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Abstract:  This paper formulates a two-country by two-factor by two-good dynamic
general equilibrium model of international trade with endogenous time preferences.
After proving the existence, uniqueness and local saddlepoint stability of the steady
state, we apply the present dynamic model to a trade issue concerning international
technology transfer in order to show that the eect of once-for-all technology transfer
upon the donor country may dier between the dynamic model and the standard static
Heckscher-Ohlin model.
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1. INTRODUCTION

The two-country by two-factor by two-good Heckscher—~Ohlin (HO) model has been
a basic general equilibrium framework of international trade for a long time. It has been
developed to many directions by replacing some of the underlying assumptions with
alternative ones. Based on his concept “virtual system”, Wong?* discusses that even
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increasing returns and imperfect competition can be formally incorporated into the HO
structure .

On the other hand, we have not had a parallel basic framework in dynamic trade the-
ory. The straightforward extension of the HO model to a dynamic model with constant
rate of time preference generates the following problems.

First, except for the “measure-zero” case such that the sum of the rates of time pref-
erence and capital depreciation is exactly the same among trading countries, it is im-
possible to have a steady state in which the production of each country is incompletely
specialized. That is, either the country with a higher sum of the two rates is completely
specialized to the production of labor-intensive goods or the country with a lower sum
of the two rates is completely specialized to the production of capital-intensive goods?.

Second and more seriously, the above complete specialization result hold even if
the international difference in the sum of the two rates is arbitrarily small. thus, for
example, if a slight change in the sum in one country reverses the ranking between the
home and foreign countries, so do the production and trade structures of both countries
in the long run’.

Third, if we assume that all countries share a common sum of the two rates, the steady
state is generally not unique. In fact, the contributions made by Chen®, Shimomura'®
and Nishimura and Shimomura'® show that there exists a continuum of the steady states
and it depends on the initial international distribution of physical capital which steady
state the world economy converges to. As Devereux and Shi® note, the existence of the
continuum makes comparative statical analysis extremely difficult.

A couple of attempts have been made in order to avoid those difficulties.
Shimomura!9-29 studies trade pattern and indeterminacy in a dynamic two-country
model where tradable goods consist of non-durable and durable goods. Hu and
Shimomura® construct a two-country dynamic model with status seeking and showed
that the steady state is independent of the initial international distribution of capital
stocks.

! For example, let us consider the model of monopolistic competition. As Kikuchi and Shimomura'>
formulate, i1s closed economy can be expressed by the system of equations:

pn =dap,w+ay,r and | =ay,w +ay,r (al)
L=apynYy tayY2 and K =a;nY) +ay Y, (a2)
Y =E(p. Y|, u), (a3)

where (al) are the price = average cost conditions for the monopolistically and perfectly competitive sectors,
(a2) are the full employment conditions. Under the homothetic production function for the monopolistically
competitive sector 7 is constant. g;,.i = 1.2 and y = r, w are “virtual” input coecients. Y| is the total sum
of the amounts of each variety produced in this country. thus, except that the expenditure function depends
not only on the price and utility but also ¥, the production structure is almost completely Heckscher~Ohlin.

2 This complete specialization result was first obtained by Baxter!).

3A dynamic general equilibrium model with many agents and a competitive credit market has been
studied by Becker?, Yano??:23 and Epstein7). It is well known that the most patient agent owns the whole
asset in the long run in such a dynamic model. A difference between those dynamic models and the present
trade-theoretic model is in that the latter assumes away an international credit market.
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While these models overcome the above difficulties, new problems come out. The
model with durable consumption goods assumes away capital accumulation. The sav-
ing means the accumulation of durable consumption goods in the model. Once capital
accumulation is introduced, the aforementioned problems returns. The model with sta-
tus seeking, on the other hand, crucially depends on the externality term, which may
deprive the model of generality.

Chen, Nishimura and Shimomura® formulate a new two-country dynamic general
equilibrium model of international trade by introducing the Uzawa endogenous time
preference®" into the two-country Oniki-Uzawa model.!” They show that if the eco-
nomic fundamentals like preferences, technologies and initial factor endowments are
not internationally very dierent, there exists a unique and saddlepoint-stable steady state
in which it is independent of the initial international distribution of capital and the pro-
duction of both countries is incompletely specialized. Making use of the new dynamic
trade model, they prove that (i) other things being equal, the country which is endowed
with more labor exports the labor-intensive good and (ii) the country with higher (resp.
lower) capital-labor ratio in the steady state exports the capital-intensive (resp. labor-
intensive) good.

However, one may wonder whether there is any trade-specific issue for which we can
obtain new results from the dynamic trade model that are not implied by static trade
models. In this paper we discuss about the effect of technological progress upon the
steady-state terms of trade. Specifically, we show that once-for-all uniform expansion
of the production possibility set in one country does change the steady-state terms of
trade even if there is no international trade before the technological progress. This
comparative statical result sharply contrasts to the equilibrium in the static HO model
with homothetic preferences, where an uniform expansion of the production possibility
set in one country does not change the terms of trade if there is no international trade
before the technological progress.

