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PRODUCTIVE CONSUMPTION AND ENDOGENOUS GROWTH:
A THEORETICAL ANALYSIS

Manash Ranjan GUPTA
Economic Research Unit, Indian Statistical Institute, Calcutta, India
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Abstract: A model of economic growth with endogenous accumulation of labour effi-
ciency is developed in this paper. Luxury consumption is distinguished from productive
consumption; and the rate of change of labour efficiency varies linearly with the pro-
ductive consumption. The intertemporal equilibrium of the dynamic system is unstable;
and hence the long run rate of growth of per capita income is endogenously determined.
However, the equilibrium point itself is a ‘No Growth’ equilibrium.
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1. INTRODUCTION

In the existing literature on the theory of economic growth consumption is gener-
ally not considered as productive. However, in the literature on Development Econom-
ics, there exists substantial discussion' on the productivity of consumption and on the
theoretical implications of ‘Consumption Productivity Hypothesis’. Productive con-
sumption raises the efficiency of labour. Gersovitz (1988) distinguishes three forms of
productive consumption: (i) nutrition; (ii) health effort and (iii) education. The mar-
ginal utility of these forms of consumption is far lower than that of luxury consumption.
However, these consumptions have either direct or indirect positive effects on the rate
of growth of labour productivity.

A few dynamic models of productive consumptions are available in the literature.
Banerji and Gupta (1997) and Jellal and Zenou (2000) develop dynamic efficiency wage
models in which the representative firm maximizes discounted present value of profit
over the infinite time horizon and the efficiency of labour accumulates over time. Jellal
and Zenou (2000) also consider learning by doing effects in the efficiency accumula-
tions. However, these models do not deal with consumption savings allocation problem

! For example, see the works of Bliss and Stern (1979), Dasgupta and Ray (1986), Gupta (1987, 1989),
Leibenstein (1957), Mirrlees (1975), Stiglitz (1976) etc.
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of the utility maximising individual and with the capital accumulation problem of the
economy. Steger (2000) focuses on the Ramsey optimal capital accumuliation path in
the presence of productive consumption. However, in his model, physical capital and
human capital are assumed to be perfect substitutes. Also entire consumption is as-
sumed to be productive; and hence no distinction is drawn between luxury consumption
and productive consumption.

The present paper also analyses the properties of capital accumulation and the growth
of labour efficiency in a Cass-Ramsey framework removing the problems in Steger
(2000). Utility of the representative individual is assumed to be a positive and concave
function of luxury consumption only. The productive consumption only contributes to
the rate of growth of labour efficiency. Physical capital and human capital (labour effi-
ciency) are not perfect substitutes here. We get some interesting results from this model.
The intertemporal equilibrium of the dynamic system is a ‘No Growth’ equilibrium of
Solow (1956) type inspite of the existence of endogenous labour augmenting change
resulting from productive consumption. Also, in this ‘No Growth’ equilibrium, the per
capita income is independent of the rate of growth of population (number of workers).
However, the intertemporal equilibrium is unstable; and hence we have endogenous
growth in the long run.

The paper is organized as follows:

The model is described in section 2 and its working is described in section 3. The
properties of the intertemporal equilibrium of the system are analysed in section 4.
Concluding remarks are made in section 5.

2. THE MODEL

This is a one sector dynamic model with capital stock and efficiency (skill) of labour
accumulating over time. Total output is allocated between consumption and investment
of physical capital; and this allocation decision is taken by one infinitely lived economic
agent maximizing the life time utility defined over luxury consumption.” Also total
consumption is allocated between luxury consumption and productive consumption.
The rate of growth of labour efficiency varies positively with the level of productive
consumption. There is no depreciation of either physical capital or of labour efficiency.
Number of individuals (workers) grow at a constant rate and all individuals are identical
with respect to taste and endowment. Production function is linear homogenous in terms
of physical capital and labour; and the inputs are not perfect substitutes.

We use the following notations to describe the model:

t = Time — a non negative continuous variable.
Y = Level of output at time ¢.
K = Level of capital stock at time ¢.
N = Number of workers at time 7.
h = Level of efficiency per worker at time ¢.

