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LONG-RUN EQUILIBRIA FOR PERFECTLY
COMPETITIVE MARKETS

Hiroaki Osana*

Abstract. A concept of long-run equilibrium is considered for the Arrow-
Debreu model of a perfectly competitive market. Some properties of long-run
equilibrium are investigated and a unified view is presented concerning the classical
problem of the exhaustion of products.

The postulate of free entry and free exit is one of the defining characteristics of
perfect competition. The market structure having all properties of perfect com-
petition other than free entry and free exit is referred to as pure competition by
Samuelson (1947) following Chamberlin (1938). When one speaks of a com-
petitive market or a competitive economy, it is not always evident whether the
adjective “‘competitive” means perfectly competitive or purely competitive. In
formulating their models of competitive markets, Arrow and Debreu (1954),
Debreu (1959), and Arrow and Hahn (1971) assume that the number of producers
is a fixed natural number. As the possibility of free entry or free exit is not ex-
plicitly allowed for, their models may be interpreted as formalizing pure competi-
tion.

In the present paper, a period will be said to be short-run (resp. long-run) if there
is at least one (resp. there is no) factor of production whose input level is fixed
within the period. We assume that every factor of production is variable in the
period during which entrepreneurship is a variable factor of production. Then
a period is short-run or long-run according as entrepreneurship is fixed or variable.
For the sake of simplicity, one unit of entrepreneurship will be assumed to be in a
one-to-one correspondence to a producer. Under this assumption, the entry or
exit of a producer belongs to problems in the long-run. Therefore, the Arrow-
Debreu formulation of competitive equilibrium may be looked upon as concerning
short-run equilibrium, though we note here at the same time that there is a view-
point which regards the formulation as taking into account the problem of entry
and exit by interpreting the model as including all the potentially conceivable
producers (cf. Negishi (1965, p. 74)).

Assuming that constant returns to scale prevail in the long-run as a result of
entry and exit of producers, McKenzie (1959) adopts a formulation in which the
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number of producers does not appear explicitly. It is adequate and in accordance
with his intention to interpret his model as formalizing long-run equilibrium.
In the latter part of the same paper, he also presents another interpretation of
his model that seems to have a short-run flavor. The possibility of decreasing
returns to scale in the Arrow-Debreu model is due to the presence of a factor of
production, i.e., entrepreneurship, which does not appear in the commodity space
of which the production sets are supposed to be subsets (cf. Hicks (1939)).
McKenzie asserts that his model is general enough to contain the Arrow-Debreu
model as a special case, since the assumption of non-increasing returns to scale
can be replaced by the seemingly stronger assumption of constant returns to scale
by taking into explicit account entrepreneurship as a factor of production. Various
kinds of entrepreneurship are assumed to be possessed by economic agents as
resource endowments, the quantity of which is fixed in the short-run. In the pre-
sent paper, we shall not go further into this second interpretation. Whenever we
refer to McKenzie, we shall always bear in mind his first long-run interpretation
of his model.

The purpose of the present paper is to introduce a concept of long-run equili-
brium for a perfectly competitive market in which the number of producers is
taken into account, and then to investigate its properties.

1. NOTATION

Denote the set of commodities by a nonempty finite set H and the set of con-
sumers by a nonempty finite set . These two sets are assumed to be fixed in the
long-run. The set R¥ of real-valued functions on H is regarded as the commodity
space and is identified with the #H-dimensional Euclidean space, where #H stands
for the cardinality of H. Each consumer i/ can consume an element of his
consumption set X;, which is a nonempty subset of RZ. Each consumer i has a
preference relation Q,, which is a total, reflexive, transitive binary relation on
X,. Each consumer i has an endowment w,, which is a point of R¥. The set of
technology which can be used by each potential producer is represented by a
correspondence Y whose domain, dom Y, is a nonempty finite set and whose range,
range Y, is a nonempty subset of RZ. Put J=dom Y. The finiteness of J,
meaning that there is a finite number of technologies available, is assumed for
simplifying analysis. For each j&J, Y(j) is called a production set of type j.
The correspondence Y is assumed to be fixed in the long-run. This means that
the possibility of technical progress is not taken into account. A concept of
long-run equilibrium is not simple to formalize in the presence of technical pro-
gress and is beyond the scope of the present paper. Denote by /V the set of natural
numbers and put K=JX N, which represents the set of conceivable potential
producers. An element (j, n) of K stands for the n-th producer who adopts the
technology of type j. To each producer k=K there is assumed to correspond an
element #* of (R,)* such that }],.,0f=1, where #% stands for consumer i’s share
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of the profits of producer k. In the short-run, a nonempty finite subset L of X is
fixed and only the producers in this subset are engaged in production activities.
For each nonempty finite subset L of K define