This difference in comparative statics has a serious implication for a technology-
transfer issue in trade theory. As is discussed in the literature?, in the static two-country
model the technologically advanced donor country benefits from the technology trans-
fer, irrespective of the factor-intensity ranking®. On the other hand in the dynamic trade
model, the technology transfer reduces the steady-state welfare of the donor country.

This paper is organized as follows. Section 2 sets up the model. Section 3 and
Appendix prove the existence, uniqueness and stability. Section 4 compares how once-
and-for-all technology transfer from one country to the other may affect the interna-
tional equilibrium price and the welfare level of the donor country between the present
dynamic trade model and the standard static HO model. Section 5 concludes.

4 See, among others, Hicks®, Ikema!?, Kemp and Shimomura!4, and Kemp, Ng, and Shimomura'®.

See also Jones and Ruffin'?) as a recent development of this issue.
5 The result is sometimes called the Hicks—Ikema theorem.
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2. THE MODEL

Let us describe the model. There are two countries, Home and Foreign, in the trading
world where two commaodities, a pure consumption good Y} (Good 1) and a consumable
capital good Y2 (Good 2), are produced by using a reproducible capital k and a primary
and time-invariant factor of production, say labor, /. The consumable capital good can
be either consumed as a non-durable good or added to the existing capital stock.

Labor is measured by efficiency unit. The Home (resp. Foreign) representative house-
hold supplies / (/*) units of labor. The population of each country is assumed to be con-
stant over time and normalized to be unity. Thus, the Home (resp. Foreign) household
is endowed with [ and k (resp. [* and k*) units of factors of production®.

Following the standard trade theory, we assume away international factor movements.
Moreover, in order to focus on international trade, we assume that there is no interna-
tional credit market, while there is a competitive domestic credit market in each country.

The Home household maximizes the intertemporal sum of discounted utility

0.0}
/ Ulcy, ) Xdt (n
(1]
subject to
k=F(p,k,l) ~(pci +c2), k(0) given (2)
X=-pWUl,e)X, XO) =1, 3)

where ¢;, i = 1,2, are the consumption of Good i.The first constraint (2) is the flow
budget constraint the household is facing. F(p, k, I) is the GDP function defined as

F(p.k,D) = max 2pf‘(lq, ) + f2(ka, o)

i.Kii=1,

subjectto [ >y 4+, and k >ki+ky,

where fi(k;,l;), i = 1,2, are the neoclassical CRS production functions’. Let
Al(w,r), i = 1,2, be the unit-cost function of Good i and (w(p), r(p)) is the so-
lution to the price = unit-cost conditions

6 An asterisk (*) is attached o each variable belonging to Foreign.

7 It is well-known that capital accumulation process is expressed by the difference between capital good

production and its consumption in a closed economy. This statement is not necessarily true in a multi-country
case. Considering the definition of the GDP function, we can rewrite (2) as

k=pYi+Yy—(pci + )
=2 -2+ pYy —cy)

Combining the corresponding Foreign flow budget constraint, £* = p(Y{ —c]) + Y3 — ¢, and the world
market-clearing condition ¢| + ¢} = Y| + Y[, we have

p(Yy —cp) = (Yf —c3) —k*

Substituting this into the above Home flow budget constraint, we have
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p=A(w,r) 4)
1= A(w,r) ©)

It is well known that the GDP function has a portion of the straight line
F(p.k,I) = r(p)k +w(p)l (6)

when the production is incompletely specialized.®
The second constraint (3) comes from the Uzawa formulation of endogenous time
preference

X (1) =€Xp[—f0 P(U(Cl(T),Cz(T)))dT] Q)

Following Uzawa?!) | we assume that the variable discount rate p(U) satisfies

d dp*
p(u) = 0. o () = Z(zu) -0
u

p0) >0, py(u) =
0> lim p(u)/u < oo,
u—>00
0 < up,(u)/p(u) <1 forany positive u < 00 (8)

The shape of p(U) can be depicted as in Figure 1.
The felicity function is assumed to be homothetic

u=U(cy,cz) = h[V(cy, 2)],

p(u)s

A

> 1

Figure 1. The Discount Rate Function.

k=(Yy =)+ (Y3 — (5 + k)
That is, the Home capital accumulation is equal to the sum of the term (Y2 — ¢3) and the net import of the
capital good from Foreign country.
The above equation can be rewritten as
k+k* = +Y5) = (2 +¢3),
which means that the world capital accumulation is equal to the difference between capital good production
and its consumption.
8 A complete description of the GDP function is in the appendix of this paper.
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where the function V (cy, ¢2) is twice-continuously differentiable, increasing and lin-
early homogeneous in the two variables ¢ and ¢ and A (V) satisfies

dh(V) _dh*(V)
h(0) =0, hy = v >0, and hyy(V) = V2

An example of A(V) that satisfies (9) is In(V + 1). The expenditure function that corre-
sponds to this homothetic felicity function is multiplicatively separable,

