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Abstract: We discuss the strategic location interactions between two heterogeneous 

firms with different technologies in the context of Weber triangle. By assuming the 

transportation cost to be decreasing in the relative distance between these two firms, a 

special case of external economies of scale, we find the optimum location will not be 

independent of demand shock as long as one of the duopolistic firms has a nonlinear 

technology. 
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1. INTRODUCTION

 Ever since Moses' (1958) work on the theory of location and production, based on 
the classical work of Weber (1929), there has been a continuing interest regarding the 
"location independent of output" issue in the context of the Weber triangle. The major 
concern is: under what kind of production conditions will the output be independent 
of demand shocks. One of the major approaches concerning this issue is the market 
structure approach. There are numerous articles focusing on the "independence" issue 
by assuming the output market to be either competitive or monopolistic, such as Brad-
field (1971), Khalili et al. (1974), Miller and Jensen (1978), Eswaran et al. (1981), 
Shieh and Mal (1984), Hurter and Martinich (1989), and others. Recently, there are 
some growing interests on the oligopoly model, which can be identified as another af-
termath of the imperfect competition revolution stemming from theory of industrial 
organization, as represented by Hwang and Mal (1990), Mal and Hwang (1992), 
Cheng et al. (1993), and Hwang et al. (1998). They concluded that optimum location 
is independent of a change in demand if the production function is constant returns to 
scale. 
 However, Mal and Hwang (1994) (henceforth MH) discussed a linear space model 

under duopoly and show a contrasting view. By assuming a two-stage game with two

 Acknowledgments. This paper is based on Chapter 3 of my Ph.D. dissertation at SUNY Buffalo (Lat 
1996). I would like to thank Thomas Remans, Winston Chang, Mitchell Harwitz and a referee for very help-
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firms making location interactions at the first stage and output interactions at the sec-
ond stage, they concluded that, under linear demand, each firm's optimum location is 
independent of a demand shift only if its own and the rival's production functions are 
constant returns to scale. Intuitively, the firm's technology can play a role through its 
effect on location choice, which in turn, will affect the other firm's location decision 
due to location interactions at the first stage. Such a result can be regarded as a by-

product in MH (1994) because their focus is more on the exclusion theorem, the possi-
bility of firms locating at the end point of the linear space, which is a central issue 
originated by Sakishita (1968) in the linear space model. Thus, the robustness of MH 

(1994) result in a two-dimensional space is more important because the independence 
issue, rather than the exclusion theorem, is a central issue in the Weber triangle. In 
fact, Hwang et al. (1998) examined the robustness of MH (1994) result in Weberian 
space and once again confirmed the independence proposition. 

 This paper discusses a one-stage duopoly model in the Weber triangle. We assume 
that two firms have different technologies such as economies of scale, or a different 
Cobb—Douglas weights on labor and capital and thus will locate at different points in 
the Weber triangle space.  In addition, we try to capture external effect between firms in 
terms of transportation cost.' The transportation cost is assumed to be dependent on 
the relative distance between these two firms. The derivative could be positive. In that 
case, we are considering the case of external economies of scale. The derivative could 
also be negative. In that case, we are considering a traffic congestion effect.2 Without 
lose of generality, we concentrate on the positive derivative case. 

 The agglomeration benefit or cost in transportation cost could stem from several 
sources. First, as firm's location is closer to each other, it becomes possible for a same 
transportation company to pull the inputs and output of these firms together on a same 
train or plane and ship them from/to a same destination. The possibility of joint 
arrangement in shipping cargoes allows the transportation cost to be reduced due to 
economies of scale. In fact, the proximity among firms also provides their workers 
with the opportunity of making co-ride arrangement and consequently reduce labor 
transportation cost. Second, the agglomeration of firms could imply a stronger incen-
tive that the local government will provide local public goods on transportation, such 
as widening the road, setting up traffic sign, and increasing the frequency of public 
transit. Finally, once firms are too close to each other, one might expect neighborhood 
externalities such as traffic jams. Such a case is acceptable if we assume the deglomer-
ation between firms due to congestion will not be so large that these two firms end up 
locating at the two sides of the triangle. 

 It follows that there is location interdependence and the MH (1994) result in linear 
space is demonstrated on Weberian space without restricting to the linear demand case.