J(L)={jeJ: (j, n)eL for some n&N},

which represents the set of technologies used by the producers in L. For each
nonempty finite subset L of K and each element j of J define

KF(L,j)={neN:(j,mEL},

which represents the set of indices of producers using the technology of type j.

2. SHORT-RUN EQUILIBRIA AND LONG-RUN EQUILIBRIA

In what follows, different producers may participate in production activities
in different short-run periods. To simplify notation, each producer not engaged
in production activities will be viewed as selecting the special activity of inaction
0=R”. For each type j&J, inaction is assumed to be a possible option, i.e.,
0=Y(j). Then every producer can entry or exit without cost. For eachjcJ
put 7';=(Y;). For each nonempty finite subset L of K define

A(L)={(x, y)llX xIIT" : (a) y;=0 for every j&J\J(L),
(b) y;.=0 for every jJ(L) and every neN\F(L,j),
and (c) DierXi— D10 < ZjEJ(L)ZneF(L,j) y,-n} )

which represents the set of feasible allocations for the set L of producers. In the
presence of conditions (a) and (b), condition (c) can be written as > ,c;x;—

Zielwig ZkeKyIc-

DErFINITION. For each nonempty finite subset L of K, an element (x, y, p) of
A(L) X (R )" is called a short-run competitive equilibrium for L if

(1) for every ic€l, px;<p-w,i+iexlfp'y: & (x,2)EQ; for every
zeX; such that p-z< prw;~+ X v x0%p v,

(2 pry=maxp-Y; for every jeJ(L) and every neF(L, ),

) P (CierXi—Dic10i— LkexVi)=0.
This definition coincides with the Arrow-Debreu definition of competitive equili-
brium. The set of feasible allocations in the long-run is defined by

A={(x, y)ellX xIIT: (x, y)€A(L) for some nonempty finite subset L of K }.

DErFINITION.  An element (x, y, p) of AX(R,)¥ is called a long-run competitive
equilibrium if

(4) there is a nonempty finite subset L of K for which (x, y, p) is a short-run
competitive equilibrium,

(5) supp-Y;<0for every jJ.

Condition (5) states that no producer either already participating in production
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activities or seeking for the opportunity to enter cannot expect positive profits at
the current prices so that there is no incentive for potential producers to enter.
This is a weak definition in that the possibility for positive profits to emerge as a
result of changes in prices caused by the entry of some producers is not taken into
account. Under perfect competition, no cooperative actions are assumed to be
taken by either incumbent or potential producers so that the entry whose possi-
bility matters here will be sought for by a single producer. As the entry of a single
producer. As the entry of a single producer will not affect the current prices
under perfect competition, the above definition seems to be an adequate descrip-
tion of long-run competitive equilibrium. The simultaneous entry of many pro-
ducers, if any, would have some influences on the current prices. A stronger
definition of long-run competitive equilibrium is given by requiring that there
be no incentives for producers to enter even if prices change as a result of the entry
of producers.

DEerINITION.  An element (x,y,p) of AX(R,.)¥ is called a strong long-run
competitive equilibrium if

(4a) there is a minimal nonempty finite subset L of K for which (x, y, ) isa
short-run competitive equilibrium,

(5) supp-Y;<0 for every j = J,

(6) there is no nonempty finite subset M of K such that (6.1) LS M and (6.2)
there is a short-run competitive equilibrium (a, b, q) for M such that ¢-b,>0 for
every ke M\L.