<0, 9

E(p)p(u),
where ¢ (1) is the inverse function of 2(V). (9) implies that
B 0 ) ,
$0) =0, ¢, = Iu >0, ¢uu= e >0, and
ug,
1 10
< p) (10)

Based on the foregoing preliminary argument, we now obtain the dynamic general
equilibrium model. First, associated with the Home household’s dynamic optimization
problem is the Hamiltonian

H =uX + AMr(p)k +w(p)l — E(p)p(u)] — Op(u) X

The necessary conditions for optimality are

o _ X[l - iE(P)qlf'u(u) —GPu(M)] =0
Ou X

b= —Ar(p)

é:@p(u)—u

and the transversality conditions are
lim A(1)k(t) = limO@)X(t) =0.
t—00 t—00

We can derive parallel conditions for the Foreign household.

Second, at each point in time the world market-clearing condition has to hold along an
equilibrium path. That is, if the production in both countries is incompletely specialized,
we have

0 =rp(pk +ry(Pk™ + wy(p) + wi(p)*
- Ep(P)¢(“) - E;(P)‘P(M*),

where r;,(p) = dr(p)/dp and w,(p) = dw(p)/dp, respectively.

In what follows, we assume away factor-intensity reversal. In that case, if the pure-
consumption good is more capital-intensive (resp. labor-intensive) than the consumable
capital good, then for any p > 0 we have the Stolper—Samuelson relationships between
price and factor prices,

prp(p)/r(p) > 1> 0> wy(p) (resp. pwp(p)/w(p) > 1> 0> r,(p))
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Following Jones'!’, we shall call it the magnification effect that the elasticity of the
factor price of a factor of production with respect to a commodity price is larger than
one if the factor is intensively used in the production of the commodity.

Let us write the whole system

k= r(pk+w(p)l — E(p)p(u) (1
k= r*(p)k* + w*(p)I* — E*(p)¢p*(u”™) (12)
z=z[pu) —r(p)] (13)
=pt W) = r*(p)] (14)

6 =0pu)—u (15)

6 = 0% p* () — u* (16)
0=1-zE(p)pu(u) —0p,(u) (17
0=1=2z"E"(p)g;(u") — 6" p; (u”) (18)

0= rp(p)k + r;(P)k* + U-’p(p)l + w;‘,(P)l*
— Ep(p)p(u) — E;(p)¢>+(u*), (19)

where z = A/ X, and x,(p) =dx(p)/dp, x =r, w, and E. z* and X;(p) is defined in
a parallel way. The dynamic general equilibrium model consists of the nine unknowns,
k,k*,z, 7% 6,6% u,u* and p, and the nine equations.

3. THE STEADY STATE

The steady state is the solution for the system of equations

0=r(pk+w(p)l — E(p)pu) (20)
0=r*"(pk* +w*(p)I* — E*(p)¢*(u™) (21
0=p)—rip) (22)
0=p*Ww")—r*(p) (23)
0=0pu)—u (24)
0=0*p*(u*) — u* (25)
0=1-zE(p)pu(u) —Op,(u) (26)

0=1-2*E*(p)pt™) — 0% p)(u*) 27)
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0 =rp(pk +ry(Pk* +wp(p)l + wi(p)*
— Ep(p)¢(w) — EL(p)¢™ (u™) (28)
Let us focus on the steady state. For a given p, if
p0) <r(p),

then there exists a unique and positive u# such that p(u) = r(p). Let u(.) and u*(.) be
the inverse functions of p(.) and p*(.), respectively. Since the shadow prices, z, z*, 8,
and 6*, are derived once the above system of equations determines p, k and k*, we see
that the main system consists of the three equations.

E(p)¢(u(r(p))) = r(p)k +w(p) (29)
E*(p)¢* W (r*(p))) = r*(pk* + w* (p)I* (30)

0=rp(pk+ r;(p)k* + wp(p)l + wi(p)l*
— Ep(p)pu(r(p))) — EL(p)¢™(u*(r*(p))), (€30
The first two equations are the budget constraints of Home and Foreign and the last one

is the world market-clearing condition for the pure consumption good. Now, let us state
our first main resulit.

PROPOSITION 1. The steady state with incomplete specialization in both countries
uniquely exists and is locally saddlepoint-stable, if the economic fundamentals are not
very different between Home and Foreign. The dependence of the steady-state endoge-
nous variables on the parameters in the model is smooth so that we can make com-
parative statical analysis by differentiating the steady-state endogenous variables with
respect to the parameters.

Proof. See Appendix.

Just for comparison, let us recall the standard static HO model. Under the same as-
sumptions concerning GDP and expenditure functions, we derive the following system
of equations.

E(p)pu) =r(p)k + w(p)! (32)

E*(p)¢*(u*) = r*(p)k* + w*(p)l* (33)
0=rp(pk+ rl‘;(p)k* + wp(p)l + w;‘,(p)l*

—Ep(pyou) — E;‘)(p)qb*(u*), (34)

where the unknowns are u, u* and p.

