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Abstract: In this paper, we analyze the transitional dynamic properties of a growth
model of a dual economy in which dualism lies in the mechanism of human capital
accumulation of two types of individuals. We derive the conditions under which the
saddle path converging to the steady-state growth equilibrium point is unique and the
conditions under which equilibrium growth path may be indeterminate.
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1. INTRODUCTION

With the emergence of the ‘new’ growth theory, human capital accumulation and its
role on economic growth has become a major area of research in macroeconomics. The
literature starts with the seminal paper of Lucas (1988) which shows that growth rate
of per capita income depends on the growth rate of human capital which again depends
on the time allocation of the individuals for acquiring skill. Since then many eminent
economists have dealt with the issue of human capital accumulation and growth.

However, these endogenous growth models do not provide appropriate framework
for analysing the problems of growth of less developed countries. Less developed
economies are often characterized by the existence of opulence and poverty side by
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side. Rich individuals stay in contrast with the poor individuals who consume whatever
they earn and thus do not have anything to save and invest to build up physical and hu-
man capital. This co-existence of rich and poor individuals leads to dualism in the less
developed countries.

There exists a substantial theoretical literature dealing with the dualism and income
inequalities in less developed countries." However, none of the existing models focuses
on the dualism in the mechanism of human capital formation of two different classes of
people. In a less developed economy, the stock of human capital of the poor individ-
uals is far lower than that of the rich individuals. Also there exists a difference in the
mechanism of human capital accumulation of the rich and the poor individuals. On the
one hand, there are rich families who can afford to spend a lot of time and resources
for schooling of their children. On the other hand, there are poor families who have
neither time nor resources to spend for education of their children. The opportunity cost
of schooling of their children is very high because they can alternatively be employed
as child labour. However they receive support from exogenous sources. Government
sets up free public schools and introduces various schemes of paying book grants and
scholarships to the meritorious students coming from the poor families. The rich indi-
viduals who are the owners of firms or industries open NGO s or give donations to them.
These NGOs provide free or subsidized educational service to the poor. Government
meets the cost of public education program through taxes imposed on rich individuals.
So the efficiency enhancement mechanism for the wealthier individuals and the poor
individuals are different. While the rich individuals can build up their human capital on
their own, the poor individuals need the support of exogenous sources in accumulating
their human capital.

There are substantial evidences that private individuals and firms provide voluntary
services to education. Corporate giants like The Coca-Cola Company, American Ex-
press, General Electric Company, Bank of America, Nokia Corporation, Chevron Tex-
aco Corporation are members of CECP (Committee to Encourage Corporate Philan-
thropy) and are providing various services including education to the underprivileged
communities of both developing and developed countries. Timberland Co. reports that
95 % of its employees have in total contributed some 300, 000 service hours in 13
countries. ‘Make a Connection’ program undertaken by Nokia is active in 19 coun-
tries including countries of South Africa and Latin America. This program focuses on
developing non academic skills like co-operation, communication skills, conflict man-
agement etc>. Menchik and Weisbrod (1987) report that according to a recent survey,
over 80 million adults in the US volunteered 8.4 billion hours of labour to organization
in 1980; and other estimates of the number of volunteer workers, relying on non-survey
methods, place volunteer labour as high as 8 percent of the labour force. In India,
Titan, Broadcom, Infosys Foundation, Asea Brown Boveri, Siemens Ltd, Yahoo.com

' This includes the work of e.g Lewis (1954), Ranis and Fei (1961), Sen (1966), Dixit (1969), Todaro
(1969), Benabou (1994, 1996a, 1996b).
2 Source: Various newsletters published by CECP
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are among the many corporates who are fulfilling part of their social responsibilities
by linking up with Akshaya Patra Foundation—a Bangalore based non profit organi-
sation that provides mid day meals to unprivileged children in schools in and around
Bangalore. ABB India has identified education as a key area for social and community
development activities and helping the teachers of a govt. school of a village close to
Peenya, Bangalore, to make their lessons more meaningful and effective.® Confeder-
ation of Indian Industries (CII) has initiated a program in various parts of India under
which training is imparted to the unskilled labour; and a certificate recognising the skill
acquired by the labourer is given. These are pure private sector initiatives.

