EfEAXFZZHMBHRI NI U
Keio Associated Repository of Academic resouces

Title STRATEGY-PROOF AND EFFICIENT EXCHANGE ON A FINITE SET OF COBB-DOUGLAS
UTILITY FUNCTIONS
Sub Title
Author OHSETO, Shinji
Publisher Keio Economic Society, Keio University
Publication year |1998
Jtitle Keio economic studies Vol.35, No.2 (1998. ) ,p.55- 60
JaLC DOI
Abstract We consider the possibility of designing strategy-proof and efficient social choice functions in two-
agent, two-good, pure exchange economies. First, we show the nonexistence of strategy-proof,
efficient, and symmetric social choice functions on an arbitrary domain with the following three
Cobb-Douglas utility functions: (1) u_a(x_A, x_B) = (x_A)*2/3(x_B)*1/3, (ii) u_B(x_A, x_B) =
(x_A)M/2(x_B)*/2, and (iii) u_y(x_A, x_B) = (x_A)*/3(x_B)"2/3,. Second, we conjecture that any
strategy-proof and efficient social choice function is dictatorial on an arbitrary subset of Cobb-
Douglas utility functions with the above (1)-(iii).
Notes
Genre Journal Article
URL https://koara.lib.keio.ac.jp/xoonips/modules/xoonips/detail.php?koara_id=AA00260492-19980002-0

055

BREZBAZZMERVRD N (KOARA)ICEBE M TLWAR AV TUY OERER. ThTIOEEE, FLFLFHERLRTECREL. TOERMGEEEECELST
REBEENTVET, B|ACHLE> TR, BEFRELEZETLTIFALEE L,

The copyrights of content available on the KeiO Associated Repository of Academic resources (KOARA) belong to the respective authors, academic societies, or
publishers/issuers, and these rights are protected by the Japanese Copyright Act. When quoting the content, please follow the Japanese copyright act.



http://www.tcpdf.org

KEIO ECONOMIC STUDIES 35(2), 55-60 (1998)

STRATEGY-PROOF AND EFFICIENT EXCHANGE ON A FINITE SET
OF COBB-DOUGLAS UTILITY FUNCTIONS

Shinji OHSETO

Department of Economics, Ritsumeikan University, Shiga, Japan

First version received January 1998 final version accepted July 1998

Abstract: We consider the possibility of designing strategy-proof and efficient
social choice functions in two-agent, two-good, pure exchange economies. First,
we show the nonexistence of strategy-proof, efficient, and symmetric social choice
functions on an arbitrary domain with the following three Cobb-Douglas utility
functions: (1) (x4, xg)=(x2)*>(xp)"">, (i) uy(xs, xg)=(x4)"*(xp)""?, and (iii)
u (X4, Xg)=(x,)"*(xg)*">. Second, we conjecture that any strategy-proof and
efficient social choice function is dictatorial on an arbitrary subset of Cobb-
Douglas utility functions with the above (i)-(ii1).
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1. INTRODUCTION

We consider the possibility of designing strategy-proof and efficient social
choice functions in pure exchange economies. Hurwicz (1972) showed the
nonexistence of strategy-proof, efficient, and individually rational social choice
functions in two-agent, two-good, pure exchange economies where both agents
have continuous, quasi-concave, and increasing utility functions. Dasgupta,
Hammond, and Maskin (1979) replaced individual rationality in Hurwicz’s result
with non-dictatorship although they admitted discontinuous utility functions.
Improving on these results, Zhou (1991) proved that any strategy-proof and
efficient social choice function is dictatorial in two-agent, m-good (m>2), pure
exchange economies where both agents have continuous, strictly quasi-concave,
and strictly increasing utility functions.

It 1s well known whether the set of strategy-proof and efficient social choice
functions is rich depends on the domain (the set of utility functions or preferences)
on which social choice functions are defined. In social choice environments, the
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restrictive domain of single peaked preferences leads to positive results (Moulin,
1980), whereas the unrestricted domain of preferences leads to negative results
(Gibbard, 1973; Satterthwaite, 1975). For the provision of pure public goods, the
Clarke-Groves mechanisms (Clarke, 1971; Groves, 1973) are strategy-proof on
the set of quasi-linear utility functions, but they are not strategy-proof on the set
of continuous, strictly quasi-concave, and strictly increasing utility functions.

