y) < WI(x), where I € SD. This in turn implies that for any feasible polar-
ization index P, P(y) > P(x). But the inequality ordering here is 7(x) > I(y). Thus,
in these two cases polarization and inequality rank the distributions in completely oppo-
site ways. The intuitive reasoning behind this is that while each of the two components
B1I and W1 is related to inequality in an increasing manner, for polarization the former
has an increasing relationship but for the latter the relationship is a decreasing one. It
should be evident that polarization ordering will depend on the way partitioning of the
population is done. For instance, with ethnic group partitioning, one population may be
regarded as more polarized than another while for geographic location partitioning the
reverse situation may arise, This is natural because the identification of the subgroups
depends on the characteristic using which the partitioning is done.

3.3. A Comparison with the Bi-polarization Ordering

To relate > p with the bi-polarization ordering, which relies on the increased spread
and increased bipolarity axioms, suppose that the distributions are partitioned into two
subgroups with incomes below and above the median. The increased spread axiom says
that polarization should go up under increments (reductions) in incomes above (below)
the median. The increased bipolarity axiom, which requires bi-polarization to increase
under a progressive transfer of income on the either side of the median, is a bunching or
clustering principle.

For any x € D", let m(x) (or simply m) be the median income and X0 =
(.\’?,Ig. e ,_r,?) be the non-decreasingly ordered permutation of x. We assume for
simplicity that n is odd. Then m(x) = _1'2. where n = ('n-;-_]) Let x2 (x2) be the
subvector of x° such that .r? <m (,riU > m).

; j 1 ; 3
The normalized aggregate shortfall R B (.1:, i) =— > (m— .\‘?] is the devia-
n nm ;iq
tion of the total income of the population proportion j/n from the corresponding total

that it would possess under the hypothetical case where everybody enjoys the median
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income, as a fraction of the factor nm, where 1 < j < i, This is the ordinate of the rel-
ative bipolarization curve (RBC) of x, corresponding to the population proportion j/n,
where 1 < j < 7. For incomes not less than the median, the corresponding ordinate
is L > (.x‘? —m). A similar construction of the curve runs when the population
nm iz
size is even. (See Wolfson, 1997, 1999, Wang and Tsui, 2000, Chakravarty, 2009 and
Foster and Wolfson, 2010). It is shown that of two distributions x. y € D", the RBC
of y dominates that of x, that is, the RBC of y is nowhere below that of x and at some
places strictly inside, if and only if y is more polarized than x by all relative, symmetric
bi-polarization indices that satisfy the increased spread and increased bipolarity axioms
(see Wolfson, 1997, 1999, Chakravarty et al., 2007 , Chakravarty, 2009 and Foster and
Wolfson, 2010). Wang and Tsui (2000) showed that, for a given median, this is equiva-
lent to the condition that y? < x? B and x}.C < y for all bistochastic matrices B, C of
appropriate orders, and y? # x2 and/or ).-'9_ #* _r?,_. (For any two n-coordinated vectors
pand g, p < g means that p; < ¢; forall 1 <i < n. Ann x n nonnegative matrix is
called a bistochastic matrix of order n if each of its rows and columns sums to 1.)*
Note that for a population bipartitioned using the median, alienation refers to increase
in the distance between the subgroups below and above the median and this can be
achieved by increasing (decreasing) incomes proportionately above (below) the median.
Hence, alienation is similar in spirit to the increased spread axiom. Now, a progressive
transfer of incomes between two individuals on the same side of the median increases
identification. Thus, the increased bipolarity axiom possesses the same flavor as the
identification criterion. Hence the two notions of polarization ordering are essentially
the same when the two population subgroups are formed using the median’.

4., THE CHARACTERIZATION THEOREMS

A polarization ordering often may not be able to rank two distributions conclusively.
Then in order to look at the directional rankings of the distributions in terms of polariza-
tion, it becomes necessary to calculate values of one or more polarization indices. Use
of a particular index involves a set of implicit value judgements. We know that a char-
acterization exercise gives us a set of necessary and sufficient conditions for identifying
an index uniquely. These conditions, which are referred to as axioms, become helpful
in understanding the underlying polarization index in an intuitive way. In other words,
characterization of an index enables us to get insight of the implicit value judgements
in an explicit manner. These axioms seem to be appropriate for a polarization index in
a particular framework.

All the polarization indices considered in this section are assumed to be feasible (as

4 An absolute bipolarization curve is obtained by scaling up the RBC by the median. Chakravarty et al.
(2007) showed that a unanimous ranking of two income distributions by all absolute bipolarization indices
can be achieved through pairwise comparison of their absolute bipolarization curves.

3 In a recent contribution, Bossert and Schworm (2008) showed that the two-group approach can be inter-
preted in terms of treating polarization as an aggregate of inverse welfare measures of the two groups under
consideration. See also Duclos and Echevin (2005) and Chakravarty et al. (2007) for a related discussion.
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defined in Definition 3).

We can very well conceive of a ‘threshold level’/“tolerance limit” of polarization ex-
ceeding which a society becomes turbulent®. In this case, a small increment in alien-
ation/identification is likely to escalate tension to a degree, which may generate conflict,
as characterized by higher polarization. This is strengthened further by an argument of
Esteban and Ray (1994, p. 844) which says that “. .. when the population is already
largely bunched at the two extreme points, further bunching will serve to accentuate
polarization.” It is likely that the net increment in polarization will not be lower for a
society characterized by a higher level of conflict/polarization. Now, the tolerance limit
is likely to vary from society to society, particularly, for a highly peaceful society it
is expected to be quite low. This, therefore, permits us to assume that the change in
polarization is non-decreasingly related to alienation and identification over the entire
domain. As we have said, while in the Esteban-Ray set up the axioms are based on
population concentration, in our case the notion of polarization is based on income con-
centration between and within-groups. Consequently, for the latter polarization change
should be related to inequality change.