In the present paper, we develop a growth model of an economy in which human
capital accumulation is viewed as the source of economic growth and in which dif-
ference exists in the mechanism of human capital accumulation of the two types of
individuals—the rich and the poor. The poor individuals lag behind the rich individ-
uals in terms of initial endowment of human capital and in terms of the efficiency of
the human capital accumulation technology. The rich individuals not only allocate their
labour time between production and their own skill accumulation but also allocate a part
of their labour time to the training of the poor people.* We have assumed the presence
of external effect of their human capital on production as well as on the human capital
accumulation of the poor individuals.’

Analysis of transitional dynamic properties of the growth models have received sub-
stantial attention in recent years. A number of studies have analyzed the transitional
dynamic properties in Uzawa-Lucas model. Xie (1994) considers the Lucas (1988)
model to examine global stability properties and shows that the Lucas (1988) model
contains multiple equilibria in the presence of strong external effects on production.
Benhabib and Perli (1994) does the local stability analysis and come to similar results.
In this paper, we do the local stability analysis of our more general model and derive
some interesting transitional dynamic results. We can show that the externality in pro-
duction with a social IRS production technology can not explain multiple equilibria in
this model. For this we need externality and increasing returns in the human capital
accumulation function. The result seems to be interesting because it is contrary to that
obtained from Xie (1994) and from Benhabib and Perli (1994).

The rest of the paper is organized as follows. Section 2 presents the basic model.
Section 3 presents the transitional dynamic analysis of the basic model. In Section

3 Source: Various issues of Business India.

4 This voluntary allocation of labour time to the training of the poor individual can not be supported
in a world where the contribution comes mainly in the form of tax payment. However we have mentioned
evidences of voluntary contributions too.

3 There exists a large theoretical literature in both urban economics and in macroeconomics that has con-
sidered external effects emanating from human capital in explaining growth of cities, religions and countries
e.g. Glaeser and Mare (1994), Glaeser (1997), Peri (2002), Ciccone and Peri (2002). In some other literature,
it is found that education generates very little externalities. e.g Rudd (2000), Acemoglu and Angrist (2000).
Moretti (2003) rightly points out that the empirical literature on the subject is still very young and more work
is needed before we can draw convincing conclusions about the size of human capital externalities.
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4, we extend the basic model introducing social IRS property in the human capital
accumulation function. Concluding remarks are made in Section 5.

2. THE BASIC DUAL ECONOMY MODEL

We consider an economy with two types of individuals—the rich and the poor indi-
viduals. The poor individuals lag behind the rich individuals in terms of initial endow-
ment of human capital and in terms of the efficiency of the human capital accumulation
technology. All workers are employed in a single aggregative sector that produces a sin-
gle good. By human capital we mean the set of specialized skills or efficiency level of
the workers that accumulate over time. The mechanisms of human capital accumulation
are different for two types of individuals. There is external effect of human capital of the
rich individuals on the production and on the human capital accumulation of the poor
individuals. Population size of either type of individual is normalised to unity. All indi-
viduals belonging to each group are assumed to be identical. There is full employment
of both types of labour and the labour market is competitive.

The single production sector is owned by the rich individuals and they employ the
poor individuals as wage labourers. Rich individuals and poor individuals form different
types of human capital which are imperfectly substitute. A rich individual allocates ‘a’
fraction of the total non-leisure time in production. Let Hg and Hp be the skill level of
the representative rich and poor individual (worker) respectively.

The production function takes the form:

Y = A(aHg)*Hp' "“Hg ™" Hp"" (1)

where 0 < o < 1. Here Hg and Hp represent the average level of human capital of all
the individuals belonging to the rich (R) group and to the poor (P) group respectively.
€g > 0 and ep > 0 are the parameters representing the magnitude of the external effect
of their human capital on production respectively. Production function satisfies CRS in
terms of private inputs but shows social IRS if external effect is taken into consideration.
Y stands for the level of output.