These comparisons suggest the possibility of designing some desirable social
choice functions which are strategy-proof and efficient on some smaller set of
utility functions. However, Schummer (1997) proved that any strategy-proof and
efficient social choice function is dictatorial in two-agent, m-good (m>2), pure
exchange economies where both agents have continuous, strictly quasi-concave in
the interior, increasing, and homothetic utility functions.

In this paper we restrict the domain of social choice functions further. We
examine strategy-proof and efficient social choice functions in two-agent, two-good,
pure exchange economies where both agents have Cobb—Douglas utility functions.
First, we show the nonexistence of strategy-proof, efficient, and symmetric social
choice functions on an arbitrary domain with the following three Cobb-Douglas
utility functions: (i) u,(x,, xp)=(x,)>"(xp)"">, (ii) up(xa, x5)=(x,)'*(xp)"%, and
(iii) (x4, Xg) =(x4)'*(xp)*>." Second, we conjecture that any strategy-proof and
efficient social choice function is dictatorial on an arbitrary subset of
Cobb-Douglas utility functions with the above (i)-(1i1). We conclude that the
usual richness condition on the set of utility functions is not essential for the
impossibility of strategy-proof and efficient social choice functions in pure exchange
economies.?

2. THE MODEL

We consider 2 x 2 pure exchange economies. Let N={1,2} be the set of agents.
There are two private goods: A and B. The aggregate endowment of goods available
for these economies is normalized to be (e4,ep)=(1,1).> The set of (balanced)
allocations is given by 4 = {x =(x'. x*) =((x\, xp), (x2. xg) e R x R% | xp+ x5 =1
and xp+x3=1!, where x' denotes the allocation of two goods given to agent i,
and xi and x}; denote agent i’s allocation of the goods A and B respectively.

Agent i has a preference which can be represented by a utility function u':
R%2 — R. U denotes the set of utility functions which each agent possibly has. A
utility function profile is denoted by u=(u",u*)e U?. For any ue U?, C(u) denotes
the contract curve, the set of Pareto efficient allocations, for u.

! These Cobb-Douglas utility functions are not contained in the domain of Zhou (1991). How-
ever, we can establish the same conclusions with the following three utility functions: (i)
(N an Xp) = (Xa + DR+ D30 (i) digxa, xp)=(xa+ D2+ 1), and (i) 7,(x,, xp)=(xs+
1)!3(xy+ 1)? 3. which are contained in the Zhou’s domain.

2 In the problem of allocating an indivisible good, Ohseto (1996) proved the nonexistence of
strategy-proof and efficient social choice functions on a finite set of quasi-linear utility functions.

3 Allocations and utility functions are defined on the basis of the normalized quantities of goods.



STRATEGY-PROOF AND EFFICIENT EXCHANGE ‘ 57

A social choice function is a function from utility functions into allocations, f:
U? > A. f'(u) denotes the allocation of agent i at u, and f"\(u) and fi(u) represent
the allocation of agent i at u# with respect to the goods A and B respectively. A
social choice function f is strategy-proof if for any (u',u?), and (i},4%)e U?,
ul(fut, u?) > ul (f 1@ u?)) and w?(F2ult, u?) > u?(f3u', 7%)). A social choice
function f is efficient if for any ue U?, f(u)e C(u). A social choice function f
is symmetric if for any (u',u?)e U with u' =u?, u'(f (!, u?)) =u*(f*(u', u?)). A
social choice function f is dictatorial if either f'(u)=(1,1) for any ue U?, or
fAu)y=(1,1) for any ue U2

3. RESULTS

In this section we try to prove that any strategy-proof and efficient social choice
function is dictatorial on an arbitrary subset of Cobb-Douglas utility func-
tions with at least the following three elements: (1) u,(x,, Xg) = (x4)*3(xp)!/3, (ii)
ug(xa, xg) = (x)""*(xp)'?, and (iii) wu,(x4, xg)=(x,)""3(xp)*>. The set of these
elementary utility functions (i)—(iii) is denoted by U,.* The set of Cobb-Douglas
utility functions is given by U, = {u(x,, xz) =(x,)'(xg)" ~* | is a real number such
that 0 <t<1}. Since our discussions are ordinal, we may simply write u,, ug, and
U, 8S U,(X 5, Xp) = (X4)*Xg, Up(Xa, Xg) =XpXp, and u,(x,, Xp) = xa(xp)%.