   In Cheng et al. (1993), they discussed the relationship between the structure of transportation cost and 
the independence issue. 

 2 The positive, as well as negative externalities, are captured by the shipping cost to output and input mar-
kets. This is a general setup of the external effect. One can, of course, limit the external effect to output mar-
ket or input markets.
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Output will not be independent of demand shock unless both firms' technologies are 
constant returns to scale. The assumption of external link is so crucial that it serves to 

generate the non-independence results, thus distinguishing our results from other dis-
cussions in Weber triangle, such as MH (1992) and Proposition 2 in Hwang et al. 

(1998). 
 The non-independence results have some interesting policy implications in interna-

tional as well as in regional context. In fact, we do observe the exodus of labor-inten-
sive firms from more developed regions to less developed regions, such as the move-
ment from some East-Asia firms to mainland China and South-East Asia region. In ad-
dition, there are also movements from one developed country to another developed 
country, as witnessed by a recent influx of Japanese manufacturing plants into the 
United States. It is worth investigating whether external effect plays an important role 
in such cross-country, or cross-region movements. In an empirical study, Head et al. 

(1995) examined the location choices of 751 Japanese manufacturing plants built in 
the USA since 1980. Their conditional logit estimates support the hypothesis that in-
dustry-level agglomeration benefits play an important role in location decisions. 

 The format of this paper is as follows. In Section 2, we set up the model. Struc-
turally, we follow the MH (1992) in setting up the model. Equations  (1)—(9) are the 
same equations used in that paper, except for the additional external benefit assump-
tion. The non-independence results are presented in Section 3. In Section 4, we draw 
the conclusions.

2. THE MODEL

 Consider an oligopoly industry of two firms, 1 and 2 locating inside the Weber trian-

gle as depicted in Figure 1, for the heterogeneous firms case. Each firm produces a ho-
mogeneous product while facing perfect competitive input markets. There are two in-

puts L and K, which are transported from A and B, respectively. The final output is 
shipped to point C, the market place. Thus, it is in each firm's interest to find out their 
optimum location E for i=1, 2 respectively since transportation costs involved in 
shipping the output, as well as inputs, are assumed to be significant. We denote the dis-
tance between El and C as hi; si is the distance between El and A; zi is the distance be-
tween El and B; a and b are the length of CA and CB; 19, is the angle between CA and 
CE; 6 is the angle between CA and CB. Since these two firms are different, we have to 
solve each firm's problem independently. 

 Each firm faces the same freight rate, which is specified as T(y), G(y), and M(y) for 
shipping to the output, labor and capital markets, where y is the relative distance be-
tween these two firms. As mentioned earlier, the derivatives of the freight rate to y can 
be positive or negative. In the case of negative derivative, it is the congestion effect we 
wish to capture, while in the case of positive derivative, it is the external economies of 
scale effect we are targeting. Our major conclusions regarding the independence issue 
will hold true in either cases. 

 The production function of each firm is different and is specified as
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A  B

Fig. 1. Two Heterogeneous Firms on Weber Triangle.

 i=1,2(1) 

and is assumed to be homothetic. Without lose of generality, we assume firm 2 will al-
ways choose its location with an angle 82 that is greater than 81 due to technological 
differences such as different Cobb-Douglas weights on labor and capital. Following 
MH (1992), we derive the cost function for each firm subject to a certain output level: 

min hp + G(y)sag + [r + M(y)zg]Kg s.t. qj = f~(Lg, Kg), i = 1, 2 (2) 
L,,x, 

where w and r denote the wage and rental rate and are assumed to be constant, st, z;, 

and y can be expressed in terms of hl and 9 : 

Si = Jae + h? — 2ahl cos 81 

zi = \/b2 — 2bhg cos(9 — 9g) for i = 1, 2 (3) 

y=hi+h2-2hlh2cos(92-91) 

  Since production function of both firms are assumed to be homothetic, we can de-

compose the cost function into the product of two functions: the function of factor 

prices and the function of output as:
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 Ci  (gr) = cl (w + G(y)si, r + M(y)zi)Hi (qt) for i = 1, 2 (4) 

 It follows that the marginal and average cost functions can be expressed as 

MCI = C; (qt) = cl Hi' for i = 1, 2(5) 

Ci (gr) cl Hi 
         AC, = =-----for i = 1, 2(6) 

qiqi 

 Equations (5) and (6) together imply the following relation: 

