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FIXED INVESTMENT AND THE COST 

     OF RAISING FUNDS

FUMIMASA HAMADA*

 This paper attempts to make clear the interdependent mechanism determining 

the optimal level of fixed investment, the amount of funds by type to be raised 

and the marginal internal rate of return on  investment, which is equal to the marginal 

cost of raising the composite fund. For this purpose, the composite cost-of-

raising-funds schedule has been deduced by combining the marginal cost of raising 

fund schedules by type. The conditions for existence and stability of the equili-

brium point has also been derived explicitly. The purpose of this paper is not a 

generalization of the theory of investment behavior, but a preliminary work for 
establishing an empirical hypothesis of the firm's behavior of fixed investment, 

which will be presented in a sequel.

I. INTRODUCTION

 For these decades, the microeconomic theory of investment behavior has been 
developed intensively in close relation to . empirical studies in this field. After 
Keynes' proposal of marginal efficiency of investment (or capital), Klein (1947) 
ingeniously presented fixed investment schedule in terms of Keynesian marginal 
efficiency concept. Despite this explicit specification, many empirical studies of 
investment behavior have been developed with their emphasis on intuitive formu-
lations, rather than on explicit presentation of rational behavior of the firm. 

 Jorgenson (1967) has presented powerful criticism on these intuitive models of 
investment behavior developed in the field of econometric studies, and himself 

presented a theory of investment behavior based on the neoclassical theory of 
capital accumulation in the form of comparative dynamics of fixed investment 
behavior. However, he has neglected interdependency between internal rate of 
return on investment and costs of capital, particularly cost of raising funds, assum-
ing the latter as given. In reality, we have various types of funds supplied to the 
firm through financial markets, and the optimal investment for the firm could 
never be determined without taking into account changes in the cost of raising

 * A preliminary version of this paper was read at the KEO seminer of Professor K . Tsujimura, 

Keio Economic Observatory, Keio University in October 1973. The author thanks professors 
Tsujimura, K. Obi, G. Iwata and other colleagues for their useful comments on the paper. Thanks 
are also due to K. Kawamata, M. Ohyama, T. Mural and other members of Department of Eco-
nomics, Keio University for their constructive discussions. 

 The author is grateful to financial assistance provided by the grant program of the Japan 
Economic Research Foundation.
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2 FUMIMASA  HAMADA

funds including not only cash payments such as interests, clerical and other ar-
rangement fees, but also imputed cost for the top management of the firm, in view 
of the tendency of separability of management and ownership of capital of 
modern corporate businesses in many developed countries. 

 Modigliani and Miller (1958) have proposed a new approach to the theory of 
investment behavior, and they have arrived at two important propositions. 

 The first is that the market value of a firm is independent of its capital structure, 
and can be obtained by capitalizing its expected return with the expected rate of 
return, common to the homogeneous group to which it belongs, and the second is 
that its expected return per share is equal to the sum of its expected rate of return 
on capital and premium relating to its financial risk. 

 The first proposition seems to be very important, in the context of the present 

paper: that is, the cost of capital to the firm is not affected by its financing policy 
at all. M—M (1963) have made an exception for the case of tax-exemptions of 
interest payments on external debts. 

 To arrive at these two propositions, M—M have made three basic assumptions : 

(i) it is possible to decompose all the firms into some "equilavent return" classes, 
(il) any type of bond does make the same amount of yield per unit of time, and this 
yield is of certainty to all, individual or firm, and (iii) bond market is under perfect 
competition in the sense that the law of price-equality for one good holds every-
where and at anytime. 

 It should be noted that M—M have neglected an important effect on firms' be-
havior of the "separability" of the capital ownership and management in modern 
corporate business. In other words, M—M removed from consideration the role 
of the manager who should be responsible for holding stock price stable. Further-
more, they make a tacit use of the assumption of constant returns to scale 
within the group of homogeneous firms, and this seems to be indispensable for 
the first proposition to hold. However, if the expected rate of return on capital, 
common to "homogeneous" firms, is assumed to be constant, the independence 
of the cost of capital from financing policy of the firm may be meaningless from 
the viewpoint of the size of the firm. In reality, it may be the size of 
the firm that the cost of capital should be analyzed in its relation to financing 

policy. 
 It follows, from the considerations above, that (i) M—M neglect the reaction of 

the manager to changes in the stock price of his firm, caused by a change of the 
leverage ratio, and consequently by that of its net worth; (il) the manager of firm 
will make adjustments of the size of the firm so as to retain its stock price at the 
level before a change in leverage ratio had taken place. This means that there is 
no "homogeneous" firm as defined by M—M. But, the first proposition by M—M 
could hold in the situation in which the expected rate of return on capital to in-
dustry k, pk is to be realized when the leverage ratios of all the firms in industry k 
is the same with each other. In general, however, the expected rate of return on 
capital is to be determined in relation to the leverage ratio through financing
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policy of the firm simultaneously. 
 After M—M (1958), a large volume of literature, intending to extend the M—M 

theory, have appeared: for example, M—M (1961), Lintner (1962), Bierman and 
West (1966), Elton and Gruber (1968), Bierman (1970) and so forth have analyzed 
the effect of share repurchase or share-arbitration on the value of firm; and M—M 