Condition (6) means that no new producer can enter industries, while (6.2)
expecting positive profits and (6.1) not forcing any incumbent producers of the
same type to exit. This does not necessarily rule out the possibility that an
incumbent producer is, as a result of the entry of a producer of another type,
virtually forced to exit as inaction 0 R¥ is the only profit-maximiz ingbehavior.
Without this requirement, no strong long-run competitive equilibrium exists, as
long as there is a short-run competitive equilibrium in which some producer makes
a profit, which is usually the case in the Arrow-Debreu model. Thus the require-
ment is necessary for the definition of strong long-run competitive equilibrium to
be actually meaningful. By this requirement, condition (6) is likely to be fulfilled
whenever L is large enough; then there is no reason to have a separate definition
of strong long-run competitive equilibrium. So we require the minimality of L
in condition (4a).

Clearly, every strong long-run competitive equilibrium is a long-run competitive
equilibrium and every long-run competitive equilibrium is a short-run competitive
equilibrium. Several sets of sufficient conditions are known for the existence of
a short-run competitive equilibrium (cf. Arrow-Debreu (1954)). A long-run
competitive equilibrium, as will be shown later, is a (short-run, as it were) com-
petitive equilibrium of a special economy, called a long-run economy and the
existence of the latter equilibrium is that of a usual short-run competitive equili-
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brium. As the following example shows, however, strong long-run competitive
equilibria seem not to exist in general.

Example 1. Put Y={(a,, a&,)ER_XR.: a,<—+/2a, & a,<+ 2 —1—a,} and
assume that Y is the only technology available. Assume that there are two con-
sumers who have the same consumption set X={(a,,a,)ERXR,: a;>—4}. Let
their endowments be given by w,=(1++/2/4,0) and w,=—w, and their utility
functions defined by wu(a,, a,)=2+va,+4-+a, and o(a;,, a)=4-+a,+2va,. As
there is only one type of technology, we can assume that K=N. Putf,=(9¢y/ 2 —12)
X 8(+/ 2 —1) and 6,=(4—+/2)/8(+/ 2 —1). Each consumer i is assumed to have
a share 6, of the profits of each producer.

Put L={1} & p=(W 2,1) & y,=(—1,+/ 2) & y;=(0,0) foreach j&e N\L. Then
py;=0=max p-Y for every j&N. Put x,=(—2,v 2 —1/2) & x,=(1, 1/2).
Then p-x;=p-w, & p-x,=p-w, & u(x,;)>u(a) for every ac X suchthatp-a<p-w,
& v(x;)>v(a) for every a= X such that p-a<p-w,; therefore, (x, y, p) is a long-run
competitive equilibrium. The property of technology entails that p is the unique
price for which the maximum profit vanishes, so that (x, y, p) is the unique long-
run competitive equilibrium. The minimality of L is obvious.

Put M={1,2} & q=(1,1) & w,=w,=(—2,1+4/2) & w;=(0,0) for each
jEN\M. Then g-w;=maxq:-Y=4+2—1>0 for every j&M. Put z,=(—3,
2y 2 —1)&z,=(1,1). Theng-z,=2y/ 2 —4=q w0, +0,(q w:--q W) & q-z,=2=
g w,-+0x(q - wi+q-w,) & u(z,)>u(a) for every ac X such that g-a<q-w,+6,(q-w,
+q-w,;) & v(z,)>v(a) for every ac X such that g-a<q-w,+0,(q-w,+q-w,); there-
fore, (z, w, g) is a short-run competitive equilibrium for M. Consequently, there
is a room for producer 2 to make a profit after entry, which is an incentive for

entry. Thus there is no strong long-run competitive equilibrium in this example
(cf. Fig. 1).

There is nothing pathological in this example. This fact indicates that the
strong definition is unduly strong as a concept of long-run competitive equilibrium.
In fact, even if potential producers seeking for the opportunity of entry happen
to know that equilibrium prices will change as a result of their entry, they do not
have enough information needed to exactly calculate new equilibrium prices and
hence can at most anticipate them. Under perfect competition, it is natural to
suppose that they would anticipate the prices to remain unchanged after entry.
So a long-run competitive equilibrium but not a strong long-run competitive equili-
brium seems to be a suitable concept for our purpose. In what follows, we shall
not deal with the strong definition.