4. THE PRICE EFFECT OF A TECHNOLOGY TRANSFER

Let us focus on a simple case in which the preferences and labor endowments are the
same between the two countries, E(.) = E*(.), ¢(.) = ¢*(.), p(.) = p*(.), [ = I*, and
Foreign is the technologically less advanced country in the sense that the average cost
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functions are expressed as A’ (r/&.w/&), where &, a positive technological parameter.
It follows that

r*(p) = &r(p) and w*(p) = Ew(p)

4.1. The dynamic trade model
Then, the steady-state system of equations, (29)—(31), are rewritten as

E(p)pu(r(p))) =r(p)k +w(p)l (35)
E(p)pu(Er(p))) = Er(p)k™ +Ew(p)l (36)

0=rp(pk +Erp(pk* +wp(p)l +Ewp(p)l
— Ep(p)o(u(r(p))) — Ep(p)pu(Er(p))), (37

It is clear that if & is initially equal to one, k = k*. Let us check the relationship
between & and p. From (35) and (36), the steady-state capital stocks are expressed as

E(p)¢u(r(p))) — w(p)!

= r(p)
E v _ I

The substitution of them into (37) yields
rp(PILE(p)¢ (u(r(p))) — w(p)l]

S(p,&) = ) +wp(p)l — Ep(p)p(u(r(p)))
E — [
n rp(pl (p)fb(ur(f;;p))) Ew(p)l] 8wy (Pl — Ep(p)duEr(p)))

=0

LEMMA 1. %S(p, §)|£:1 > 0 and
d
signl: —S(p, E)‘ :| = signliﬂ — &}
85 £=1 r w
Proof. First, it is clear from the property of the GDP and expenditure functions that
rpp(PIK(P) + wpp(P) — Epp(p)(u(r(p)))
= rpp([))k*(p» D+ wpp(p)l - Epp(P)(P(H(F(P))) >0
Second, considering E ,(p)¢ (u(r(p))) = rp(p)k + wp(p)l when § = 1, we see that

dk(p) dou(r(p))  ¢uurE | pr PE
rp(P)—— = Ep(p) = ——rp| = - | >0,
dp dp pr r E
irrespective of the factor-intensity ranking. It follows from these two inequalities that
af—;ES(p,f;')h:l > 0, as was to be proved. (QED)

Next, let us partially differentiate S(p, &) with respectto & at§ = 1.
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—S( s)‘ _ BT b, +z[w,,(p> - %@]
_ ¢Mu,r["”E _ E,,:| +1[w,,(p) _ M] (38)
r r(p)
Considering
o= EO Wl
r

E
= ¢[r” - E,,] *1[% — —r”w]
.

we can continue calculations as follows.

rpE rpE
(38) = @yu,r - Ey|l—¢ P E,

Eﬁﬂ_ﬂvﬁﬂq}
P r E ¢

_ﬁq&_ﬁzqu]
B P r E upy/p ’

where use is made of u, = 1/p, and r = p. Since u¢, /¢ > land 0 < up,/p < 1,
udpy /¢
upy/p

r E
} - s,-gn[ﬂ _ B_P]
£=1 r E

r w
= sign[Q - ﬁ—p]
r w

—-1>0,

It follows that

S
Wg”[ oE (p. &)

(QED)

Based on this lemma, we obtain the main result of this paper.

PROPOSITION 2. Suppose that Home and Foreign are symmetrical except that the
technology parameter & is very close to but smaller than one. Suppose that there is a
technology transfer from Home to Foreign so that § slightly increases toward one. The
steady-state price of the pure consumption good rises (resp. declines) according as the
pure consumption good is more labor (resp. capital) intensive.

Proof. Totally differentiating S(p, &) = 0 with respect to p and &, we see that

—S(p, E)}
£=1

P
_S R
o (p E)»

dp _
dé e
£=I
It follows from Lemma 1 that
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sign[d—p‘ ] = sign[& — ﬂ] , 39)
dE |, w r

as was to be proved. (QED)

From this proposition, we can check how the small change in & may affect the steady-
state welfare of Home which is

0=L uXd[:u(r(p))/(; expl—p(u(r(p))tldt

_ _u(r(p)
plu(r(p))
Logarithmically differentiating U with respect to £ at £ = 1, we have
dU I 1 d
Ll :[ —1]ﬂ——” (40)
U dp E=1 upy/p r p dg E=1

Note that 0 < up, /p < 1. Combining (40) with (39), we see that

. p dU . _ [pwp,  prp
Liluhel = Lt NN GV Y
stgn[ 1 5_|j| stgn[rp]stgn[ ” . <

We now arrive at the second main result.

PROPOSITION 3. If the two countries are sufficiently symmetrical with each other,
the above small technology transfer reduces the steady-state welfare level of the donor
country.