The following two axioms can now be stated:

(Al) Forall x = (x",x2,....x%) € @, k € T and for any non-negative «,
fBI(x)4+a, WI(x))— f(BI(x), WI(x)) = ¥(BI(x), WI(x))g(a) for some con-
tinuous functions ¥: R — Rl and g : R} — R, where ¥ is non-decreasing in its
first argument, g is increasing, g(0) =0and I € SD.

(A2) Forall x = (x!,x2,...,. v¥) € @, k € T and for any non-negative f,

f(BI(x),WI(x)) — f(BI(x), WI(x)+ B) = @(BI(x), WI(x))h(p) for some con-
tinuous functions ¢: R2 — R. and h : R} — R!. where ¢ is non-decreasing in its
second argument, & is increasing, h(0) =0and I € SD.

Clearly, these two axioms specify the rate of increase in B/ and that of decrease in
W1 respectively in a specific but very simple way. Axiom (A1) says that increment
in polarization resulting from an increase in B/ by the amount & is proprtional to an
increasing transform of «. More precisely, it stipulates that the increment can be de-
composed into two continuous factors, one a non-negative function of « alone and the
other a non-negative valued function of BI and WI, which is non-decreasing in BI. In
other words, given differentiability of the function f, the polarization index becomes
convex in BI. Increasingness of the function g reflects the view that polarization is in-
creasing in BI. The assumption g(0) = 0 ensures that if there is no change in B/, there
will be no change in the value of the polarization index (assuming that W/ remains un-
altered). Given other things, with a higher value of «, there will be more increment
in alienation. Axiom (A2) can be explained similarly. The functions g and & may be
interpreted respectively as alienation and identification sensitivity functions.

It may be worthwhile to note that decompositions of the type specified in axioms
(Al) and (A2) can as well be satisfied by some bipolarization indices. To see this,
consider the distribution x = (xy, x2, x3 = m. x4, X5), where x;’s are non-decreasingly

6 This term ‘tolerance limit’ is borrowed from the theory of Statistical Quality Control.
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ordered and m is the median. Now, consider the bipolarization index Q(x) = 1 —

1 5
(E) exp § — Y |xi —m|¢. This absolute, symmetric index of bipolarization satisfies
» i=l

the increased spread and increased bipolarity axioms. It takes on the value 0 when the
income distribution is perfectly equal. Next, suppose that the distribution y is obtained
from the distribution x by increasing the highest income x5 by an amount ¢ > 0, that
is, vy = xj,for 1 <i < 4 and ys = x5 + ¢. Then the change Q(y) — Q(x) can be

1 5
expressed as the product 5 €XP {— Y |xi —m|} {1l —exp(—c)}. That is, the change

has been decomposed into two components, one depends on the original distribution x
and other on the increment c.

Often we may need to assume that a polarization index is normalized, that is, for a
perfectly equal distribution the value of the polarization index is zero. Formally,

(A3) Forarbitrary k € T, if x = (x',x%, ..., *) € Q is of the form x’ = ¢1™,
where n; € I'forall 1 < i < kand ¢ > 0 is a scalar, then for any I € SD,
f(BI(x), WI(x))=0.

Since for a perfectly equal distribution x, B/(x) = W/(x) = 0, we may restate
axiom (A3) as £(0,0) =0,

The following theorem can now be stated.

THEOREM 2. Assume that the characteristic function is continuously differentiable.
Assume also that the right partial derivative of the characteristic function at zero with
respect to each argument exists and is positive for the first argument and negative for
the second argument. Then a feasible polarization index P : Q — R" with such a
characteristic function satisfies axioms (A1), (A2) and (A3) if and only if it is of one of
the following forms for some arbitrary positive constants ¢| and c:

(i) Pi(x) =c1BI(x) = c2Wli(x),

(i) Pux) = —-(aB10) — 1y — s WI(x), a > 1,
loga

IA

(iii) P3(_n=(aB”ﬂ—1)(]C—'+pw:(x'})—czwm), 0<a<l, —c2
oga

p =0, .
(iv) Py(x) = c1BI(x) — ——BWI® — 1), p> 1,
logh
(v) Ps(x)=c1BI(x)—BY® —1) (—(.2 +aBI(,r)) ,0<b<l, —c1 =
logh
o EO’ . -
(vi) Pe(x) = “ @B1® ~ 1) - 2 VIO _1), a1, b> 1,
loga log b _
{\"li} P’}(x} — €l (aB."(xl — l) — t_z(bw.f[x) _ ]} + ”{aﬂf(r) - ])
loga log b

BYIO —1), a>1, 0<b<1, 0<ploga <ci,
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(vili) Pg(x) = —@BI® 1) — L pWIm 1) 4 @Bl -
loga logb
GYI® 1), 0<a<1, b>1, —c; <nlogh <0,
(iX) Po(x) = ——@BI®_1) = 2 pWI®_1) 4+ p@d® 1)
loga logh
GYIO 1), 0<a, b<l, <p<- =
loga log b
where x = (x',x2, ..., fyeQ, keTandI € SD are arbitrary.

PROOF: SEE APPENDIX.