The representative rich individual (worker) owns the advanced type of human capital
and his income is given by aY. (1 — «)Y is the wage income of the poor workers
because the labour market is competitive. The rich household and the poor household
both consume whatever they earn and hence the individuals do not save (or invest). So
there is no accumulation of physical capital in this model and so capital does not enter
as an input in the production function.® So, we have

Cr =0aY; 2)
and
Cp=(1-a)Y. 3)

Here Cp and Cp are the level of consumption of the representative poor worker and
the representative rich worker respectively. The representative rich household (worker)

6 Though it is assumed for simplicity, it is a serious limitation of the exercise.
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maximizes discounted present value of utility over the infinite time horizon with respect
to the labour time allocation variables. His instantaneous utility function is given by

l—o

C
U(CR)=15—U, >0 4)

Here 0 > 0 is the constant elasticity of marginal utility of consumption.

2.1. Difference in the mechanism of human capital accumulation

Mechanism of the human capital accumulation of the rich individual is assumed to
be similar to that in Lucas (1988). The rate at which his human capital is formed is
proportional to the labour time or effort devoted to acquire skill.

Hence

Hg = mbHg (5)

where b is the fraction of the non-leisure time devoted to acquiring his own skill level.
Here 0 < b < 1; and m is a positive constant representing the productivity parameter
of the human capital formation function of the rich individuals.

However the mechanism of human capital formation for the two classes of individuals
are different. The skill formation of a poor person takes place through the training
program conducted by the rich individuals who want to make them more efficient and
productive. Every rich individual spends (1 — a — b) fraction of its labour time in this
training. Just for simplicity it is assumed that the poor people has surplus labour time
and they improve their skill in leisure time (in the evening or in slack season). So they
do not have to devote any fraction of non-leisure time for learning.” The additional
skill acquired by the representative poor worker is assumed to be a linear homogeneous
function in terms of the effort level of the rich person and of the skill level already
attained by the poor person.

However, we assume that there exists a positive external effect of the average skill
level of the rich individual on the human capital accumulation of the poor individuals.
Hence we have

Hp ={(1 —a —b)HRr) Hp' °VHy". (6)

Here 0 < 6 < 1 and y is the parameter representing the magnitude of the external
effect on the skill formation of the poor individuals. The accumulation function of Hp
satisfies private DRS and social CRS. However, accumulation function of Hg given by
equation (5) satisfies CRS at the private level as well as at the social level. In the models
of Tamura (1991), Eaton and Eckstein (1997), Lucas (2004) etc. the human capital
accumulation technology is subject to external effects. In the models of Eaton and
Eckstein (1997) and Tamura (1991) average human capital is affecting human capital
accumulation technology where as in the model of Lucas (2004) human capital of the
leader affects the human capital accumulation of all other individuals. Leader is the
person with the highest skill level. In our model the rich individual has already attained

7 This is a simplifying assumption. However, if the time devoted for production and human capital
accumulation by the poor individuals are assumed to be exogenously given, that will yield the same result.
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high level of human capital and the poor is lagging behind. The rich individuals and
the poor individuals are assumed to be identical within their respective groups. So it
is justified that the human capital of the rich individual should have external effect on
the poor individual’s human capital accumulation technology; and it should not be the
other way round.

3. GROWTH IN THE HOUSEHOLD ECONOMY

3.1.  The optimization problem

The objective of the representative rich individual is to maximize the discounted
present value of utility over the infinite time horizon. The objective functional is given
by:

oo
Ju =/ U(Cg)e P'dt.
0

This is to be maximized with respect to a and b subject to the equations of motion

given by
HR =mbHg;
Hp ={(1 —a—b)Hr)’Hp' >~V Hg" ;

and given the initial values of Hg and Hp. Here U(Cg) is given by equation (4) and
Y is given by equation (1). Here p is the constant positive discount rate. The control
variables are @ and b where 0 <a < 1,0 < b < 1,0 < a + b < 1. The state variables
are Hg and Hp. The current value Hamiltonian is given by

-0

c
H =B 4 )rmbHgr+ Ap{(1 —a —b)HR} Hp' ™5~V HgY

where Ag and Ap are co-state variables of Hg and Hp respectively representing the
shadow prices of the human capital of rich individuals and of the human capital of poor
individuals. Cg is given by the equation (2). The representative household can not
internalise the externalities.