2 For the sake of technical simplicity we assume utility to be independent of productive consumption.
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K
N Capital intensity.

Level of per capita consumption.

Constant rate of growth of workers over time.

Proportion of luxury consumption.

Elasticity of marginal utility with respect to luxury consumption.
= Capital elasticity of output.

Rate of discount.

Utility function of the representative individual.

Welfare.

Following equations describe the model:
Y =K% (hN)'™® with O0<a <1 (1)

nn

=
TElxrarx0 =~
|

Il

is the CRS Cobb Douglas production function.

K=Y-CN ()

implies that excess of output over consumption is invested and there is no depreciation
of capital stock.

N =nN 3)
implies that the number of workers (individuals) grow at constant rate over time.
a0l
u=u()»C)=1— with O0<o <1 4)
-0

is the utility function. Here AC is luxury consumption; and utility is a positive and
concave function of luxury consumption.
The dynamic efficiency function is given by the following:

(h/h) =1 =1C. (5)
This means that the rate of change in efficiency varies positively with the level of
productive consumption yielding nutrition and/or education and/or health care. Here
(1 — A)C is the level of productive consumption. This is the dynamic version of the

‘Consumption Efficiency Hypothesis’.
The welfare to be maximized is given by

W:/ N -u(AC)-e " .dt. (6)
0

This is the discounted present value of utility of all the workers (individuals) defined
over the infinite time horizon, [0, c0).

The problem is to maximize W given by equation (6) subject to equations (1) to (5)
with respect to C and satisfying the restrictions:

0<C<(Y/N); and O0< AL,
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3. WORKING

Using the definition of k, we have
k K h N

kK h N
and then using equations (1), (2), (3) and (5) we have
k=k*—(C/h) — (1 = ANCk —nk. (7

Also putting N (0) = 1 and using equations (3) and (4), equation (6) can be written as

’

o0
W:/ u(AC)e~P~migy (8)
0

So the problem is to maximize W given by equation (8) subject to the equations of
motion given by (5) and (7). Here C and A are control variables, and k and # are state
variables. Here p > n, by assumption.

This is an optimal control problem with two state variables. In Banerji and Gupta
(1997) and in Jellal and Zenou (2000), human capital is the only state variable. In Steger
(2000), capital is the only state variable because physical capital and human capital are
assumed to be perfect substitutes, and additive. So the model presented in this paper is
technically more complicated than the earlier models.

The current value Hamiltonian, denoted by H =M and to be maximized at each
time point with respect to the control variables, is given by

(A,C)I_U
-0

HelP™m! = +aik+aqn-h )
where k and / are given by equations (7) and (5) and g and gy, are two costate variables
—functions of time.
The first order optimality conditions with respect to C and A are given by the follow-
ings:
(MO = (qk/h) — (L= Mgk -k +gn- (1 =Vh =0 (10
and
AC) ?CH+qr-C-k—qgp-C-h=0. (11)
The canonical differential equations showing the time behaviour of costate variables
are given by
Gk = (p = mqr — qr(@k®™" —n — (1 =2)C) (12)
and
Gn = (p —n)gn — q(C/h)(1/ k) —gi - (1 = 1)C. (13)
The transversality conditions to be satisfied by the optimal solution are given by the
followings:
Jim grke P =0 (T1)

and
lim gyhe P = 0. (T2)
1—>00
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Using equations (10) and (11) we have

AC)Y7 = (q/h) (14)
and using equations (14) and (11) we have
(ge/ M1 +kh)y =qn-h. (15)

Here, kh is the capital-worker ratio. Now using equations (13) and (15) we have

; =(p—n)— —(1—x
(Gn/qn) = (p — n) [T Kk ( )C,
or
(Gn/qn) + (h/h) = (p —n) — T (16)
From equation (12) we have
(Gr/qi) = (p—n) —ak®" +n+ (h/h),
or
(Gr/qi) — (h/h) = (p —n) —ak® ' 4 n,
or
(Gr/qi) — (h/h) = p — a(kh)*~" - ' (17)
Differentiating both sides of (14) with respect to #, we have
GO _ : :
SC (1/o)(gk/qx) — (h/ h)]
and then using equation (17) we have
AC kh)e=1 . pl-e —
w0 _ a(kh) P ‘ 18)

AC o
This implies that the rate of growth of utility yielding (luxury) consumption is equal
to the excess of marginal productivity of capital over the rate discount normalized with
respect to the elasticity of marginal utility of luxury consumption.
Again we have, from equations (5) and (7),

% =k* 1~ (C/kh) —n,
or .
% = (kh)*~ ' " —(C/kh) —n. (19)

So the rate of change of capital worker ratio, kh, is the function of per capita consump-
tion, C, efficiency, 4, and capital worker ratio, k#h, itself.