In Theorem 2 the only assumptions we make about f are its continuous differentia-
bility and existence of partial derivatives at the end point 0. Many economic indicators
satisfy these assumptions. It is known that if the partial derivatives exist at the end point
0, then they are right partial derivatives (Rudin, 1987, p. 104),

The constants ¢ and ¢z reflect importance of alienation and identification in the ag-
gregation. They can be interpreted as scale parameters in the sense that, given other
things, an increase in ¢ increases polarization. Likewise, ceteris paribus, if ¢z de-
creases then polarization increases. The other parameters can be interpreted similarly.
For ¢; = ¢2 = |, Py becomes the Rodriguez-Salas index of polarization, if we sub-
divide the population into two non-overlapping groups using the median and use the

n
Donaldson-Weymark S-Gini index Iz (x) = 1= Y_ (i — (i — 1)¥)%; /An® as the index of
i=l
inequality, where & > 1 is an inequality sensitivity parameter and ¥ = (%1, X2, ..., X,)
is that permutation of x such that x; > X > .-+ > x,,. For & = 2, I; becomes the Gini
index. In the Rodriguez-Salas case for Py to increase under a progressive transfer on
the same side of the median, it is necessary that 2 < & < 3.

However, Rodriguez-Salas index regards all income distributions that have equal
between-group and within-group components of inequality as equally polarized. Thus,
a distribution x with BI(x) = WI(x) = .3 becomes equally polarized as the equal dis-
tribution y with B/ (y) = WI (y) = 0. Therefore, in situations of the type where

Bl = WI, P can avoid this problem if we make different choices of ¢ and cs.
The same remark applies to the choices of a| and a2 in the normalized ratio form
Bl(x)

a

index Py g,(x) = (",',—”X) - l), which is obtained as a particular case of Py as
a

- ¢ Cl c2 . . .
follows. If in P; we set = — = 5 = 1, then on simplification we get
loga logh

BI(x)
. . a
Pr(x) = aB1@pWIE) _ 1 which we can rewrite as P7(x) = (:V_Hx) - 1). where
a

ay =a > 1 and 1/b = a» > 1. Therefore for suitable choices of the parameters we get
Bl(x)
1

the normalized ratio form index ( ] 1 | as a special case of P7.

Witx)
ay

In order to discuss eventual differences among the indices Py — Pg, we look at the
following properties.
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PROPERTY 1. P is strictly convex in BL
PROPERTY 2. P is strictly concave in W1

These propertie underline the choice of the policy-maker in fixing up the rate of
increase in identification and alienation factors, It is readily seen that Py satisfies none
of these properties (and hence can be seen as a rather ‘weak’ indicator); P> and Ps
satisfy the first property, but not the second one; P4 and Ps obey Property 2, but not
Property | while each one of the indices P7 — Py meets both the properties (and so, they
can be considered as ‘strong’ indicators). Indices P; — Pg are identical; they vary only
in terms of the restrictions on the parameters.

However, if two distributions x and y can be ranked unambiguously by the ordering
discussed in Section 3, then from ordering perspective essentially no difference arises
among the indices characterized in Theorem 2.

In order to demonstrate independence of the three axioms, we need to construct
indicators of polarization that will fulfill any two of the three axioms but not the re-
maining one. The feasible characteristic function fi(s.1) = (s — %) satisfies axioms
(Al) and (A3) but not axiom (A2). Likewise, the feasible characteristic function
fa(s, 1) = (s —1) fulfills axioms (A2) and (A3) but not axiom (A1). Finally, the
feasible characteristic function f3(s,1) = (s —t — 1) is a violator of axiom (A3) but
not of axioms (A1) and (A2). We can therefore state the following:

REMARK 1. Axioms (Al), (A2) and (A3) are independent.

For the index given by (i) the ratio ¢2 /¢ is the marginal rate of substitution of alien-
ation for identification along an iso-polarization contour, This ratio shows how W1 can
be traded off for B along the contour. In fact, we can take this trade-off into account in
a more general way through some changes in the original distribution. Suppose all the
incomes in the subgroup with the minimum subgroup mean are proportionately scaled
down or reduced by the same absolute amount. Because of increased differences in
subgroup means B/, that is, alienation increases, by some amount 8, say. The resulting
increase in polarization can be compensated by a decrease in identfication through a
sequence of regressive transfers within one or more subgroups. Since the correspond-
ing reduction in identfication depends on the size of &, we denote it by ¢1(8). That is,
because of an increase in Bl by &, for keeping the level of polarization unaltered it
becomes necessary to increase W/ by some amount g (8). By a similar argument, if
W1 increases by & then a corresponding positive change in Bl by g2(8), say, will be
necessary to keep level of polarization constant (see also Esteban and Ray, 1994, p. 828,
pp. 845-6 and Chakravarty et al., 2010, for a related discussion). Formally,

(A4) Forall x = (x',%%..., x*) € @, k € T and for any non-negative §,
S(BI(x), WI(x)) = (BI(x)+ 38, WI(x) + g1(8)) = f(BI(x)+ g2(8), WI(x) + )
for some continuous functions g, g2 : RJ'r — R}r ;

Using axiom (A4) we can develop a joint characterization of the normalized ratio
form index Py, 4, and the difference form index Py. This is shown below.

THEOREM 3. Assume that the characteristic function is continuously differentiable.
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Assume also that the right partial derivative of the characteristic function at zero with
respect to the first argument exists and is positive. Then a feasible polarization index
P : Q@ — R with such a characteristic function satisfies axioms (A1) (or (A2)), (A3)
and (A4) if and only if it is of one of the following forms:

(1) Peper(x) =1 BI(x) — c2WI(x) for some arbitrary constants cy, ¢z > 0,
Bl(x)
.. a ]
(i) Pagmx)=c (':V—f(r) — | ) for some arbitrary constants ¢ > 0, ay.az > 1,
o A
2

2 ..xfeQkeTandl e SDare arbitrary.

where x = (,r].x s

PROOF: SEE APPENDIX.