3.2.  The Optimality Conditions
(A) The first order conditions necessary for this optimization problem with respect
to the control variables a and b are given by the following:

(aY)_”ozzg —Apa(l_fi—’;b) =0; )
and
KRmHR—KPSi——=O (8)
(1—a—b)

(B) Time derivatives of the co-state variables satisfying the optimum growth path
are given by the following:
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AR = p) —(aY)"’azL—k mb — A 5E- )
R VR HR R P HR s
and
) Y H
Kp=php —@Y) Ca(l —a)— —Ap(1 =8 — ) =L (10)
Hp Hp

(C) Solving the system there will be family of time paths of state and costate vari-
ables satisfying the given initial condition. The member of this family that satisfies the
transversality conditions given by

lim e " Ar(t)Hg(t) = lim e ®"Ap(t)Hp(t) =0
1—>00 —00

is the optimal path.
Using equations (7) and (8) we have

Y
(@Y) ®a’>~ = AgmHg; (1n
a
and using equations (7), (8) and (9) we have
K
i =p—m. (12)
Now, from equation (10) and equation (7), we have,
rp 8(1 — a)ar

=p—-—F——(1-6- . 13
o T a—a v 13
3.3.  The transitional dynamics
We now turn to analyse the transitional dynamic properties around the steady state
equilibrium point. We derive the equations of motion which describe the dynamics of
the system. We define z = Z—ﬁ and x = (1 —a — b) Using equations (5) and (6) we
have
S=m(l—a—x)— x5, (14)
b4
Differentiating the log of both sides of the equation (11) with respect to time and then
using equations (1), (5), (12) we get
a 1
—=——"——[m—p—{l —(@+eg)(l —0)}
a l—a(l-0) (15)
x(l—a—x)m+(—a+ep)(l —o)x®277].
Similarly differentiating the log of both sides of equation (8) with respect to time and
then using equations (5), (6), (12), (13) we get
¢ 1 1 —a)é
X m— S ZD s s pm(l—a—x)|. (16
X (1 —=298) o

The dynamics of the system is now described by the differential equations (14), (15),
(16). They solve for the time path of the variables z, x and a.
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3.3.1. Steady state equilibrium
Equating the growth rates of z, x, a equal to zero we get the steady state equilibrium
values of the respective variables denoted by z*, x* and a*. From equation (14) we have

1
2= (m(l —a* — x*)x* )TV (17)

Substituting z* from equation (17) into equation (15) and setting ;—’ = 0 we have,
m—p
[1—(—0o)1+ep+er)]

m(l —a* —x* =

(18)

Equation (18) shows that Z—l’: is independent of y but dependenton €p, €g Whenao # 1.

Z—I’: varies positively (negatively) with €p, €g if o < (>)1.

So the rate of human capital accumulation of the rich individuals is independent of
the degree of externality in the human capital accumulation of the poor individuals. The
value of mb should be less than the highest possible value of the growth rate of human
capital, m, and for this the restriction required is

P

m[l +ep +egl’
If the above condition is satisfied then the condition for positive mb is also satisfied
since we have assumed m > p. We also find that the growth rate of Hp is positively
affected by the external effects in the production sector if o < 1 and is negatively
affected by the external effects present in the production sector if o > 1.

The steady state equilibrium rate of growth of income is denoted by x; and it can be
shown that

o>1-—

_Y _ (+ertep)m—p)
XY T (=) +eptenl
Hence x is always positively affected by ez and €p.

Note that, if there is no externality, i.e. if eg = 0, ep = 0 and ¥ = 0 then we have

mb = m-e .
ag
In this case income and human capital of both type of individuals grow at the common
rate mb. This is the growth rate obtained in Lucas (1988) model in the absence of
external effect on production.

Substituting z* from equation (17) in equation (16) and setting j(—‘ = 0 we have,

. o l:nz{l—(l—cr)(1+€p+eR)]

= —(=5—y)|x*.
51 —a) m—p) ( y)]x (19

Using equations (18) and (19) we can solve for x* which is given by

x* =

(o —m(l —o)(1 +ep + €g))8(1 — @) m — p)
[alp —m( —o)(1 +ep +€er)) + (m — p)( + ay)m(1—(I —a>(1+eP+eR(>2}0')
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Now equations (17), (18), (19) and (20) show that the values of z*, x* and a* are
uniquely determined given the pre determined values of the parameters. a* and z* are
given by the following expressions:

a* =

alp—m(l —o)(1+ep+e€r)+ G+ y)m—p)o—m(l —o)(1 +e€p +€g)}
[a{p —m( —0o)A +ep+er))+ (m—p)E+ay)lm{l — (1 —0c)(1+ep +€r))

and
* m-—p *—38 (a%/)
fr) 1
z [[1—(1—a)(1+ep+eR)]x ] @b

where x* is given by the equation (20). Using equation (18) we have
% —(1—0)(1+e€p+e€pr)