3. LONG-RUN TECHNOLOGY AND CONSTANT RETURNS TO SCALE

Every producer makes zero profits in a long-run competitive equilibrium so that
the value of products equals the income of the factors of production which have
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contributed to production activities. This fact certainly does not depend on the
assumption that each producer’s technology is subject to constant returns to
scale. As will be shown below, however, the economy-wide technology in the
long-run is subject to constant returns to scale. Hence the proposition of ex-
haustion may better be taken as virtually depending on the assumption of con-
stant returns to scale.

For each subset S of R define

T(S)={veR¥: There is a function f such that dom f is a nonempty finite set,
range f is a subset of S and v=73,c4om s f(7)}.

For each j&J put V;=T7(Y;). For every j<J, each element of V; is an input-
output vector obtained by some activities of a finite number (which depends on
the particular choice of the element of V) of producers of type j and hence V; is
the long-run production set of type j. We shall show that the long-run production
set V; is subject to constant returns to scale if the short-run production set ¥;
is subject to non-increasing returns to scale.

THEOREM 1. T(S) is a convex cone containing S for every convex subset S of
R% owning 0.

Proof. Clearly SST(S). Let (v,))eT(S)XR,. If t=0 then tv=0&Sc
T(S). Suppose t£0. Then there is a natural number m such that t<m. By
the definition of T(S), there is a function f such that dom f is a nonempty finite
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set, range f'is a subset of S, and v=7)],c40om s f(n). For each nedom f put g(n)=
(¢/m)f(n). Since S is a convex set owning 0, it follows that g(n)eS for every
nedom fand hence that tv=3,cqom s /(") & Jinctom r MgMET(S). Thus T(S)
is a cone containing S.

Let (x, y, t)eT(S )X T(S)x]0, 1[. Then there are functions a and b such that
dom @ and dom b are nonempty finite sets, range aUrange b is a subset of S, and
X=)rcdom s A1) & Y= .caoms b(n). Define c(n)=(1—1t)a(n)+1tb(n) for each
nedom aNdom b, c(n)=(1—1t)a(n) for each nedom a\dom b, and c(rn)=1tb(n) for
each nedom b\dom a. Since S is a convex set owning 0, it follows that ¢(n)=S
for every nedomaUdomb. Therefore, (1—t)x+ty=1—1) ciome a(n)-+
1D ncdom b B(M) =2 ncdom . C(M)ET(S) so that T(S) is convex.

The following example shows that the long-run production set is not necessarily
closed even if the short-run production set is.

Example 2. Put S={(x,y)&R_XR,: y<+/—x}. Then S is closed but
T(S )={(x,y)&€R_XR, : y=0 or x<0}, which is not closed.

In this example, S, viewed as a short-run production set, is subject to decreasing
returns to scale in a neighborhood of the origin (cf. Fig. 2). It will be shown

Fig. 2.

below that the closedness of the short-run production set implies that of the long-
run production set, provided that the short-run production set is subject to con-
stant returns to scale in a neighborhood of the origin.

THEOREM 2. Let S be a closed convex subset of R¥ owing 0. If there is a posi-
tive real number J such that (6/|y|)yE€S for every y&S such that 0<|y|<d, then
T(S) is closed.

Proof. Put Z={y=S:|y|<d/2}. Clearly Z=S so that T(Z)ST(S). Let
YyET(S). Then there is a function x such that dom x is a nonempty finite set,
range x is a subset of S\{0}, and y=);c4om - X(i). Let icdom x. Then there
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is a natural number n(i) such that n(i )>2|x(i)|/6. Put a(i )=x(i)/n(i). Then
a(i)esS & |a@)|=|x(i)|/n(i)<d/2 so that a(i)eZ. Put D={(i,j)=dom x X V:
je{l, -+, n(i)}} &G, j)=a() for each (i, j)eD. Then dom =D is a nonempty
finite set, range f is a subset of Z, and y=7;, jycaom s f(i, ); therefore, y&T(Z).
Thus T(S)ST(Z ) so that (S )=T(Z).