Since the constants ¢ and ¢7 in the above theorem are arbitrary, we can choose them
to be equal to the corresponding constants in Theorem 2 and therefore use the same
notation. The same remark applies for the constants a1 and az.

To check independence of axioms (A1), (A3) and (A4), consider the characteristic
functions f1. f3 (as defined earlier) and fy(s, 1) = (2*7" + s —t — 1). Then fj satisfies
axioms (A1) and (A3) but not axiom (A4), f3 is a violator of axiom (A3) but not of the
other two, while f4 fulfills all the axioms except (A 1). We therefore have

REMARK 2. Axioms (Al), (A3) and (A4) are independent.

Again, the characteristic function f; meets axioms (A2) and (A3) but not (A4). On
the other hand f3 violates axiom (A3) but not the remaining two. Finally, f4 fulfills all
the axioms except (A2). This enables us to state the following:

REMARK 3. Axioms (A2), (A3) and (A4) are independent.

The transformed ratio form index (1 + Pg, 4,) has a structure similar to the Zhang-
Kanbur index Pzg (x) = BI(x)/WI(x). However, one minor problem with Pzg is its
discontinuity if W/ (x) = 0. The transformed index and hence Pg, 4, do not suffer from
this shortcoming. However, the alienation and identification components of polarization
are incorporated correctly in the formulation of Pzg.

In the literature on income-inequality measurement, it is a common practice to relate
an inequality index with a welfare function in a negative monotonic way and vice -versa,
For instance, we may define the welfare function U associated with any inequality index
I defined on D as U (x) = A(x)e™' ™) When efficiency considerations are absent, that
is, the mean income A(x) is fixed, an increase in inequality is equivalent to a reduction
in welfare and vice-versa. A proportionate or an absolute increase in all incomes will
increase U depending on whether / is a relative or an absolute index (see Shorrocks,
1988 and Chakravarty, 2009). Note also that given a functional form of U, we can
generate the form of the inequality index 7. In a similar attempt, Chakravarty et al.
(1985) determined the functional form of the underlying social welfare function from
the knowledge of the ethical income mobility index suggested by them.

Likewise, a similar problem can be the issue of generating an inequality index from
a specific polarization index. More precisely, for a polarization index with a particular
structure, we identify one possible corresponding subgroup decomposable inequality



72 KEIO ECONOMIC STUDIES

index. In other words, given the polarization index, we determine the functional form of
the underlying subgroup decomposable inequality index by constructing an appropriate
algorithm. Thus, we may regard the problem as the dual of generating polarization
indices from inequality indices. For this purpose we assume at the outset that for fixed

k
k € T and (ny, na, ..., ng) € T*, the polarization index P : [| D" — R! satisfies the
following axiom:

'k +
(AS): Forallx = (x!,x%,...,x5 ¢ [1 D", P(y)—P(x) = vi(n, L) g(x"), where
i=1
y = (v ¥2 ..., y%) with y' = A(x))1% and y/ = x/ for j # i: v; is a positive real
number, assumed to depend on the vector (1, ) and g is a non-negative valued function

k
defined on | J D™,

Note tha:l v\lfe are not assuming here that the polarization index is feasible. However,
it will be demonostrated that feasibility drops out as an implication of our structure.
The transformation that takes us from x to y makes the distribution y* in subgroup i
perfectly equal and leaves distributions in all other subgroups unchanged. Given posi-
tivity of v;, axiom (AS5) states that the resulting change in polarization, as indicated by
P(y) — P(x),is non-negative (since g is non-negative). This is quite sensible. Assum-
ing that x' is unequal, a movement towards perfect equality makes the subgroup more
homogeneous and because of closer identification of the individuals in the subgroup,
polarization should not reduce. Since the transformation does not affect the distribu-
tions in all subgroups other than subgroup i, we are assuming that the change does not
depend on unaffected subgroups’ distributions. However, it is assumed to depend on
x', the original distribution in subgroup i, and the vectors of population sizes of the
subgroups and their mean incomes.

k
THEOREM 4. If the continuous polarization index P : || D" — R' satisfies
i=l
axiom (AS), then there exists a corresponding subgroup decomposable continuous in-
k k
equality index I : (H D”*’) U (U D"*’) — leL of the type I(A 1™, Ap1™2, .. |

i=1 i=1

k
M"Y + 3" wi(n, )1 (x') which takes on the value zero for the perfectly equal distri-
i=l
k
bution on | J D",
i=1
PROOF: SEE APPENDIX.
Note that Axiom (A5) does not say anything about the identification and alienation
factors of P. However, using Theorem 4, we can clearly extract them since the retrieved
index is subgroup decomposable.

REMARK 4. From equation (44) in the appendix we observe that P can be ex-
pressed as (¢yBI — ca W) for some subgroup decomposable inequality index 7 that
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k
becomes zero for the perfectly equal distribution on | J D™, where ¢y, ¢ > 0 are arbi-
trary constants, Therefore, it is a feasible index of polarization for the inequality index
defined in equation (43) in the appendix.