4.2.  The static HO model
Now let us compare the results we obtained with those based on the static HO model.
The static system (32)—(34) is rewritten as

E(p)p(u) = r(p)k + w(p)l (41
E(p)pu™) = &r(p)k* + Ew(p)!l* (42)

0 =rp(pk+&rp(p)k* + wp(p)l +Ewy(p)*
— Ep(p)p(u) — Ep(p)p(u™), (43)
Substituting ¢ (1) and ¢ (1*) in (41) and (42) into (43), we obtain
Ep(p)
E(p)
Ep(p)

EI:”/:(P)/‘* +wp(p)l* — Tp)(r(p)k* + w(p)l*)}

S(p, &) =rp(p)k +wp(p)l — (r(p)k + w(p)l)

=0
Totally differentiating S(p, &) = O with respect to p and £ at§ = 1,
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Sp(p &) dp + [r,,(p)k* +wp(p)I* — ';”(;’;) (r(p)k* + w(p)z*)}ds =0
or
dp rp(PYk + wp(p)l — i”(—;”))vw)k +w(p)l)
d e, Sp(p. &), '

where the denominator is positive. Whether the numerator is positive or negative does
depend on, due to the Heckscher—Ohlin theorem, the international difference in the
relative factor endowments, k /! < k*/I*. For example, if k/I = k*/I*, then the volume
of trade

rp(p)k + w,(p)l — Ep(p) (r(p)k +w(p))
g ? E(p)
must be zero. So is Z—?‘EZ]. That is,
sign|: Z—IQLA ] = sign|:rp(p)k +wp(p) — EEP((pp)) (r(p)k + w(p)l)]

The following proposition holds.

PROPOSITION 4. [n the static HO model, whether the technology transfer, i.e., a
rise in the technology parameter &, affects the equilibrium commodity price or not de-
pends on whether the trade volume is null or not. If the relative factor endowments in
both countries have a common relative factor endowment, the equilibrium commodity
price is independent of &.

The Home welfare effect of a technology transfer can be easily obtained. From the
budget constraint of the donor country

Ep(p)

Ep) (r(p)k + w(p)l)}dp

E(p)pudu = [rp(p)k +wp(p)l —

It follows that
2

Ey(p) B
du - [rp(p)k +wp(p) — Ep(p) (r(p)k + w(p)l)}
dé E=1 Sp(p’§)|5=] '

which is nonnegative. Particularly, it is strictly positive when the trade volume is non-
zero.

PROPOSITION 5 (The Hicks-lkema theorem). The technology transfer generally
raises the welfare of the donor country.
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5. CONCLUDING REMARKS

In this paper we formulate a two-country by two-factor by two-commodity dynamic
general equilibrium model of international trade in which both commodities are con-
sumable and the preferences over them are expressed by a homothetic utility function.
After we proved the existence, uniqueness and stability of the steady state with incom-
plete specialization in both countries, we made comparative statical analysis focusing
on the effects of a uniform expansion of the production possibility set in one country
on the international commodity price and the welfare of the other country. We found
that while the latter country is generally better off in the static HO model, the same
expansion reduces the steady-state welfare of the donor country in the dynamic model.

Physical capital is an important reproducible factor of production in the real world.
Therefore, our present exercises suggests that there may exist some trade issues for
which it is difficult to justify the use of static HO model based on the “for simplicity”
argument. That is, in some cases it might be difficult to say “I employ a static HO
model just for simplicity, since a dynamic extension of it merely makes my analysis
complicated without changing main results derived from the static mode”.

Needless to say, our exercises may not necessarily mean that the Hicks-lkema the-
orem is invalid in the dynamic framework. We need to take into account the welfare
effect along the transitional path after the expansion of the production possibility set,
which is one of our next research agenda. We would also like to apply the present dy-
namic trade model to other trade issues that have been studied in static trade models in
order to derive new insights and understandings of those issues.

REFERENCES

1) Baxter, M., 1992, “Fiscal policy, specialization, and trade in the two-sector model:the return of Ri-
cardo?”, Journal of Political Economy 100, 713—44.
2) Becker, R. 1980, “On the long-run steady state in a simple dynamic model of equilibrium with hetero-
geneous households,” Quarterly Journal of Economics 95, 375-382.
3) Bewley, T., 1982, “An integration of equilibrium theory and turnpike theory,” Journal of Mathematical
Economics 10, 233-267.
4) Chen, B-N., K. Nishimura, and K. Shimomura, 2005, “An Uzawa-Oniki-Uzawa dynamic two-country
model of international trade”, mimeo., Kobe University.
5) Chen, Z., 1992, “Long-run equilibria in a dynamic Heckscher-Ohlin model,” Canadian Journal of
Economics 25, 923-943.
6) Devereux, M. B. and Shi, S., 1991. “Capital accumulation and the current account in a two-country
model”. Journal of International Economics 30, 125.
7) Epstein, L., 1987, “A simple dynamic general equilibrium model,” Journal of Economic Theory 41,
68-95.
8) Hicks, J. R., 1953, “An inaugural lecture”, Oxford Economic Papers 5, 117-135.
9) Hu, Y., and K. Shimomura, 2005, “Status-seeking, catching-up and comparative statics in a dynamic
Heckscher—Ohlin model,” mimeo., Kobe University.
10) Ikema, M., 1969, “The effect of economic growth on the demand for imports”, Oxford Economic Papers
21, 66-69.
11) Jones, R. W, 1965, “The structure of simple general equilibrium models”, Journal of Political Economy
73, 557-572.