Now we are to express # and C in terms of AC and kh. Differentiating both sides of
equation (15) with respect to ¢, we have,

[(k/k) + (/)] - (kh/(1 + kh)) = (Gn/qn) + (R/ k) = [(Gx/q) — (h/ 1],
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and then using equations (16), (17) and (19) we have
[(kh)*~! - 1= —(C/kh) — n)(kh/(1 + kh))
= (p—n) — (C/(1 + kh)) = (p — a(kh)* "' h'~);

or
k' R ((kh /(1 + kh)) — a] = n[(kh/(1 + kh)) — 1];

kh — 1 — kh
"‘[ 1+ kh }
kh—a(l+ kh)
T 1+kh

or

(kh)ot—l 3 hl—ot —

or
—h

(kh)a—l . hl*(l — ,
—o+ (1 —a)kh

or

RE (kh)!—«
Ca—(1—a)kh’
Using equations (18) and (20) we have

(20

an
(GO) _ a—(L—akh
rC o

@*e) (1/0)[——“” p] 1)
a— (1

0

’

or

AC —a)kh
Now differentiating both sides of equation (20) with respect to ¢, we have
(kh) N kM) kh(l—a) 7
kh (kh) | @ — (1 —a)kh |’

(I1—a)-(h/h)=(1-a)

or

h kh a— (1 —a)kh
and then using equations (5) and (19) we have

o Tt e € ]
(1 A)C—[(kh) h h ”M]Jra_a—a)kh]

ﬁ:(kh)[w kh }; (204)

and then using equation (20) we have

n C kh
(l_k)cz[rx—(l—a)kh _E_"][Ha—(l—a)kh]’

or

C+(C/kh)[1 P
a—(1 —a)kh:|

—ACHn| — 1][1+—L——]
- e~ —awkh a—(—a)kh ]’




GUPTA: PRODUCTIVE CONSUMPTION AND ENDOGENOUS GROWTH 51

or
|:kh+ 1+ —k—}(c kh)
o — (1 —a)kh /
—AC + ——1——1}[1+L -
- n[a—(l—rx)kh a—(—akh|’
or
rC n - ya(kh) - Yr3(kh)
C/kh) = , 22
k= m ¥~ i) @2
where
khy = kh+14 — <
Yi(kh) = kh + a—(—ofh’
or
1
Yi(kh) =1+ kh - |:1+m:|,
Vo) = o~ 13 and
Kby =14 —
Vakh) =1+ o
Now using (20), (22) and (19) we have
(k) _ n _ M nmakhyys(kh)
kh o — (1 —a)kh y(kh) ¥y (kh)
or
(kh) AC nyn(kh)ys(kh)
L — s (kh) — — . 23
= ST T T @9

Now equations (23) and (21) are two equations of motions. Equation (23) shows that
the rate of change in k#h is function of kh and AC. Equation (21) shows that the rate of
change in AC is function of k& only. Here

V3(kh) = Y1 (kh) — kh;
and hence equation (23) can be written as

(iéh)__ rC n - Yo (kh) - kh
kh i (kh) Y1 (kh)

Here | (kh) is a positive function of kh. Also (Y2(kh) - kh/y1(kh)) is a positive
function® of kh. Hence (kh)/kh is a positive function of kh.

(23A)

3 Itis shown in the Appendix.
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4. LONG RUN EQUILIBRIUM

The reduced form dynamic system consists of the differential equations (21) and
(23) solving which we get the time path of AC and khk. First, we try to investigate the
properties of the equilibrium of the system at which (AC) = (kh) = 0. Also using
equations (14) and (15), it can be easily shown that g - k and gy, - k& are time independent
in the equilibrium. Here

(khy =0= (K/K) = (N/N).