REMARK 5. Since Theorem 4 is concerning existence of a subgroup decompos-
able inequality index, we have considered an inequality index that can be generated
by an algorithm from the polarization index satisfying Axiom (AS5) and which satisfies
subgroup-decomposability. If we assume that w; (n, ) = vi(n, A)/c2 depends only on
ni/n, then given the domain, this inequality index is a member of SD. Furthermore, /
will be symmetric whenever P and g are. Finally, if ¢ takes on positive values for all
distributions which are not perfectly equal, then / will satisfy NON also.

k k

REMARK 6. Since (]_[ D"") U (U D“") is a closed subset of D and I is con-
i=l1 i=l

tinuous, / can be continuously extended to D (Rudin, 1987, p. 99). (Here we assume

i i
that D can be identified with U ( Il D'"J') U ( U D"‘J)_)
I

mjel,l<j<l, \j= j=1
ler

5. CONCLUSION

Polarization is concerned with clustering of incomes in subgroups of a population,
where the partitioning of the population into subgroups is done in an unambiguous way.
A reduced-form polarization index is one which abbreviates an income distribution in
terms of ‘alienation’ and ‘identification’ components of polarization. The between-
group term of a subgroup decomposable inequality index is taken as an indicator of
alienation, whereas within-group inequality is regarded as an inverse indicator of iden-
tification. A criterion for ranking different income distributions by all reduced-form in-
dices is developed under certain mild conditions. Some polarization indices have been
characterized using alternative sets of independent axioms. Finally, the dual problem
of generating an index of inequality from a given form of polarization index is inves-
tigated. Evidently, our result on ordering will be more powerful if it can be extended
to the case of non-reduced-form polarization indices. Since in this paper we have ad-
dressed three different issues that are based on reduced-form indices only, we leave this
as a future research program. Another line of future investigation is the demonstration
of a formal relationship between the bipolarization ordering and the ordering discussed
in this paper.

6. APPENDIX

PROOF OF THEOREM 1. Suppose x >p vy holds. Consider the polarization index
Pe(x) = BI(x) — eWI(x), where ¢ > 0 is arbitrary. By definition, P, (x) is a feasible
index. Now, Pg(x) > P¢(y) implies that BI(x) — BI(y) > e(WI(x) — WI(y)). Since
& > 0is arbitrary, letting ¢ — 0, we get BI(x) = BI(y).
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Next, consider the feasible index P;(x) = eBI(x)—WI(x), where & > 0is arbitrary.
Then P/(x) > P[(y) implies that WI(x) — WI(y) < &(BI(x)— BI(y)). Again
because of arbitrariness of ¢ > 0, we let ¢ — 0 and find that W7 (x) < W1(v).

Now, at least one of the inequalities B/ (x) = BI(y) and W/i(x) < WI(v) hasto
be strict. This is because if BI(x) = BI(y) and WI(x) = WI(y), then P(x) =
f(BI(x), WI(x)) = f(BI(yv), WI(y)), thatis, P(x) = P(y), which contradicts the
assumptionx >p y,

The proof of the converse follows from the defining condition of the feasible po-
larization index, that is, increasingness in the first argument and decreasingness in the
second argument, [J

PROOF OF THEOREM 2. Since the components of the two inequality indices con-
sidered are onto functions, we can restate axioms (A1) and (A2) as follows:

fls+a,t)— f(s,t) =Y (s.1)g(e), (4)

fls,0) = f(s, 1+ B)=o(s,)h(B) . (5)
where 5, t, @, B = 0 are arbitrary. Putting s = 0 in (4) and assuming positivity of & we
get

fla.t) = f(0,1) =¢(0,0)g(e). (6)
For a fixed 1 € R],_, define f; : R_1|_ - R! by fi(s) = f(s,1), where s = 0.
Then continuous differentiability of f implies that f; is also continuously differen-
tiable and moreover, it is increasing. Further, by assumption, f}’(O) > 0 which im-
plies that f(e.t) > f(0.t) for all @ > 0. Also, by increasingness of g we have,
g(e) > g(0) = 0. This, along with (6) yields: ¥(0.) > 0 forall 1 € R}. Hence, for
all s,1 € R we have, ¥ (s, 1) > ¥(0,1) > 0.

From (4) and (6) it then follows that

fls+a.n)=fls.0) Y1)

— . (7)
fla, 1) = f(0,1) (0, 1)
foralls,r = 0.
We rewrite (7) in terms of f; as follows:
fils+a)— fi(s)  Yis, 1) 8)

frl@) = £10)— y(0.0)

Note that the right hand side of (8) is independent of @. So we can divide the denom-

inator and numerator of the left hand side of (8) by & and take the limit of the resulting
expressions as & — 0. Then (8) becomes

£ Yls,0)
[0  yO,n°
where f/ stands for the derivative of f;. By assumption the right hand side of (9) is

positive, This along with positivity of f/(0) (by assumption) implies that f/(s) > 0 for
af (s, 1)

(9)

all s = 0. From this it follows that

> Oforalls,t = 0.

h
Because of independence of the right hand side of (8) of e, the derivative of the
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left hand side of (8) with respect to « is zero. This gives (fi(a@) — f;(0) f/(s + @) =

(fi (s + @) — fi(s) f/ (@), from which it follows that
fis+a)=fits)  fls+a)

fi(@) = fi(0) 1 (@)
Equations (8), (9) and (10) jointly imply that

fs+a)  f(s)
f@) (0
tion ju; : ."i’Jlr — R by p,(s) = f/(s)/f/(0). Then the previous equation becomes

(10)

. which gives f/(s +a) = (f/(s) f{(@))/ ] (0). Define the func-

e (s +a) = g (8) g () (1)

for all s, = 0. Since f is continuously differentiable, p, is continuous. The gen-

eral nontrivial solution to the functional equation (11) is given by 1, (s) = (a(t))*® for

some continuous function a : RL — R, where s > 0 is arbitrary (Aczel, 1966,

p. 41). Letting £/(0) = w(r), we can now write f; as f/(s) = (a(1))*w(r) for some

continuously differentiable maps a, w : R_l,_ e R_',__,_. Integrating f; we get
(a(r))w(t)

@) w( | .
fis) =1 Togaty T 1®> 4OF -

swt) +wi(), alt)y=1,

where 5 > 0 is arbitrary and wy : R_I}_ — Rlis continuously differentiable. We rewrite
(12) more explicitly as

(a(t))*w(t)
lau)) wi) ‘ ;
fs.t)=1{ loga(r) +wit), a(t) # .

sw)+wi()y, a(t)=1.

where s, 1 > 0 are arbitrary.