1—(1—0)(1+ep+eg)
Also using equations (18) and (19) we have

a*+x* =

a* o —m(l —o)(1+e€p+e
a’ _ p ( )( P +€R) L6+
x* 51 —a) (m —p)
If we assume m > pando > | — m then using the expressions of (a* + x*)

and (“r—:) it can be easily shown that 0 < a* + x* < 1 and (¢*/x*) > 0. Hence
0 <x* < 1and0 < a* < 1. Equation (21) now clearly shows that z* > 0 in this case.

So we have the following proposition.

PROPOSITION 1. Ifm > p > m(1 —o)(1 + €p + €g) then the steady state growth
equilibrium of this model is unique satisfying 0 < a*, x* < 1 and z* > 0.

3.3.2. Uniqueness of the saddle path

Next question is regarding the uniqueness of the saddle path converging to the steady
state equilibrium point. Note that it is a system of 3 differential equations. Initial values
of the variable, z, is historically given; and those of other two variables x and a can be
chosen by the controller. So if the roots are real then in order to get the unique saddle
path converging to the steady state equilibrium point we need exactly one latent root of
the Jacobian matrix to be negative and the other two to be positive.

Here the Jacobian matrix corresponding to the system of differential equations (14),
(16), (15) is given by the following:

dz 0z 0z
8z dx da
S| ok ax
dz dx da
da da da
3z dx da

where, the elements of the Jacobian matrix evaluated at the steady-state equilibrium
values of the variables are given in Appendix (A).
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The characteristic equation of the J matrix is given by
|J —Al3 =0

where A is an eigenvalue of the Jacobian matrix with elements being evaluated at the
steady state equilibrium values. The three charateristic roots can be solved from the
equation

aord +bor? +aih + b =0

where
ay = —1,
bg = Trace of J ,
dz9x 0x0da 0adz 0dxda dzda 9z 0x
ar= =~ t oot o oo o —
dx 0z da 0x dz da  Jdx da dz da 4z dx
and

by = Determinant of J .
Clearly ag is negative. We can derive that

_ ma*8(1 —a)x*26—]z*2(6+}/)(8 +y) . .
by = (1l —8)(1 —a(l —0)) @ 4+ x5 —0o)(1 +ep +€r) —1].

This is negative if

[(1—=0)1+ep+er)—1]1<0
which is always true because m(1 — a* — x*) > 0 and m > p by assumption. So the
negative determinant of J implies that either all the three roots are negative or only one
root of J is negative with other two roots being positive. So we have to look at the sign
of by which is trace of J. If by > 0, then all the roots can not be negative. Hence, only
one latent root is negative and the other two are positive.
Now it can be shown that,

) (1—8—y) {1 —(1-0)(a+er))
bo = m(a + x) +mx (1—35) +ma {1 —a(l —0)}

If m(1 —a* — x*) > 0and if m > p then equation (18) shows that

l—(14+e€ep+er)(l —0)>0; andhence 1 —(ad+€g)(1—0)>0

and | —a(l —o) > 0. Also (1 — 8§ — y) > 0, by assumption.
So, by is always positive. Hence, in this case, there is unique saddle path converging
to the steady state equilibrium point. So we have the following proposition:

PROPOSITION 2. There exists unique saddle path converging to the steady state
equilibrium point whatever be the magnitude of the external effect on production.

So far we have considered the case of three real roots. However, b; < 0 may imply
a possibility of one negative latent root and two imaginary latent roots. Since by > O,
the sum of the two imaginary latent roots is positive.® In that case too, we should have

8 A numerical example is given in the Appendix (B).
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only one saddle path converging to the equilibrium point. Other trajectories may move
cyclically around the equilibrium point. However, they will not converge.