96 KEIO ECONOMIC STUDIES

12) Jones, R. W. and R. J. Ruffin, 2004, “International technology transfer: who gains and who losses?”,
University of Rochester.

13) Kemp, M. C., Y-K,, Ng and K. Shimomura, 1993, “The international diffusion of the fruits of technical
progress”, International Economic Review 34, 381-385.

14) Kemp, M. C., and K. Shimomura, 1988, “The impossibility of global absolute advantage in the
Heckscher—Ohlin model of trade”, Oxford Economic Papers 40, 575-576.

15) Kikuchi, T., and K. Shimomura, “A dynamic two-country model of increasing returns and monopolistic
competition,” mimeo., Kobe University.

16) Nishimura, K., and K. Shimomura, 2002, “Trade and indeterminacy in a dynamic general equilibrium
model,” Journal of Economic Theory 105, 244-259.

17) Oniki, H., and H. Uzawa, 1965, “Patterns of trade and investment in a dynamic model of international
trade”, Review of Economic Studies 32, 15-38.

18) Shimomura, K., 1992, “A two-sector dynamic general equilibrium model of distribution,” Dynamic
Economic Models and Optimal Control, ed. by G.Feichtinger, North-Holland.

19) Shimomura, K., 1993, “Durable consumption goods and the pattern of international trade”, in H. Her-
berg and N. V. Long eds., Trade, Welfare, and Economic Policies: Essays in Honor of Murray C. Kemp,
Michigan University Press, 103—112.

20) Shimomura, K., 2004, Indeterminacy in a dynamic general equilibrium model of international trade, in:
M. Boldrin, B.-L. Chen and P. Wang eds., The Development Process of Rapidly Growing Economies:
From Theory to Empirics, Cheltenham, UK, Edward Elgar Publishing Inc, 2004, Chapter 7, 153-167.

21) Uzawa H., 1968, “Time preferences, the consumption function and optimum asset holdings, in: J. N.
Wolfe, ed., Capital and Growth: Papers in Honour of Sir John Hicks, Aldine: Chicago, 485-504.

22) Yano, M., 1983, “Competitive equilibria on turnpikes in a McKenzie economy, I: a neighborhood turn-
pike theorem,” International Economic Review 25, 695-717.

23) Yano, M., 1984, “The turnpike of dynamic general equilibrium paths and its insensitivity to initial
conditions,” Journal of Mathematical Economics 13, 235-2.

24) Wong, K.-Y., 1995, International Trade in Goods and Factor Mobility, Cambridge: MIT Press.

6. APPENDIX: EXISTENCE, UNIQUENESS AND STABILITY OF THE STEADY
STATE WITH INCOMPLETE SPECIALIZATION IN BOTH COUNTRIES

Here, we shall prove the existence, uniqueness and stability of the steady state with in-
complete specialization in the present two-country dynamic general equilibrium model.
We shall focus on the symmetric case such that preferences, technology, initial factor
endowments are common between Home and Foreign. As we shall show later, the de-
terminant of the Jacobian at symmetrical steady state is not zero, which implies that as
long as the international differences in those economic fundamentals are not very large,
the existence, uniqueness and stability are guaranteed.

6.1. Existence
Let us focus on the symmetric case.

0=r(pk+w(p)l — E(p)pu(p)) (44)
0="0pu(p)) —u (45)
0=1=zE(p)pu(u(p)) — Op.(u(p)) (46)

0=rp(pk +wy(p)l — Ep(p)p(u(p)) (47)
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P(u)

P(u(r(p)))

Figure Al. @(u(r(p)))under rp(p) > 0.

P(u(r(p)))

Figure A2. ¢ (u(r(p))) under rp,(p) < 0.

See Figure Al and A2. In order that « is uniquely determined, p must be larger (resp.
smaller) than p (resp. p) if the pure consumption good is more capital (labor)-intensive
than the consumable capital. For such a given p, however, (44), (45) and (46) uniquely
determines k, 6 and z. What remains to consider as to the existence of the steady state
is whether (47) determines p. Making use of (44), we can rewrite (47) to

1 P"p(}’) PEp(P)
S(p)=— —
v p“ rp E()

+ {Pwn(P) B prp(p) U)(P)l:l (48)
w(p) r(p)

]E(p)d>(u(p))
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First, it is clear from Figure Al that if the pure consumption good is more capital-
intensive than the consumable capital, i.e., if wp <0 <rp,

pwp(p)  prp(p) } w(p)l
w(p) r(p) P
Considering the assumed properties of ¢ (1) and u(r), we see that limooE(p)qb(u(p)) =

p—

S(B) = <0 (49)

00. Therefore, if

wp 2Py (50)
p>p T 02)

then for a sufficiently large p, S(p) is positive. It follows that there exists a positive p*

in the open interval (p, 00) such that S(p¢) = 0.