We now show that a(r) is a constant for all 1 > 0. First, note that there is nothing
to prove ifa(r) = 1 forallt = 0. If a(r) # | for some r > 0, then consider the set
B = {t = 0:a(t) # 1}, which is assumed to be non-empty. Now, (4) along with the
first equation in (13) implies that forall t € B and forall s > 0,

(@) wt) (@) w)

=Yl(s y 14
loga(r) loga(t) vis.Dg@) Sl
a1
Putting s = 0 in (14) we get (at)) Jwit) = (0, 1)g(a), which gives
loga(r)
((a@)* =1 =¢()gla), (15)

where ¢ (1) = (¥ (0,1)loga(t))/w(t) and ¢ € B is arbitrary. Since by assumption
a(t) # | forall t € B, the right hand side of (15) is non-zero for all « > 0. Substituting
o« = 1 and 2 in (15) we get ((a(1)) — 1) = ¢(t)g(1) and ((a(1))?2 = 1) = ¢(1)g(2)
respectively. Dividing the right (left) hand side of the second equation by the corre-
sponding side of the first equation, we get ((a(r)) + 1) = ¢(2)/g(1), which implies
that for all t € B,a(t) = —1 + ¢(2)/g(1) = ¢, a positive constant. But a(r) = |
for all nonnegative ¢+ € B¢, the complement of B. Since a(t) is a continuous map on
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its domain and B is a non-empty set, B must be empty. Thus, a(t) = ¢, a positive
constant not equal to one, for all + > 0. Hence in either case, a(t) is a constant. In the
sequel we will write a in place of a ().

Therefore, equation (13) now can be written as

a*w(t)
L0 1
rai=1Toga T U@. O<a¥ (16)

swt) +u (), a=1,.

where s,t > 0 are arbitrary, w, w are continuously differentiable and w is positive
valued.
Proceeding in a similar manner and making use of axiom (A2) we get
by (s)
—+y(s). O0<b#1,
f(s,1) =4 logh v1(s), =L (17)

ty(s) +vi(s). b=1,

for some continuously differentiable maps y, y : }w‘s’J'r — R, y being negative valued.
af (s.1)

We can also show that < Oforall s,r = 0.

Now, for comparing ( Ié)rand (17) we need to consider various cases.
Case I:
fls, ) =sw(t) +wi (1) =ty(s) +yi(s). (18)
By axiom (A3), wi(0) = y1(0) = 0. Putting s = 0 in (18), we get wi(1) = ty(0).
Likewise, for r = 0, we have sw(0) = yi(s). Substituting these expressions for wq
and yp in (18), we get sw(r) + ty(0) = ty(s) + sw(0), from which it follows that
s(w(t) —w(0)) = t(y(s) —y(0)). Since this holds for all s,¢ = 0, there exists a
constant # such that w(t) = w(0) + 0¢ and y(s) = y(0) + fs. Hence f(s,1) =
s(w(0) + 01) + ty(0). Differentiating this form of f partially with respect to s and ¢,

af (s, af (s, .
J(s.0) = (w(0)+1) > 0and f;;{ f) = (y(0) +6s) < 0. Now, if 6 > 0,

: i
then negativity of / ;; L cannot hold for all s > 0. On the other hand, if 6 < 0, then
af (s.1)

we get

positivity of cannot hold for all sufficiently large positive . Hence the only
A

possibility is that & = 0. Consequently, f(s,f) = sw(0) + 1y (0) = ¢15 — ¢2t, where

c1 = w(0) > 0and ¢z = —y(0) > 0 (by positivity and negativity of partial derivatives

of f with respect to s and ¢ respectively, as shown earlier).

Case II:
Sw(r
Fon =" L@ =ty + ), O<a#l. (19)
loga
By axiom (A3),
0
YO 0 =10 =0. (20)
loga

Putting s = 0 in (19) and using the information y1(0) = 0 from (20) in the resulting
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t
expression we get f(0,1) = ]wl + wi(t) = ty(0). Substituting the expression for
oga

w1 (1) obtained from this equation into (19) we have
5 ] I
_ (a Yw (1) £
loga
a*w(0)
ga

S (s.1) 1y(0). (21)

Similarly, putting t = 0 in (19) we find + w1(0) = y1(s), which, in view of

(a® — Dw(0)

w1(0) = —w(0)/loga (obtained from (20)) gives y1(s) = 7=
a

. Substituting

this value of y (s) into (19) we get

¥ — Dw(0
fls, 1) = g o) +1y(s). (22)
loga
Equating the functional forms of f given by (21) and (22) we then have
(@ = Dw@) —w(0))
loga
( y(s) —y(0) ) _(w() —w(0)
(a* — 1)/loga n 1
0 (a* —1)
loga

of y(s) into (22) yields

= 1(y(s) — y(0)), from which it follows that for all s,r > 0,

=constant= @ (say). This gives y(s) = y(0)+

forall 5,1 = 0, and w(r) = w(0) + ¢, Substitution of the functional form

P iy =2 = D((0).+ 8e) +1y(0). (23)
loga

Af(s. 1)

Now,
as

=a’(w(0) + 6r) > Oforall s, = 0. For s = 0 this implies that
(w(0)+61) >0 (24)

holds for all + = 0. Hence # > 0, otherwise for a sufficiently high value of

t, (w(0) + @r) will be negative.
Also

af(s.1) :9(0“ -D

0)<0 25
at loga R e

forall s,t = 0.
(a® =

Sub-case I: @« > 1. Then is increasing and unbounded in s = 0. So if

oga

# > 0, then choosing s > 0 sufficiently large, we can make the left hand side of the

inequality in (25) positive, which is a contradiction. So the only possibility is that 8 = 0.
(w(0)) (@’ —1)

Plugging # = 0 into (23) we get f(s.1) = T + ty(0), which, in view of
a
. ; : . ci(a®—=1) .
our earlier notation, can be rewritten as f(s,t) = ]——cg: withep = w(0) > 0
oga

and c; = —y(0) > 0.