This is the balanced growth path with the capital stock and the number of workers grow-
ing at equal rates. This is the long-run growth path in Solow (1956) model. Equation
(20) shows that 4 is constant when k# is constant. So k is also time-independent; and
the same is true for the costate variables. Hence efficiency of labour does not change
along this balanced growth path. Also

(Y/N) = (kh)*~ 1. p'=;

and using equation (20) we find that
n

a— (L —a)kh’
Hence along the balanced growth path—in the intertemporal equilibrium—per capita
income is constant. So intertemporal equilibrium is a no growth equilibrium. We get
this property in Solow—Ramsey—Cass model in the absence of technical progress.

We now try to analyse the stability property of the equilibrium. For this we are to
draw the stationery locus.

(AC) = O stationary locus is a vertical straight line because solving equation (21)
with (AC) = 0 we get kh = M (constant) where

M= (a(p—n)/(1—-a)p) < (a/(1 —a)).

(Y/N) =

Also .
IAC/AC) an(l —a)

akh  ofa — (1 — a)kh)?
Here kh 2 M = (XC ) 2 0. When capital worker ratio is higher (lower) than M,
luxury consumption, AC, rises. (falls) over time.
Next, we turn to draw the (kh) = O stationary locus.
d(kh/kh) 1
= — <0
orC ¥ (kh)
at the equilibrium point because there kA = M and hence

Yi(kh) =1+ ((p —n)(an + p)/(1 —a)pn) > 0
for p >nar}d0<oz< 1.
Slope of kh = O curve is given by
drC a(kh/kh)dkh
dkh — 3(kh/kh)orC

> 0.
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Figure 1.

Here 3 (kh/kh)/dkh is positive; and hence (kh) = 0 locus slopes positively. Note that
(kh) = 0 curve passes through the origin because equation (23) shows that kA = 0 and
(kh) = 0 imply AC = 0.

For 0 < kh < (a/(1 — a)), kh = 0 locus slopes positively in the first quadrant; and,
atkh = (¢/(1 — a)), AC = oo along this locus.

(kh) = 0 locus and (AC) = 0 locus intersect each others at kh = M < (a/(1 — a)).

When kh > (a/(1 — a)), then ¥ (kh) < O and y¥2(kh) < 0. So equatlon (23A)
shows that (kh) > O for kh > (¢/(1 — @)) and for AC > 0. Along the (kh) = 0 locus,
AC is always negative for kh > (a/(1 — «)). So, at any point in the first quadrant in
this figure with kh > (a/(1 — «)), we have (I%h) > 0. For kh < (a/(1 — @)), at any
point above (below) the (kh) = 0 locus, (kh) is negative (positive).

The behaviour of the state-trajectories are described in the figure; and this behaviour
is conditional on the initial conditions. If the initial point lies below the (I'ch) = 0 locus,
we find endogenous growth in the system with kA always rising and AC rising at least
in the terminal phase of development.

Jacobian matrix is given by the following:

3(AC/AC)  d(AC/AC)

0o+
—| 9 Okh =| adkn/kh)
a(kh/kh)  3(kh/kh) -

arC dokh
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Here .
o(kh/kh)
— >0

|J| >0, traceJ >0 because
dkh

So the equilibrium is unstable.
In the case of stable equilibrium the system converges to the balanced growth path at
which ki = M. Along this balanced growth path, we have exogenous growth because

(K/K)=(Y/Y)=(N/N)=n.

However, we get unstable equilibrium in this model; and, in this case, k4 either rises
or falls over time indefinitely. It always moves away from the equilibrium point. We
have unbalanced growth and this rate of growth is endogenously determined. Y /N rises
(falls) as kh rises (falls) over time.

The equilibrium level of per capita income is given by

n
(F/Ny = a—(1—-a)M
or
(Y/N) = (p/a).