A parallel argument can be made in the case such that the pure consumption good is
more labor-intensive than the consumable capital, i.e., w, > 0 > r,. We can show that
under (50) S(p) < O for a sufficiently small p. It follows that there exists p¢ between 0
and p such that S(p¢) = 0.

Second, let us show that the steady-state capital stock is positive, i.e.,

E(p)¢u(r(p®))) —w(p)l
r(p®)
_Ep(p)eulr(p®))) — wp(p)l .
rp(p®)
Ifw, <0 < rp, k¥ > 0 is immediately obtained. So, let us focus on the other case
such that w, > 0 > rj. Suppose that.
E(p*)¢(u(r(p®)) — w(p) <0 < p[Ep(p)pu(r(p®))) — wp(p)l]
It follows that

ke =

0 D

0> E(p*)eur(p®))) — w(p®)l
~ pLE,(p*)¢(u(r(p®))) — wp(pl]
= {E(p®) — P Ep(p)} (u(r(p®)))
—{w(p*) — pCwp(pH,

pem/)(P‘/)

which is positive due to the concavity of E(p) and the magnification effect )

1, a contradiction. Therefore k¢ > Oevenif w, > 0 > rp.
(51) implies

>

{r(p®) — p°rp(P)}k® + {w(p®) — pw,(p*))
= {E(p°) — p°Ep(p))pu(r(p®))) >0

Since rp(p)k + wp(p)l = Ep(p)¢(u(p)) > 0, both goods are produced. That is,
incomplete specialization is also guaranteed at p®.

LEMMA Al. Under the foregoing assumptions, there exists a steady-state price p®
such that both goods are produced.



KIKUCHI & SHIMOMURA: A TWO-COUNTRY DYNAMIC MODEL 99

6.2. Uniqueness
Differentiating S(p) with respect to p at p®,

dS(p)

dp = [rpp(Pe)ke + U)pp(pe)l]

p=p
€ e
. E(p€>¢u(u(r(p‘f))ur(r(p“»rp(p")[M E 1} ,
r(p®)
where the first term at the RHS is positive due to the convexity of the GDP function with
respect to p and the second term is positive due to the magnification effect. Therefore,
p° is a unique steady-state price under incomplete specialization in both countries.
What remains to be argued concerning uniqueness is to exclude a steady state such
that at least one country is completely specialized. For this purpose, let us consider the
whole GDP function. Let us focus on the case such that the pure consumption good is
more capital-intensive than the consumable capital good. Then the GDP function can
be expressed as follows.

fik, 1) for 0 < k < ka(p)
F(p,k,l)={ r(pk +w(p)l  for ka(p) <k < ki(p)
pflk, 1) for k > ki(p),
where
w(p) — pwp(p) wp(p)
kl(p)E__p_"i and kz(p)E__PL9
prp(p) —r(p) rp(p)
Using the GDP function, the Home budget constraint is
k=G(p, k1D

= F(p,k, ) — E(p)¢p(u(Fi(p,k, D))
Partially differentiating G (p, k, [) with respect to k, we see that

2
W LD WD e p)gur ez F(po k),
which is always positive due to the definition of F(p, k, [).Therefore, there exists at
most one k such that G(p, k, ) = 0. Since Home and Foreign are assumed to be sym-
metric, if there were a steady state such that at least one country is completely special-
ized, we would have to at least two capital stocks k¢ and k¢ such that at the steady-state

price p°

GOps, k1) =G(p*. k1) =0,
a contradiction.

LEMMA A2. There exists a unique steady state where both countries are incom-
pletely specialized. There is no steady state at which at least one country is completely
specialized.

9 Recall that rpk + wp is the output of the pure consumption good.
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6.3.  Stability
Let us consider the Jacobian matrix of the steady state,

M o 0 0 0 0 0 —Eg¢, 0 0 7]
0 o 0 0 0 0 0 —E¢y 0
0 0 0 0 0 0 2Pu 0 —Irp
0 0 0 0 0 0 0 Pu —irp
0 0 0 0 P 0 —Ez¢, 0 0
0 0 0 0 0 o 0 —Ez¢y 0
0 0 —E¢y 0 ~Pu 0 —Ez¢uy — Opuu 0 —Epz¢u
0 0 0 —Eg¢y 0 —Pu 0 —Ez¢uu — Opun —Epz¢y
Lrp rp 0 0 0 0 —Epdy —Epdu A J
where
A =2rppk + 2wp,,1 —2E,p(p)p(u) >0
The characteristic equation is
0=02x)=
[p—x 0 0 0 0 0 —E¢, 0 0 7]
0 0 — X 0 0 0 0 0 —E¢, 0
0 0 —Xx 0 0 0 2Pu 0 —rp
0 0 0 —-Xx 0 0 0 2Pu —rp
0 0 0 0 p—x 0 —-Ezo, 0 0
0 0 0 0 0 p—x 0 —Ez¢y 0
0 0 —E¢, 0 —Pu 0 —Ez¢uu — pun 0 *Eplqhu
0 0 0 —E¢y 0 —Pu 0 —Ez¢uu — Opuu *EI;Z¢H
L 'p rp 0 0 0 0 ‘Ep¢'u —Ep¢u A u