We will derive a necessary condition for the existence of strategy-proof and
efficient social choice functions on U?, where U, U. (Fig. 1 helps the under-
standing of the following argument.)

Suppose that a social choice function f is strategy-proof and efficient on U?,
where U, < U. Itis clear that C(u,,u;)=C(u,,u’)={xe A |xs=x}}. By efficiency,
welet f(u,,u)=((a,a),(1 —a, 1 —a))and f(ul,u?)=((b,b), (1 —b, 1 —b)) for some
0<a,b<1. Without loss of generality, we consider the case of a>b. It follows
from efficiency that f(ug,u;)e Cluj,ul)={xe A|x{ =2x4/(xs+1)). Let (p,, pg) €
R? be the intersection of xg =2xA/(xA+1) and xx} =a>. A simple computation
yields: pa(a) = {(a*+8a%)'"* +a?}/4 and py(a) = {(a* +8a*)'/* —a?}/2. By strategy-
proofness, it must hold that fA(uj,u2)>pa(a) and f(u}, u?)> py(a). Otherwise
agent 1 can manipulate f at (uj,u;) via u,. It follows from efficiency that
fluh,u2ye Cu),ul)={xeA|xy=4x1/(3x}+1)}. Let (¢4, g5) € R> be the intersec-
tion of xg=4x}/(3xx+1) and xA(x)* =pA(@){pa(@)}. Let p(a)=p,(a){pp(a)}?
=a*{(a*+8)"*~a}/2. Solving {gp(a)}’+3p(a)gg(a)—4p(a)=0 by Cardano’s
formulas,” we obtain gg(a)={2p(a)+p(a)[ p(a)+4]"2} 3 + {2p(a) — p(a)[ p(a) +
4112117, By strategy-proofness, it must hold that f(ul,u2)>gy(a). Otherwise
agent 1 can manipulate f at (u),u7) via uj. It follows from efficiency that
Sy, up)e Cu),up)={xeA|xj=x%/(—x3+2)}. Let (r, rg) €R> be the intersec-
tion of xg=x3/(—xi+2) and xixj=(1—b)> A simple computation vyields:

* An alternative choice of three Cobb-Douglas utility functions makes a mathematical analysis

more difficult.
> See Borwein and Erdelyi (1995), pp. 3-4 for Cardano’s formulas.
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Fig. 1. A necessary condition of strategy-proof and efficient social choice
functions.

ra(b) = ([(1—by* + 8(1 —b)*]12 — (1 —b)?}/2 and ry(b) = {[(1 —b)* + 8(1 —b)*]"2 +
(1—b)?}/4. By strategy-proofness, it must hold that fx(u,uz)>r,(b) and
f3(ul u) > ry(h). Otherwise agent 2 can manipulate f at (u, uj) via u3. It follows
from efficiency that f(u!, u2)e C(ul, ui)={xe A |xg=x3/(=3x3+4)]. Let (s5.5p) €
R% be the intersection of xg=x3/(—3x2+4) and (x3)’xg={ra(b)}’ra(b). Let
Kby = {ra(b)) 2ra(B) =(1 —b)>([(1 —b)> + 8112 —(1—h)}/2. Solving {sA(b)}*+
3r(b)ss(h)—4r(b)=0 by Cardano’s formula, we obtain s,(b) = {2r(h) +r(b)[r(b) +
47123 4 20(h) — r(b)[r(b) +4]"2} 1. sg(b) can be computed by sp(b)=s(b)/
(—3s4(b)+4). By strategy-proofness, it must hold that f5(u;, uz) > sg(b). Otherwise
agent 2 can manipulate f at (u),u;) via u;. Let Z'(a,b)=qy(a)+sp(b)—1=
([qu(@)—4/3][sa(b) —4/31—4/9}/{sA(b) —4/3}. Since fplul,ui)+ flu;, uz)=1, it
must hold that Z'(a,h)<0. Let Z"(a,b)={qg(a)—4/3}{sa(b)—4/3} —4/9. Since
sy(h)—4/3 <0 for any 0<h<1, it holds that Z"”(a,b)>0. Notice that Z"(a,b) is
increasing in b since s,(b) is decreasing in b, and 0<gg(a),s,(b)<1. Hence, by
letting Z(a) = Z"(a,a), we have Z(a)=Z"(a,b)>0. Summing up these arguments,
we present the following lemma.
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Fig. 2. The graph of Z(a) for 0<a <.