The above mentioned result is important. We consider a production function satis-
fying private CRS and social IRS, but the presence of this aggregate external effect of
human capital on production can not explain multiple equilibria in this model whatever
be the magnitude of this external effect. Xie (1994), Benhabib and Perli (1994) etc.
have shown that the social IRS property of the production technology may explain in-
determinacy of equilibria in Lucas (1988) model. We now turn to provide the intuitive
explanations of the result summarized in the above mentioned proposition. Since entire
income is consumed and there is no accumulation of physical capital, economic growth
is explained only by the accumulation of two human capital inputs. In a standard growth
model, social IRS property of the production technology helps to raise the investment
on physical capital at a very high rate because the agent makes the consumption-savings
allocation rationally. With no scope of physical capital to accumulate over time the so-
cial IRS property of the production technology loses its sharpness. The human capital
accumulation functions do not exhibit increasing returns to scale. Here the accumu-
lation function of Hg shows CRS at the private as well as at the social level; and the
accumulation function of Hp shows private DRS and social CRS. Without increasing
returns in the production technology of the accumulable inputs, we can not explain
multiple equilibria or indeterminacy. In the next section, we show the possibility of
indeterminacy introducing social IRS in the human capital accumulation function of the
poor individuals.

4. INCREASING RETURNS TO SCALE IN THE HUMAN CAPITAL
ACCUMULATION FUNCTION

In this section we take into account the possibility of increasing returns to scale in the
human capital accumulation function of the poor individuals. Hence the equation (6) is
modified as follows:

Hp = {(1 —a —b)HR) Hp' 57V Hg? (6E)

Here 0 < 6 < 1, (1 —&8 — y1) > 0; and y» > 0 is the parameter representing the
magnitude of the external effect on the skill formation of the poor individuals. If y» >
y1 then the human capital accumulation function of the poor individual satisfies social
IRS and private DRS. If y» = y; then the accumulation function of Hp satisfies private
DRS and social CRS. If y» < y; then the accumulation function of Hp satisfies private
DRS and social DRS. We use the same definition of x; and Z is defined as follows:

5= HR5+)/2HP—(5+)/1) )

The equations of motions are now given by the followings.

=G +y)m(l —a—x)— (5 +y)x°3, (14E)

IS DY e P
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e m-p-(l—@+er)(—0))(—a—x)m
a 1 —a(l —o)
+ (1 —a+ep)(l —o0)x°3], (15E)
and
r_ 1 [m—Mx“z—(l —a—yz)m(l—a—x)]. (16E)
x  (1-9) a

The steady state equilibrium values of the respective variables, denoted by z*, x* and
a*, can be obtained from the following equations.

~ (B+y)
*r=—T"m
G+ y1)

(1 —a* —x*)x*°, (7E)

m—p

m(l —a* —x*) = , (18E)
[1 — (1 —-0)a+er)— (1 —o)1 —O!+€P)(5+y2)]
0+ v
N ad+y1) [m(l—Al) } «
a* = —(1=8—=9y)|x™, (19E)
s1—a)@E+y) | m—p) g
and
—mA 1-A
= — )[P m(ll]/; : 1) ’ (20E)
a Vi m{l — Aj
m —(1-6- 2):|+1:|
[5(1 —Ot)(5+)/z)[ (m — p) s
where
(6 + )’2)}
Al=(l—-0)J(ad+€ep)+ (1 —ax +€p)———1¢.
1= ){( R) + ( P)(5+y1)
We assume m > p. So the condition for 0 < m(1 — a* — x*) < m can be written as
8 —
(1-0) < PG+ y) -5 Q1E)
m{(B+y)(a+€r)+ 8+ )1 —a+ep)}
This condition ensures that 0 < x*, a* < 1
Here also the determinant of the Jacobian matrix is given by
ma*8(1 ‘a)x*25—lz*2 .
7] = by = 220 (@ + 26 + (1 — o) (@ + er) — 1)

a(l = 8){l —a(l — o))
+ @B+ —-0)l—a+ep)] <0.
However, the trace of J may not be positive. Here
(I1-8-m) (1 - -o0)(a+e€r)}
ma -
(1-96 {1 —a(l —o)}
The growth rate of Hp is positive. So

bo = m(a + x) + mx

I —(1 -0o)l@+¢€r)>0.