Let us make the following calculations to the above determinant.

e Subtract the ﬁlSt row multiplied by ( —) from the ninth row and the second row

multiplied by ( —) from the ninth row.

e Subtract the third row multiplied by ( ‘b”) from the seventh row and the fourth

row multiplied by (=% £du ) from the eighth row.

e Add the fifth row multlplled by ( Lu ) from the seventh row and the sixth row

multiplied by ( £} from the elghth row.
Then, we see that



KIKUCHI & SHIMOMURA: A TWO-COUNTRY DYNAMIC MODEL 101

20 = (p — x)*x?

—Ez¢uu — Opun E¢uzrp
_puEZ¢u _ E¢uzpu 0 —Epidu + .
p—x X i
—Ez¢uu — 0puu Ed, zr
x 0 7PMEZ¢14 _ E¢yzpu —E,;Z¢u + du L
p—x Ex
rpE® rpE
,Ep¢”+u —E,,gbu-'f-—p—u A
p—x p—x
=(p—x)°
—(Ez¢y + Opuu)x(p — x) -
0 2pu(Erp, — Epx)
—E¢yzoup Pu r r
X —(Ezéy + Opyu)x(p — x) -
0 2¢u(Er, — Epx
—E¢uzpup u r P )
*Ep¢zl(p_x)+’pE¢ _E{7¢14(P_X)+rp£¢u A
=(p—x)*
—(Ez¢yu + 6puu)x(p — x)
0 20y (Er, — Epx)
—E¢uzoup Pu P P
x (Ez¢uu + Opuu)x(p — x) —(Ez¢uu + Opuy)x(p — x)
20y (Er, — Epx)
+E¢uzpup —E¢yzpup P r r
0 [E[7x+(r[)E_"EI))]¢M A
=(p— x)z[(EZ¢uu + E?p,,,,,)xz — p(Ez¢uu + 6pw)Xx — Eduzpupl
1 0 Z¢M(EVP—E[;,\’)
—(Ez¢pyu + Bpuu)x(p — x)
x| —1 2pu(Erp, — Epx
—E¢yzpup ulrp )
0 [pr-i—(rpE—rEp)]qﬁ“ A
=(p— X)zl(EZCme ~+ Opyu )Xz — p(Ez¢yu + 0puu)x — E¢yzpup)
1 0 2pu(Erp — Epx)
(Ez¢pyu + Bpuu)x(x — p)
0 2z¢pu(Er, — Epx)
—E¢uzpup Pu P r
0 {E/;«\'+(VpE*rEp)]¢u A

=—(p— -V)Z[(EZ(puu + Opuu)xz — p(Ez¢yy + Opuu)x — Epuzpupl
(Ez¢p + Opyu)x(p — x)
x +E¢uzpup
{Epx + (rpE —rEp))¢u A
=(p— X)Z[(Ellpuu + 9,01414)»’:2 — p{E2¢uu + 0puu)x — Edyzpup)
x| A{(Ez¢uy + 9/’uu)X2 — p(Ezduy + 0puu)x — E¢uzoup}
2200 (Epx = Erp)Epx + (rpE — Epp))]
=(p— X)z[(EZ(le + Hpuu)xz — r(Ez¢uu + 0puu)x — Edyzpourl]
x[{ACEz¢uu + O0puu) + 2E127¢,2,3]X2
—({A(Ezdyu + 0puu) — 21¢3E%)]rx
—E¢uz{Arpy +2¢urp(rpE — Epr)}l oor=p
Now consider the following two equations.

QI (-X) = (EZ-¢HM + gpuu)xz - r(EZ¢14M + 6,0,“‘))( - E¢uZPu" =0

_22¢11(pr - E"p)
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22(x) = (AE2@uu + Opus) + 2E2¢72)x*
—(AEz¢uu + 0pui) — 224, E})rx

—E¢uz{Arp, + 2¢urp(rpE — Epr)}
First, since £z, + 8oy > 0 and E¢,zp,r > 0, the equation £21(x) = 0 has one
positive and one negative real roots. Second, due to the Stolper—Samuelson theorem

E
and the property of the unit expenditure function 0 < % < 1, we see that
Er E
rp(rpE — Epr) = H‘p(&___p p>>0
p r E

Therefore, E¢,z{Arpy + 2¢.rp(rpE — Epr)}. It follows that £2;(x) = 0 also has one
positive and one negative real roots, which implies that the characteristic equation

2(x) = (p — )21 (x)22(x) = 0

has two negative real roots and four positive real roots. Since the state variables are k
and k*, the steady state is locally saddlepoint-stable.

LEMMA A3. The steady state is locally saddlepoint-stable.

REMARK We can check that £2(0) # 0. It follows that the implicit function theorem
ensures us that even if the economic fundamentals of Home and Foreign are slightly
different with each other, the existence, uniqueness and stability of the steady state are
established.