LEMMA. If a social choice function f is strategy-proof and efficient on U?, where
U, U, then it holds that Z(a)>0, where 0<a= fi(ul,u?)<1.

This lemma represents a necessary condition of strategy-proof and efficient
social choice functions by some property of the function Z(a). Hence, we can
establish some interesting results on strategy-proof and efficient social choice
functions by examining the function Z(a).

THEOREM 1. There exists no strategy-proof, efficient, and symmetric social choice
function on any U? such that U,c U.%

Proof.  Suppose that there exists some strategy-proof, efficient, and symmetric
social choice function f on some U? such that U, = U. By efficiency and symmetry,
Sy, ui)=((1/2,1/2), (1/2,1/2)). This implies a= f\(u!,u?)=1/2. A computation
yields Z(1/2)= —0.000179. This contradicts Lemma. Q.E.D.

It is an interesting question whether symmetry in the above theorem can be
replaced by a weaker condition, such as non-dictatorship. For this purpose, we
need to know some further properties of the function Z(a). It is easy to show that
(1) Z(0)=Z(1)=0, and (ii) Z(a)= Z(1 —a) for any 0 <a < 1. Since the function Z(«)
is simply a composite of polynomial functions and (square and cube) root functions,
it seems that Mathematica draws the accurate shape of the graph of Z(a) (sce
Fig. 2). Although we have not yet provided a mathematical proof, the following
conjecture is strongly supported by calculations by Mathematica (see Table 1).

CONJECTURE. Z(a)<O0 for any O0<a<1.

THEOREM 2. If Conjecture is true, then for any U* such that U,c U< U,, any
strategy-proof and efficient social choice function on U? is dictatorial.

Proof.  Choose any strategy-proof and efficient social choice function f on U2.
It follows from Lemma and Conjecture that a=0 or a=1. Thus, it must hold

® There always exist strategy-proof, efficient, and symmetric social choice functions on any U?,
where U contains exactly two Cobb-Douglas utility functions. This exercise is left to the readers.
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Table 1. The values of Z(«).

a Z(a)
0 0
0.00001 —1.33985x 108
0.0001 —1.33953 x 1077
0.001 —1.33633x107°
0.01 —1.30465 x 10~ %
0.1 —1.01871 x 10~*

0.5 —1.79071 x 10~*

that either f(ul,u?)=((0,0),(1,1)) or f(ul,u?)=((1,1),(0,0)). Without loss of
generality, we consider the case of f(u),u7)=((1,1),(0,0)). For any u'e U, it
holds that f(u', u?)=((1,1),(0,0)). Otherwise agent | can manipulate f at (u',u?)
via u,. Notice that for any (u',u?)e U*< U?, C(u',u*) n{xe A|x is a boundary
point of A} =1{((0,0),(1, 1)), ((1,1),(0,0))}. For any (u',u*)e U?, it holds that
[, u?)=((1,1),(0,0)). Otherwise agent 2 can manipulate f at (u',u>) via u>.
Therefore, agent 1 is a dictator of / on U? in this case. Q.E.D.

Some readers may not believe my conjecture. The truth may be that Conjecture
is not true, and there exists some 0 <« < 1 such that Z(a)>0. However., it is likely
that such « exists sufficiently near 0 or I, if any. This observation implies that
either f(ul, u?)=((0,0),(1,1)) or f(u),ur)=((1,1),(0,0)). This is still an im-
possibility result, that is, symmetric utility functions result in very asymmetric
allocations.
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