So, bg is positive if (1 — & — y2) > 0. We have assumed that (1 — § — 1) is positive.
So the sufficient condition for by to be positive is y» < y;. If this is the case then
there is unique saddle path converging to the steady state equilibrium point. We have
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considered the case of y1 = y» in the previous section. However, if there is increasing
returns to scale in the human capital accumulation function of poor individuals and if
y is sufficiently large then (1 — 8 — y2) may be negative. Hence by may be negative.
If both Trace and Determinant of J are negative then all the latent roots of J may be
negative. So we get a possibility of indeterminacy of the equilibrium growth path in this
case. We turn to derive the condition for indeterminacy in the next subsection.

4.1. Possibility of indeterminacy

Indeterminacy of the equilibrium growth path will arise if more than one character-
istic root is negative. Since the determinant is always negative all the three roots are
to be negative for this. In this subsection we are considering the possibility of having
three negative roots. According to Descarte’s rule if all the coefficients of an equation
are of same sign then no root can be positive. In this model, ag and b, of the cubic
characteristic equation are always negative.

Trace of the Jacobian matrix can be written as

v2 « (I—o0)er
-5 ™ 1-ad o)
For simplicity we assume eg = 0. Hence using equation (19E) we find that the negative
sign of the Trace of the Jacobian matrix implies that

by =2m(a* + x*) — mx*

_ (m—p) 2. (1 —a)(6 +y2) 1 —5— :|
P “(1 ~%) 2] WGy TdTeTr)
(1—-0)> TES = 2.
1 — Ty’
[“H a+EP)(8+y1)’

Using the restriction (21E) and the above mentioned restriction we have the necessary
condition? for indeterminacy of the equilibrium growth path which is given by

Y1 <(l—-0)< )5\1
So we have the following proposition.

PROPOSITION 3. When eg = 0 the indeterminacy of the equilibrium growth path
is possible only if £ < (1 — o) < ZJ.

5. CONCLUSION

Existing endogenous growth models dealing with the role of human capital accumu-
lation on economic growth have not considered dualism in the nature of human capital
formation among different class of people. On the other hand the models which have
considered dualism in less developed countries do not consider the aspect of human
capital accumulation and endogenous growth. This paper attempts to bridge the gap.
In this paper we have analyzed the model of an economy with two different class of
individuals in which growth stems from human capital accumulation and the dualism

9 If both Trace and Determinant of the Jacobian matrix are negative then the sufficient condition for
indeterminacy is that @y should be negative. The expression of a; is derived in Appendix(C).
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exists in the nature of human capital accumulation of two types of individuals. Like
Lucas (1988) and Benhabib and Perli (1994) we analyze the steady state equilibrium
and the transitional dynamic properties of the model and put special emphasis on the
role of externalities. We consider the role of externality in the production function as
well as in the human capital accumulation function of the poor individuals.

We derive some interesting transitional dynamic properties of this model. External
effects on production and the social increasing returns to scale property of the produc-
tion technology can not explain the indeterminacy of equilibrium growth path if there
is constant returns in the human capital accumulation. We badly need strong external
effects and social increasing returns on human capital accumulation to explain the in-
determinacy of the equilibrium growth path. This is an interesting result because Xie
(1994), Benhabib and Perli (1994) have shown that a strong external effects on pro-
duction alone can explain indeterminacy in Lucas (1988) model without introducing
extemality and increasing returns in the human capital accumulation function.

The model, in this paper, fails to consider many important features of less developed
economies. The present model does not consider the problem of rural-urban migration
and the problem of marketable surplus. It does not deal with the trade problems and
the problem of international factor mobility. We do not even consider the problem
of physical capital accumulation; and hence assume that entire income is consumed.
Ignoring the role of physical capital accumulation on economic growth is a very serious
limitation of a dynamic model. However, the analysis becomes very complicated and
no meaningful results can be drawn when accumulation of physical capital becomes
endogenous to the present analysis. Our purpose is to focus on the dualism in the
human capital accumulation in a less developed economy. In order to keep the analysis
otherwise simple, we do all kinds of abstraction—a standard practice often followed in
theoretical literature.
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APPENDIX (A)

The elements of Jacobian matrix in the steady-state equilibrium are given as follows:

9z
3_2 — —mz* . 8x*5—lz*5+}/+l X
dx ) ' ’
% = —m,"*'
da s
9% (1 —a)s 5_xbty—1
— = g (5 + *0 _x0tY :
0 CaaopltrrE
0x x* —(l —a)(6 —1)6 _
ax (1_3)[‘1* o ST sy

ﬂ = mmx* -~ E:_“)_ax*éz*(5+y).
% _ (1—a+ep)(l1 —0)(S+ },)x*éa*za_w,] .
0 {1 —a(l —o)} ;

da _ LU -o)etep) (—atep)l —0)da” 5o sty

0x {1 —a(l —0)} {1 —a(l —o)}
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da . {1—(1-o)a+egr)
—_— m

da {1 —a(l —0)}
APPENDIX (B)

We consider the possibility of two positive characteristic roots being complex con-
Jjugates. This is well known that an equation of an odd degree must have at least one
real root, opposite in sign to that of the last term, the leading term being positive. The
charateristic equation is given by

aok3 + boA? +aA+b1 =0

where ag = —1. If we divide the both sides of the equation by ag, b; being neg-
ative, the last term becomes positive. So there exists one negative real root. There
exists possibility that other two roots are complex number with positive real parts.
Trace(J) > 0 > Det(J) ensures that the two roots are not purely imaginary and they
have positive real part. Consider the following numerical specifications. For instance,
letm=2,0p=030=2,0a =07, =04y =0.2,ep = 0.01, eg = 0.2. Under
this specification,(1 — a* — x*) = 0.384615385, i—: = 12.83, x* = 0.045, a* = 0.57,
z* = 5.14 and three eigen values are —0.7669, 1.92 and 1.42.

As another example, againlet, m =2, p =0.3,0 =3, =0.7,§ =04y = 0.2,
ep = 0.01, eg = 0.2. Under this specification,(1 — a* — x*) = 0.25, & = 21.14,
x* =0.03,a* = 0.72, z* = 2.98 and three eigen values are —0.5411, 1.8817 4+0.0521i
and 1.8817 — 0.0521i. In both the examples, there exists a unique saddle path will
converge to the steady state monotonically since the stable (negative) root is real. The
diverging trajectories, on the other hand, is monotonic in the first example where all
the roots are real and is cyclical in the second example where two roots are complex
conjugates with positive real part.

APPENDIX (C)

Note that
9z di 9ida  0adi aida  9ida 0% 0%
T ox0Z "9adx  0i0a dxda ida  9iox’
and the elements of the Jacobian matrix in the steady state equilibrium are given by the
followings:

aj

a;'\

Z = 5+ yxtisr

0z
3% Ax *8—12%2
8—x=—m(5+yz)z — (8 + y1)dx 7,

a3 .
— =-m@+ y)z*;
da
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A — a — X
97 a(l —9)
ax x* [a* —(l —a)(é — 1)5x*a—2;*

9 L -8 s

+(1—8V2)m];

ax  (1-6) o
ax  (1-6—-y») , (- ..,
N L L L A ————— ;
da (1—-268) a(l —8)
9a _ (1—a+ep)(1—o)x*’a*
FER {1 —a(l —o)} ’
da B a* T ‘ . _ x6—1 %7,
P ————“ ol _U)}[m{l (1 —o)Xa+er))+(1 —a+ep)(l —o)dx 7]

da  , {1—(1—o)a+ep))
— =am
da {1 —a(l —0))
Using the elements of the Jacobian matrix we derive the expression of a; which is
given by the following:

_ 5| 81 —a) {1 — (1 —o)a+e€r)) )
al_maxz[—a(l_a)(ts-ﬂ/z)-l— 0—al —o)] l(5+y1) *(_5)
(I—a+ep)(l —0) [(1=8—y2)8
T ET) [ 1—9) _(H”)H
23-14(1_“)5 _ (l—d-{-GP)(]—U):I
Tax a(l—a)[(5+y1) S et — o))
+mx5+12[(8+y1)(1 —8—y) a}l- (1_0)(0 +er))d —a)S}
(1 —=196) x4l —a(l —0)}a

The sufficient condition for the indeterminacy of the equilibrium growth path is that a)
should be negative.