H` > iff the production function exhibits increasing returns to scale 

qt 

    Hi     — = Hi iff the production function exhibits constant returns to scale (7) 
    qt 

H` < Hl iff the production exhibits decreasing returns to scale i=1, 2 

qt 

 The above relation will turn out to be crucial in obtaining the independence result. 
Finally, the inverse demand is assumed to be everywhere twice differentiable with the 
following properties: 

P=P(Q,a)=P (qt +g2,a) PQ<0, Pa>0, PQa=0 (8) 

 Based on the above assumptions, firm 1 and 2 make their output and location 
choices simultaneously, each faces the following profit maximization problem: 

   max n` _[P (qt +q2,a)—T(y)hilgi —cl(w+G(y)si,r+M(y)zi)Hi(gr)

 We then derive the following first order conditions: 

                     i                     „.„
qt= P+Poi — Thi —clHlq,=0 

                     2                    ~
q2 = P+PQg2 -Th2 -c2H2g2 =0 
i 7r

h, = —T qt — Th, higi — cm, Hi = 0                     

il-h2  = —T q2 — Th2 h2g2 — c2h2 H2 = 0 

i ha
, = —Te h i gr — cie, Hi = 0 

02 = —Te2h2g2 — c2o2H2 = 0 

 Equations (12)—(15) are different from the model of symmetric 

glomeration benefit and deserve a careful look. Specifically, the 
tions (12)—(13) and the first term of equations (14)—(15) will be n

i=1 2 (9)

(10) 

(11) 

(12) 

(13) 

(14) 

(15)
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suming external benefit. Expressions on equations (12)—(13) can be decomposed into 
four effects, the increase in output market shipping cost, and the change in output mar-
ket related external cost, as captured by the first two terms, and the change in input 
markets shipping cost and related external cost, as captured by the final term. Expres-
sions on equations (14)—(15) can be decomposed into three effects, the change in out-

put market related external benefit, as captured by the first term, and the change in 
input markets shipping cost and related external cost, as captured by the final term. 
Thus,  cl,„ c2o2 should be positive and negative if there is output market related exter-
nal benefit. In MH (1992) c10, , c2g2 are both equal to zero because: 1) there is no exter-
nal benefit, and 2) the production function is homothetic. 

 We assume that the second order conditions are satisfied since studies in the past, 
such as Emerson (1973), Miller and Jensen (1978), Kusumoto (1984) all suggest that 
corner solution in the Weber triangle is not possible unless we make some drastic as-
sumptions, such as zero transportation cost for output or inputs. Thus, equations 

(10)—(15) can be used to determine the equilibrium value of qt, q2, hl, h2, 01, 02. Fur-
thermore, taking the total derivatives of (10)—(15) and using the Cramer's rule, we can 
derive the comparative statics results.

3. CHANGES OF OPTIMUM LOCATION UNDER DEMAND SHOCK

 We follow Moses (1958) by first setting h fixed and examine the change of 0, the 
circumferential location, under the demand shock. By total differentiating equations 

(10), (11), (14), (15) with respect to qt, q2, 01, 02, and a, we can obtain the following 
expressions: 

dglPaC2g24,62 (7q q, — Tig) (q2 — H42) + Paclgi (D21 + D22)glHigi
da h,

D4

where

D21 =itgi82ig2g2—irgIg2 g2o2'D22 ='g2g2'g2o2 - irg2o2il-8 q2 l 1, 2

del 

da

(16)

h,

PaClBi i'g28l (Thlq2—iRg2)(I-Lq —Hlgi ~ +PaC2o2(D23+ D24)(q2 — 112.72
D4

where 

D23 =~9Bi"Big,——q2q~HIBl, D24 =,g,gr"9191—Tic gr"Bigi l 1, 2(17) 

 A detailed derivation is contained in Appendix B. The D4 in the above two equations 
are the relevant Hessian matrix. Technically, the effect of external benefit is implied in 
the first derivatives, such as the nonzero values of cl,,, c2,2, as well as in some second 
derivatives, such as the nonzero values of neeg2 andne2g, . 

 Clearly, equations (16) and (17) will not be equal to zero unless both firms have lin-
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ear technologies. As long as one of the firms has a non-linear technology, one of the 
two terms in the numerators will not be zero and the independence result will not hold. 
According to equations (16) and (17), we can derive the following proposition. 