It remains to show that T(Z) is closed. Let {z*} be a sequence in T(Z) con-
verging to some point z of RZ. There is a natural number » such that n>4|z|/d.
Since {z*} converges to z, we can assume without loss of generality that |z*|<nd/2
for every veN. For each yEN put a*=z*/n. Let veN. Then there is a func-
tion y such that dom y is a nonempty finite set, range y is a subset of Z, and z*=
S ictomy (i) Put b=3icqom , ¥(i)/#domy. Then beZ since Z is convex.
Since @*=2/n=23icoom ,Y( )/n=(dom y/n)b, ie., (n/fdom y)a*=bcZ<S &
|| =(#dom y/n)|b|=(¥dom y/n)|z*/#dom y|=|z"|/n<d/2<d, it follows by hypo-
thesis that @< S so that e#=Z. Puta=z/n. Since Z is closed and {a*} converges
to a, it follows that a=Z. Hence z=nacT(Z) so that T(Z) is closed.

As is observed in many existence theorems, the closedness of production sets is
one of the crucial conditions assuring the existence of a competitive equilibrium.
The sufficient condition given in Theorem 2 for the closedness of the long-run
production set can be directly seen to be indispensable for the existence of a long-
run competitive equilibrium. In fact, if the short-run production set does not
satisfy the hypothesis of Theorem 2, being strongly convex in a neighborhood
of the origin, as in Example 2, then the producer’s maximum profit vanishes only
at the origin. That is, for the producer to have a profit-maximizing action other
than the origin in the long-run competitive equilibrium, it is necessary that his
technology be subject to constant returns to scale in a neighborhood of the origin.
Thus, the condition given in Theorem 2 is crucial for the existence of a non-trivial
long-run competitive equilibrium.

4. COMPETITIVE EQUILIBRIA FOR A LONG-RUN ECONOMY

We now define, following McKenzie, a competitive equilibrium in terms of the
long-run technology.

DEFINITION. An element (x, v, p) of IIX X 2,V X(R,)¥ is called a competitive
equilibrium for the long-run economy if

(7) for every icl, p-x,<p-w; & (x;, z2)€Q; for every z€ X, such that p-z<
P t Wy,

8) pv=0=maxp-3}V,

(9) Zielxis Zielwi_l‘v & P'(Ziezxi—' Zielwz’”v)=0-

The number of producers does not appear in this definition, so that the pheno-
menon of entry and exit is hidden behind the model. Furthermore, the maximum
profit earned by the grand producer with the production set 2 V" vanishes and
hence the fact that each consumer’s income does not contain dividends of profits
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is explicitly stated in condition (7). The following evident relationship holds
between the two concepts of long-run competitive equilibrium.

THEOREM 3. (1) (X, DiexVi P) is a competitive equilibrium for the long-run
economy for every long-run competitive equilibrium (x, y, p), and

(2) for every competitive equilibrium (x, v, p) for the long-run economy there is
y such that v=7Y,.xv; and (x, y, p) is a long-run competitive equilibrium.

Proof. Obvious.

5. PARETO OPTIMA

We shall now observe a relationship between short-run Pareto optima and long-
run Pareto optima. For each nonempty finite subset L of K, the set of consump-
tion allocations feasible in the short-run is defined by

C(Ly={x<Il X: (x, y)A(L) for some ycIIY} .

DerINITION.  Let L be a nonempty finite subset of K. An element x of C(L) is
called a short-run Pareto optimum for L if there is no element z of C(L) such that
(z;, x,)€Q; for every i and (x;, z,)& Q, for some i 1.

The set of consumption allocations feasible in the long-run is defined by

C={xeIl X: There is a nonempty finite subset L of K and an element y of
IIY such that (x, y)sA(L)} .