Sub-case II: 0 < @ < 1. In this case also (24) holds so that 6 > 0. We rewrite the
0)1
inequality in (25) as 0 < ”'((l)—of)“ for all s > 0, which implies that § < y(0) loga.
-
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. . . Cl
Using our earlier notation, we have f(s,1) = (a* — l)(l— + p.') — ¢at, where, ¢] =
oga

w(0) > 0,c3 =—y(0) > 0and p = 0/loga. Also 0 > p = 0/loga > y(0) = —cs.

by (s
PE) L 6),0<b £
logh
Solution in this case is similar to that of Case II and (by symmetry) is given by
(b =1
logh

cys — (b — l)(-c—2 +ar) , 0<b<l,
logb

where ¢y. ¢z > 0 are same as before and o(—c) < o < 0) is a constant.
Case IV:

Case III: f(s.1) =sw(t) +wy(r) =

bh>1,

c18 — 2

fls. 1) =

§ bl‘ 5
fls, 1) = g ) +wi(t) = £
loga logb

+yi(s), O<a,b#1, (26)

forall s.r = 0.
Applying axiom (A3) to (26) we get

0 0
WO s wi@=0 amd YL@ =0. @7)

loga logb

I
Putting s = 01in (26) we get, Wi +wi(t) = m —+ y1(0), which in view of the
loga logb
t b' — 1)y (0
second equation in (27) can be rewritten as wi) +wi(t) = w Substituting
loga logh

the value of w (¢) obtained from this equation into the first expression for f (s, r) in (26)

we have
(@*—Dw() (' = 1y(0)

(s,1)= . 28
Fia1) loga o logh )
5 0 o
Next, put £ = 0in (26) to get, "2 & w10) = X2 4 y1(s). We solve these two
loga logb
& 0 5 0
somations o getyits D, 0y = L i novtew oo ) =
loga logh loga
(a* — Hw(0) B y(s)

(from the first equation in (27)) gives y(s) = Substitution of

loga logh’
this form of yj (s) into the second expression for f(s, r) in (26) yields

_ (@ = Dw(0) (b = Dy(s)

Het) = loga log b &%)
Equating (28) and (29) and simplifying we get,
(@ = D@ —wO) _ (" — D(y(s) — y(0) (30)
loga log b ’
(a*—1)

forall s, = 0. As in the earlier cases y(s) = y(0) + 6 and w(r) = w(0) +

. loga
( =
log b

for some constant 6. Substituting this form of y (s) into (29) we get,
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S— Dw(©0) (' —1 s -]
fan = 2 =080 0 )(y(0)+9(a )) (31)
loga logb loga
af (s,
Now, 'f:;' L > 0 implies that
Y
o' —1
ge = +w(0) >0 (32)
logh
af (s,
forall t = 0. On the other hand, f(: 2 < 0 implies that
6(a* — 1
00" =) <0, (33)
loga

forall s = 0.
Again various sub-cases come under consideration,
Sub-case I: @ > 1,b > 1. Applying the same loglc as in the case 11, we get # = 0.

(a = 1)~

(b — 1), where

So the general solution in this case is f(s, 1) = Tog I =

ogh
¢ = w(0), ¢2 = —y(0) > 0 are same as in Case l

(a*—=1)
loga
w(0) log b
(1 =57

for all + > 0, which :mphes that 0 = w(0) logb Thus, the general solution given

by (31) becomes f(s,t) = s (c: -1~ T(b‘ — 1)+ n(a® = )" = 1), where

Sub-case II. a > 1,0 < b < 1. Considering (33) and noting that

is pos-

itive and unbounded above we conclude that 8 < 0. From (32) we get 6 >

c1=w(0) >0,c2=—y(0) >0andy = L with0 < nloga < ey,
logalogh -
Sub-case Ill: 0 < a < 1,bh > 1. Here using (32) we conclude that 6 > 0. More-
y(0)loga
(1 —a*)

Thus, 0 < 8 < y(0)loga. Consequently, f(s.1) = C—‘(a’ —-1) - i(b‘ -1+
loga logh

over, from (33), 6 for all s > 0, which implies that & < y(0)loga.

n(a* — 1)(b" — 1), where ¢; = w(0) and ¢ = —y(0) are positive and —cp < nlogh <

0 with = ———.
logalogh
Sub-case IV 0 <a <1, 0 < b < 1. Applying the same logic as before we get

fls,t) = [( 1) — The (b — 1)+ na* — (' — 1), where w(0)logh <
# < y(0)loga, which implies that i <5 = =2 . with 7 v This
1 e 1 —_—— O ra— 1