(1963), Merrett and Sykes (1966), Baumol and Malkiel (1967), Lewellen (1969), 
and Davenport (1971) have considered tax effects on the M—M theory from theor-
etical and/or empirical view-points. However, as far as the effect of reaction 
by the manager of firm on the share-holders' arbitration is concerned, no remark-
able discussions have been presented. 

 Duesenberry (1958) has developed cost of raising funds schedule which deter-
mines optimal volume of each fund from inside and outside the firm, internal rate 
of return on investment, and optimal level of investment simultaneously, in combi-
nation with marginal efficiency of investment schedule. His concept of the cost 
of raising funds includes those for internal funds (opportunity costs and imputed 
cost), borrowings from outside (interest payments, clerical and other arrangement 
fees, and imputed cost) and stock & bond issuings. Needless to say, it is charac-
terized as an increasing function of the sum of funds to be raised, reflecting in-
creasing imputed cost. This idea is certainly based on the existense of various 
sorts of pressure to the top management caused by falling ratio of dividends to 

profits, increasing new debts in the form of borrowings, and stock & bond issuings. 
 It should also be noted that this type of cost is clearly one to the top management 

of the firm, but not to the owners of it. One difficult point is that Duesenberry's 
costs of raising funds schedule is not of marginal, but of average character so that 
it turns out to be rather ambiguous whether the intersection or equality of cost of 
raising funds schedule and marginal rate of return on investment schedule deter-
mines the equilibrium of the firm or not. 

 In this paper, the author will present a composite marginal cost of raising funds 
schedule and analyze its relation with marginal rate of return on investment 
schedule, which leads to the simultaneous determination of the volume of each 
fund to be raised, internal rate of return on investment, and optimal level of in-
vestment.

II. THEORETICAL FRAMEWORK

 The modern top management of the firm may be considered to maximize the 
market value of the firm defined as the sum of the present values of expected net 
revenues which will be produced by the new fixed investment in cooperation with 
the initial stock of fixed capital. Given the initial stock of fixed capital and tech-
nological conditions for production activities, he estimates alternative investment 

projects, to discover one of them as the optimal investment project. Of course, he 
has to configurate, subjectively, the time-paths of prices of output, of material 
inputs, and of fixed investment goods; money wage rate; money interest rates;
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and so forth, expected at the beginning of the planning period. 
 Since, in reality, these prices move from time to time, he has to re design the 

investment project already in progress, fully or partly, in each (historical) time 

period. 
 He has also to make a plan to raise various types of long-term funds required 
for purchasing investment goods. He estimates costs of raising internal and ex-
ternal funds in cash and in kind. Costs of raising funds in cash may include pay-
ments for interests and other clerical arrangements, which could be marginally 
declining, reflecting economies of scale in debt-financing. Cost of raising funds 
in kind, as pointed out by Duesenberry, however, do not decline marginally, but 
it rather increases, as the amount of each fund increases.' This type of cost, 
called "imputed" cost, seems to play a very important role in determining the 
optimal size of investment. 

 In reality, we have various types of external funds and the magnitude of imputed 
raising cost for the same amount of each external fund differs from each other, 
reflecting institutional and/or customary factors such as conditions of repayment 
or clearing-off, power of claimants by type of credit, the historical length of time 
in transactions of the firm with its creditors in the past, and so forth. This is one 
of the reasons why the composition of funds to be raised should be made clear 
explicitly. Moreover, this inevitably leads to an explicit introduction of the 
flow-balance of uses and sources of funds for investment expenditures, as a con-
straint for maximization of the sum of present values of net revenues expected 
during the planning periods. Taking account of these factors, we may formulate 
fixed investment behavior of modern top management of the firm in the simplest 
form as follows. 

  Modern top management's behavior of fixed investment is supposed to be based 
on six basic assumptions below : 

  (i) The entrepreneur, given the technological conditions, maximizes the sum 
      of the present values of net revenues expected during the periods for an 

      investment project. 

  (il) The optimal size of an investment project is determined and realized, by 
     top management of the firm, at the beginning of the planning period. 