 PROPOSITION 1. Holding all  hl as fixed and treating all 9, as variables under the 
Cournot competition of two heterogeneous firms, the optimum location will be variant 
to demand shock even if the firm exhibits a constant returns to scale technology. As 
long as the other firm's technology is not constant returns to scale, both firms will 
move their locations along the arc II under demand shock.

  One of the key assumptions that lead to the above result is the decreasing trans-

portation rate with respect to the relative distance between firms. In the absence of that 
assumption, both hee 92 and n 2ei in equations (16) and (17) will be equal to zeros and 
thus the whole expression will be equal to zero as long as the firm's own technology is 
linear, i.e., clgl and c2g2 are equal to zero. In MH (1992), the circumferential location is 
in variant under demand shock as long as the firm's technology is homothetic. Contrary 
to their finding, in this paper, even if the technology is linear, the firm's circumferential 
location will be variant to demand shift as long as the other firm's technology is non-
linear. The intuition behind the MH (1992) result is as follows: as long as technology 
is homothetic, the firm will keep using the same input ratio during expansion path, and 
the relative pull from both input markets will remain the same. However, in this case, 
there is an additional consideration for the firm, i.e., its strategic link with another 
firm, and it is that extra consideration that disturbs the original equilibrium. During a 
demand expansion, the firm with increasing returns technology most likely will find 
the importance of its transportation cost in output outweighs its transportation cost in 
input as compared with its previous equilibrium. Given its distance to the output mar-
ket as fixed, the firm with increasing returns technology can save some of its trans-

portation cost in output by enhancing it non-cooperative strategic link, i.e., by moving 
toward its competitor. As for the firm with constant returns technology, nothing has 
been changed except its strategic link with its competitor, it may be induced to move 
toward or away from its competitor depending on its spatial strategic relationship and 
output strategic relationship with the other firm.4 In general, the firm with nonlinear 
technology is the engine that generates the circumferential location move. 

 A corollary related to Proposition 1 can be stated as the following: 

 COROLLARY 1. Holding all h; as fixed and treating all 91 as variables in the hetero-

geneous firms model under Weber triangle, linearity of both firms' technology is the 
necessary and sufficient condition for the independence result. 

 This is different from the conventional result which suggests homotheticity of firm's

3 These two cross derivatives can be zero even if there is external benefit or cost . We will simply ignore 
that special case. 

4 Strategic output relationship is important because it may not be in one firm's best interest to provide the 
other firm with the opportunity of lowering its cost. See Lat (1996) for a mathematical derivation and more
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technology is the necessary and sufficient condition for the independence result. 
Again, this is due to the assumed external benefit in output market. In the absence of 
that assumption,  clgl and c20, will be zero because T8, and TB2 in equations (14) and 

(15), which stand for output market related external benefit, will be missing. In that 
case, equations (14) and (15) are just like equation (11) in MH (1992) and the inde-

pendence result is implied as long as technology is homothetic. 
 The usual explanation toward the swing on arc II is inputs substitution effect, as was 

suggested by Moses (1958) ever since. In contrast to previous research, we generate 
the swing on the arc II through the strategic effect. In MH (1992), the change of 9 
under demand shock is zero. The major difference is the nonzero value of the cross de-
rivatives between 91 and 02, which measure the induced spatial strategic effects be-
tween firms. In contrast to MH (1994), our non-independence result is not restricted to 
the case of linear demand. Intuitively, we use the internal economies of scale technol-
ogy in one firm as the driving force, which work through the channel of external 
economies of scale and the non-independence result is thus implied. 

 Next, we consider the case when both ht and 91 are variables. In this case, we have to 
deal with a 6 X6 matrix. In order to obtain simple expressions, we assume firm 1 have 
a linear technology and obtain equations (18a), (19a), (20a), (21 a). Alternatively, we 
assume firm 2 has a linear technology and obtain equations (18b), (19b), (20b), (21b). 
A detailed derivation is contained in Appendix A. The changes of location under de-
mand shock are:

dh1
 2122 Pa (~g2gi—gig' (ih2R2Dsl+X82g2Ds2)

da

dh1 

da

            D6 

 2111 pat—~Rig2)(ihDss+Big,D34)