So the per capita income in the ‘No Growth’ equilibrium is independent of the rate of
growth of the number of workers. This result is interesting because, in Solow—Ramsey—
Cass one sector model, per capita income in the long run equilibrium varies inversely
with the rate of growth of the number of workers.*

From equation (2) we have

C =(Y/N) — (K/N)(K/K):
and then in the equilibrium
C=(p/a)y—n-M
= (p/a) — (na(p —n)/(1 — a)p) .
So the per capita consumption is not independent of the rate of growth of the number of
workers.
When the system is off the balanced growth path, the rate of growth of per capita
income, (Y/N), is given by
(Y/N) (ki)
=(x—-1)—
(Y/N) kh

and then using equation (20A) we have

(Y/N) (/&h)[ kh ]
Ll = )| ——— .
(Y/N) kh )| o — (1 — a)kh

So the rate of growth of per capita income is increasing in kh. It does not converge to
any exogenously given value.

+ (1 —-a) h
_a -—;
h

4 Obviously this result is not very important because the system does not converge to the long run equilib-
rium point.
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Once we know the value of AC and kh at some ¢, we can also obtain the value of C
from equation (22). Then the value of 4 is obtained from equation (20). Then we solve
for g5 and g from equations (14) and (15).

How do we relate the results of unbalanced growth obtained here to the results ex-
isting in the literature? In our model, capital stock per worker, kA, and utility yielding
consumption, AC, rises over time in the case of endogenous growth. However, there
is no mechanism which ensures the equality between (AC /AC) and (kh /kh). In the
models of Romer (1990), Lucas (1986) etc. endogenous growth takes place in a bal-
anced manner. Per capita consumption and capital stock per worker grow at equal rates.
Those models assume a steady state growth equilibrium and then explain the existence
of a positive growth rate in the long run, because Solow—Swan—Cass model can not
explain positive growth rate in the steady state equilibrium.

5. CONCLUSION

In this paper, we have analysed a dynamic model of a less developed economy where
efficiency of labour and capital stock accumulate over time and the endogenous ac-
cumulation of labour efficiency is the source of endogenous growth. However, this
increase in labour efficiency is explained by the productive consumption which is the
result of sacrifice of utility yielding (luxury) consumption. This is a dynamic version of
the consumption-efficiency hypothesis. The relative rate of growth of labour efficiency
varies positively with the level of productive consumption. So this mechanism is dif-
ferent from that in Lucas (1988) where the relative rate of growth of labour efficiency
(human capital) varies positively with the allocation of human capital to the human
capital accumulation sector.

The long run equilibrium of the dynamic system implies a Solow type ‘No Growth’
equilibrium inspite of the positive role of consumption on the accumulation of labour
efficiency. If we ignore the productive consumption hypothesis then the present model
is reduced to a standard Ramsey—Cass model. Long run equilibrium in that model
is stable and the long run rate of growth of per capita income is equal to zero. A
positive long run rate of growth is obtained in such a model only introducing a labour
augmenting technical progress. In the present model, labour augmentation takes place
through the productive consumption hypothesis but the intertemporal equilibrium point
implies a ‘No Growth’ equilibrium. Also the per capita income in the intertemporal
equilibrium is independent of the rate of growth of population (number of workers)—a
result not obtained in Solow—Ramsey—Cass model. However, the dynamic system does
not converge to the intertemporal equilibrium point here because the unique equilibrium
point is unstable.

In the model of Steger (2000), productive consumption is not distinguished from lux-
ury consumption. Steger (2000) explains endogenous growth due to the assumption
of AK technology of producing the product. With diminishing marginal productivity
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of capital one can not explain endogenous growth in his model. In this model, we as-
sume diminishing marginal productivity of capital and can explain endogenous growth
because we get the case of an unstable intertemporal equilibrium.

We have restrictively assumed that productive consumption does not yield any utility.
In reality, marginal utility of productive consumption is positive but lower than that of
luxury consumption. It would have been more meaningful to consider an utility function

(Ot (1 =)0
u= +
1—0 1—oy

with O<op<op <1.

However, technical complications prevent us from deriving meaningful results in this
more realistic case.

APPENDIX

Define
g(kh) = Ya(kh)kh /1 (kh) .
Using the expression of 2 (kh) and vrq (kh) we have

(1 —a)(1 +kh)kh

9kh) = T khy? = (k)2
l -«
) a[l + L] S
kh 14 1
kh
Hence g(kh) is a positive function of kh.
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