4 & ¢ pe loga L logh’ = logalogh

completes the necessity part of the proof. The sufficiency is easy to check. [

PROOF OF THEOREM 3. We will prove the Theorem for axioms (Al), (A3) and
(A4). A similar proof will run if axiom (A1) is replaced by axiom (A2) . From the
proof of Theorem 2 we know that axioms (Al) and (A3) force f to take one of the two
forms given by (16). Now, suppose f is given by the second form in (16). Applying
axiom (A4) to this case we have,
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sw(t) +wi(t) = (s + @@)w( +8) + wi(t +9), (34)

forall s,7,8 > 0. Putting s = 0in (34) we get, wi(t) — wi(t +8) = g8 w(r +8),
which when subtracted from (34), on simplification, gives s(w(t + &) — w(t)) = 0,
from which we get w(r +48) = w(r) forall 1,8 > 0. Thus, w(r) = a constant=cy,
say. Substituting this value of w(r) in the equation w (1) — w (t + 8) = g () w(r + 3),
we get wi(r) — w(t +8) = g3(8) forall 1,8 = 0, where g3(8) = ¢192(8). Note that
by axiom (A3), wi(0) = 0. So, ¢3(8) = —w(8), which implies that w(r +8) =
wi (1) +wi(8) forall 7, 8 = 0. The only continuous solution to this functional equation
is wi(t) = ¢'t for some ¢’ € R' (see Aczel, 1966, p. 34). Hence in this case f is
given by f(s,t) = ci1s + ¢'t. By increasingness of f in s,¢; > 0. Note also that
q' = f(0,1) < f(0,0) = 0 (by axiom (A3)). So we rewrite the general solution as
f(s,t) = ¢c15s — cat, where ¢y, ¢2 > 0,
Next, we take up the first form in (16). By axiom (A4),

5 t s+g2(8) P
G iy =T OB, e B (35)
loga loga
forall 5,1, 8 > 0. Putting s = 0 in both sides of (35) we have
t 2@w(r 4§
w{)+w1(f)=w+wl(f+6). (36)
loga loga

Subtracting the left (right) hand side of (36) from the corresponding side of (35) and
then rearranging the resulting expression we get

(a®*—1)
loga

@”2®w(t +8) — w()) =0. (37)

(a* —1)

But
loga

> 0 forall s > 0, This shows that

@®2®w(r +8) —w)) =0 (38)

forallt,8 = 0.
Now, recall from (16) that w(r) > 0 for all t > 0. Therefore, from (38) we get,

r+4
IJ'J( + )2”_92(3)

39
o) (39)
forallr, 6 = 0. Putting r = 0 in (39) we have,
w@ _ g6
) a . (40)
From (39) and (40) it follows that
w(t+38)  w(d) @1

w() — w(0)
forall t.6 > 0. As we have noted in the proof of Theorem 2, the general solution to
this equation is given by w(r) = ¢’¢’ for some constants ¢/, ¢ > 0. A comparison of
(36) and (38) gives w(r) = wi(r +8) forall 1,8 = 0, so that w(f) =constant=§,
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a’c’c!

say. Hence the complete solution in this case is f(s.1) = i
oga

+ &£. By axiom

J ’

C . v
(A3), & = ~Toga Consequently, f(s,1) = o3

decreasingness of f in its first and second arguments respectively require that ¢ > |
ay
1

and ¢ < 1. So the solution can be written as f(s,1) = ¢ (7 — l), where ¢ > 0 and
ﬂ'z

(a*¢’ — 1). Increasingness and

ay, az > | are constants. This completes the necessity part of the proof. The sufficiency
is easy to check. [

k ;
PROOF OF THEOREM 4. Given x = (x', x2,...,. %) € ] D" and &; = A(x"),
define a sequence {y(i)} as follows:

y(0) =x,

y(=m1", 22, .., x0,
yiQ)y=yI() for j#£2, y22) =rl™,
yI3)=y/2 for j#3, y3(3) =431", andsoon. Finally,
vi(ky=vI(k=1) for j#k and v¥(k) = rg1"™.

Thus, foranyi, 1 <i <k, wehave, y(i) = (A 171, 22172, ..., alm yitl ).
Note that for all i and j, A(v/(i)) = i(xd), A(y(i)) = A(x) and v(k) =
(A 17, 29072, L, A 1),

It is given that forany i, 1 <i <k, P(v(i)) — P(y(i — 1)) = v;(n, 1) g(x"). Sum-

k ;
ming over all i, we get P(y(k)) — P(y(0)) = Y vi(n. A)g(x"). That s,
i=1
k .
P((q 1M, gl ., MI™)) = P(x) =Y vi(n. Dg(x'). (42)

=1

k k
Now define [ : (]'[ D”*‘) U (U D”") — R) by the following relation:
i=1 i=1

1 | 1
(—+—) P(gl™ dal™ .., A1y — — P(x)
g [65)

ItE) = for v = (x',x%,....x5) e ] D™, (43)

k

g(x) if xe |J D",
where ¢y, c2 > Oare arbitrary constants. Clearly, there is no ambiguity in the definition
of 7. By continuity of P, I is continuous. From the above definition it follows that
Pq1m aglm, o M 1™) = e I(M 1™, X212, ..., A1), and g(x') = I(x7), | <
i < k. Substituting this into (42) we get
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k
Px) =il (1™, 221", ™) =2 ) wi(n, Mg(x) (44)
i=l1

where w;(n, &) = v;j (1, A)/cz. This in turn gives:
1 1
I(x) =—P0Oq 1M, a2 A 1)+ — (PO 1™ X1, L Al™) — P(x)} =
1 €2

k ;
IO 1™, a1, o g 1™) + 3 wi(n, A)1(x"). Thus, I is subgroup decomposable.

i=l1

k
To show that / takes on the value zero for the perfectly equal distribution on ] D"
i=1
observe that 7(x') = (P(y) — P(x))/v;(n, 1), which implies that I (c1™) = 0 for all
i,l1<i<kandforalle =0. 0O
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