            D6 

 1222 Pa(~91 gr—72           gr) (irh2g2Dss+'82g2Ds6)

(18a)

dh2 

da D6 

121 Pa(~gig2irg2g2)(irhigiDsi+~BDs8)

(18b)

dh2 

da D6 

Pa2l22   ("9291 — 2glgi)(ih2g2Esl + 78292232)

(19a)

del 

da             D6 

 2111 Pa(79292—zgig2)(ihiq, E33+lgigi E34)

(19b)

del 

da             D6 

Pl222s6)  a(~gr gi~g2gi) (~h2g22ss + XE                                8292

(20a)

del 

da             D6 

                          1 
Pa (igilg2—792292)hgt E37+~B, g, E38)

(20b)

del 

da

(21 a)

D6
(21b)
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where D31  to D38, E31 to E38 are 3X3  matrices defined in Appendix B. Of those 3 X3 
matrices, only D33, D35, E34, E36 are the relevant Hessian matrices and are negative by 
the second order conditions. D6 is also a Hessian matrix and is positive. Equations 

(18)—(21) will not be zero unless both firms' technologies are linear. Suppose firm 1 
has a linear technology, we know from (18a) and (19a) that the optimum market dis-
tance of both firms will not be independent of demand shock since both equations are 
not equal to zero. Similar results will hold for the other three pairs. The intuition is the 
same as the case when hl is held as fixed. We thus conclude with the following propo-
sition.

 PROPOSITION 2. Treating h, and 0 as variables in the Cournot competition model 
of two heterogeneous firms, the optimum location will be variant to demand shock 
even if the firm has a constant returns to scale technology. As long as one firms tech-
nology is not constant returns to scale, both firms will move their optimum location 
under demand shock.

 Again, Proposition 2 will not hold without assuming the transportation cost to be 
decreasing in relative distance. Equations (18a), (19b), (20a), (21b) are the expression 
of changes in optimum location while assuming the firms' own technologies are con-
stant returns to scale. In the absence of the above assumption, all the Hessian matrices 
inside the parenthesis will be equal to zero due to the vanishing of cross derivatives 
with respect to hl, h2, 01, 02. Intuitively, the nonzero values of these cross derivative 
terms stand for strategic location interactions.

4. CONCLUSIONS

 Unlike the Hotelling (1929) model, which has been a showcase of cooperative game 
theory, the strategic location interactions under Weber triangle have been largely ig-
nored in literature. In this paper, we generate the strategic location interactions be-
tween firms by considering the heterogeneous firms under external economies of scale . 
It is shown that the independence result will not hold as long as one of the firms has a 
non-linear technology. Our findings are different from the independence result in MH 

(1992) and Hwang et al. (1998) because in the both cases, firms are identical and/or 
without external links. Thus, the MH (1994) result on the linear space and linear de-
mand is robust under two-dimensional space and more generalized demand conditions . 
Furthermore, it is now nontrivial, under this model, to discuss the impacts of different 

policy, such as production tax and subsidy, on the agglomeration or deglomeration be-
tween firms.

APPENDIX A

 This appendix contains the derivation of equations (18)—(21). A total differentiation 
of equations (10)—(15) with respect to qt, q2, hl, h2, 01, 02 will yield the following ma-
trix:
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 dh1 
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 By the Cramer's rule, we can obtain the following comparative statics results: 
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Using the fact that irgl ht =irlq, = 7r 1 B, = 7r 1 q,  =  0 when firm 1 has a linear technol-
ogy, we can derive equations (18a), (19a), (20a), (21a):
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                            APPENDIX B 

 This appendix contains the derivation of equations (16)—(17). A total differentiation 
of equations (10), (11), (14), (15) with respect to qt, q2, 01, 02 will yield the following 
matrix:

1 1 1 1 

 9191  9192 9101 9102 

7L2 7t2 7T2 7t2 9291 9292 9
281 9282 

11 1 1  
8lgl'x-lg28l8l'x8l82 
22 2 2 il2gl~B2g2828l8282

 dqi 

 dq2
__  d9

1 
 d92

 ~1 

_ 

   qla 
 —7r2 

 q2a 
1 -

via 
2 —ira2a

 dot



l26PING-YEN LAI 

where each element is defined the same way as in Appendix A. By the Cramer's rule, 

we can obtain the following comparative statics results:  
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