DEFINITION.  An element x of C is called a long-run Pareto optimum if there is
no element z of C such that (z;, x;)=Q; for every i I and (x, z;)& Q, for some
iel

THEOREM 4. For every long-run Pareto optimum X there is a nonempty finite
subset L of K such that x is a short-run Pareto optimum for L.

Proof. Obvious.

As the set C(L) of consumption allocations feasible in the short-run is generally
a proper subset of the set C of consumption allocations feasible in the long-run,
we cannot always expect that a short-run Pareto optimum is a long-run Pareto
optimum.

THEOREM 5. Suppose that, for every i€, Q, is locally nonsatiated, i.e., for
every (a, )X, X R, , there is beX, such that (a, b)£Q; & la—b|<<e. Then

(1) every element x of C is a long-run Pareto optimum if there is an element
(y, p) of IIY X (R .)¥ such that (x, y, p) is a long-run competitive equilibrium,

(2) for every nonempty finite subset L of K, every element x of C(L) is a short-
run Pareto optimum for L if there is an element (y, p) of 11V X (R . )¥ such that
(x, v, p) is a short-run competitive equilibrium for L.
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Proof. The proof of (2) is exactly the same as that of the first basic theorem of
welfare economics.

(1) Suppose that x is not a long-run Pareto optimum. Then there is an element
a of C which is Pareto-superior to x. Hence there is a nonempty finite subset
M of K and an element b of II?" such that (a, b)) A(M). Since (x,y,p) is a
long-run competitive equilibrium, there is a nonempty finite subset L of K such
that (x, y, p) is a short-run competitive equilibrium for L and sup p- ¥;<0 for every
jeJ. Hence

(i) forevery i€l, p-x;<p wi+Yirex 0fp Vi & (x;,2)EQ; for every zEX,
such that p-z<p-w,+ X 1x0%p - ys,

(ii) p-y.=maxp-Y; for every j&J(L) and every nF (L, j),

(i) p(XierXi— Xier®:i— XrexVi)=0.
By local nonsatiation, p-x,=p-w;+ Xrex 0¢p-y, for every il Since a is
Pareto-superior to x, it follows that p-a,> p-x; for every icIand p-a,>p-x, for
somekel. Hence 0=p- ) ixcxbi=>p (Xlici@i— 2 ic10)>p (DicrXi— Dlichwi)=
P 2rex V=0, a contradiction.

6. CONCLUDING REMARKS

In the present paper, we have introduced a concept of long-run competitive
equilibrium for the Arrow-Debreu model in which the number of producers is
taken into explicit account, and investigated its relationship to a competitive
equilibrium for the McKenzie model of the long-run economy. Our assertion
that the long-run technology is subject to constant returns to scale seems to give
us a unified view on the classical problem of the exhaustion of products (cf.
Samuelson (1947, pp. 81-87). Each of the positive linear homogeneity of pro-
duction functions and the long-run competitive equilibrium of perfect competition
has been recognized as a sufficient condition for the value of each product to be
exhausted when the factors of production are paid according to their value of
marginal products. It has been emphasized that the positive linear homogeneity
is not necessary for exhaustion in long-run competitive equilibrium. Theorem 1
in the present paper, however, asserts that the economy-wide production functions
in the long-run are positively linear homogeneous.

A long-run production technology which is considered in the present paper is
the set of input-output vectors obtained by actions of potential producers using
the same type of short-run production technology. This has been shown to be a
convex cone so that the corresponding long-run average cost curve is horizontal.
Besides this, there is another concept of long-run production technology which a
producer obtains by selecting, for each level of output, an optimal short-run tech-
nology among different types of short-run technologies. The long-run average
cost curve corresponding to this long-run technology is not necessarily horizontal.
In the present paper, we have completely neglected the latter sort of long-run
technology.
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Throughout the paper, we have assumed the convexity of production technology.
Nonconvexities raise an important issue as technical barriers to entry or exit.
But nonconvexities are in general incompatible with perfect competition. We
have neglected them as we are mainly concerned with long-run equilibrium for a
perfectly competitive market. They cannot be neglected when we deal with long-
run equilibrium for an imperfectly competitive market.

Keio University
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