  (iii) The stationary expectation hypothesis is adopted for the expected time 
     paths of the price of output and those of inputs of productive factors during 

      the planning horizon.2 
  (iv) The funds for fixed investment, raised from outside is classified into three 

portions : borrowings from private financial intermediaries, issuings of 
      corporate bonds, and the "Others".3

   See J. S. Duesenberry (1958), pp. 87-99. 
 2 It is possible to assume that for a further extension , these prices will move at certain exponen-

tial rate respectively. 
3 The "Others" includes stock-issuings, trade-credit received, net of advanced payments, and 

it may be quite easily to develop to the case of m different types of funds, without loss of generality.
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 (v) External funds is repaid, once and for all, at the end of the planning period. 
 (vi) The cost of raising fund of each type increases as its amount increases, 

     reflecting increasing imputed cost. 
 Under the assumptions above, a hypothesis is presented to approximate the 

mechanism determining the optimal size of fixed investment and the amount of 
each external fund simultaneously. Let us define T as the length of planning hori-
zon; p*(t, 1), w(t, 1) and q(t, 1) as net price of output, wage rate and prices of 
fixed investment goods expected at the beginning-of-period t respectively; X(t, r), 
L(t, r), and p*(t,  l)C(t, r) as amount of output, that of labor inputs, and costs 
of raising funds, evaluated in terms of product price, in the rth period expected at 
the beginning-of-period t; and rt as a discount rate at time t. Then, the sum of 
the present values of net revenues, during T periods, expected at the beginning-
of-period t, 'r(T), is: 

T 

 (1) 2r(T) = E {p*(t, 1)X(t, r) — w(t, 1)L(t, r) — p*(t, 1)C(t, 7)}(l-Frt)-r 
                        r=1 

                       — q (t, 1)I(t, 1), 

where fixed investment I(t, 1) is to be realized at the beginning-of-period t, and 
this is why investment expenditures q(t, 1) I(t, 1) is not discounted at all. Of 
course, since part of the expense is composed of costs of raising funds such as 
interest payments that are to be paid in each period over the planning horizon, the 
sum of expenditures for appropriation of the investment goods is : 

T 

             p*(t, 1) E C(t, 7)(1+i + q(t, 1) I(t, 1). 
r=1 

 Production function is written as below : 

 (2) X(t, r) = G[L(t, r), II(t, 1) -E- K(t — 1)], r = 1, ... , T, 

where K(t — 1) is stock in fixed capital at the beginning-of-period t, and r is a 
constant, given subjectively by an entrepreneur, as a measure of the rate of pro-
ductive efficiency in which investment goods newly acquired, come into operation 
during T periods. If r = 1, the investment I(t, 1) should have its 100 percent 
efficiency continuously through the planning periods. In reality, however, r may 
vary over the range of [0, 1]; that is, it would rise at first, arrive at unity and then, 

go down gradually, but for the simplicity's sake, the entrepreneur is assumed to 
take r as a constant on the average during the planning periods. 

 By assumption (il), X(t, r) and L(t, r) are determined at time t and their levels 
remain unchanged throughout the planning periods, simply because, given the 

price of output p*(t, 1) and that of fixed investment goods q(t, 1), and wage rate 
w(t, 1), investment I(t, 1) is determined and realized at the beginning-of-period of 
the planning horizon, so that the optimal levels of X(t, r) and L (t, r) are uniquely 
determined and fixed at the beginning-of-period t, so as to maximize the profit 
it(T) subject to constraints (2) and an identity saying investment expenditures is 
equal to the sum of amounts of funds raised both from inside and outside the firm.



6 FUMIMASA  HAMADA

 Production function (2) is a continuous function with continuous partial deriva-
tives of the first and the second order. To satisfy the necessary and sufficient 
conditions for a maximum of it(T), the signs of these derivatives should be, neglect-
ing the subscripts, as below: 

 3 ax ax a2X a2X a2X _ a2X   ()aL> o'aI> 0' aL2<0' aJ2<0' aL aIaIaL> 0.

 The costs of raising funds is assumed to include not only cash payments for 
interests and clerical arrangements, but also imputed costs for disutility of top 
management of the firm such as psychological pressures caused from various sorts 
of meddlings by the claiments. Marginal costs of raising funds in cash might be 
decreasing as the sum of funds increases because of economies of scale with respect 
to the size of funds to be raised.4 Marginal imputed costs of raising each type of 
external fund could, however, be assumed to be an increasing function of its 
amount. Furthermore, the increasing imputed costs will offset economies of 
scale in costs of interests and clerical arrangements, so that marginal costs of 
raising funds, as the sum of costs in cash and otherwise, will increase as the amount 
of funds increases. 

 Let us define BRW(t, 1), BND(t, 1), and OTH(t, 1) as funds to be raised in the 
form of borrowings from private financial intermediaries, bond-issuings, and the 
"other" external debts planned respectively at the beginning-of-period t, F(t, 1) 
as internal funds available to top management of the firm at the beginning-of-

period t, RL(t) as interest rate for borrowings, RB(t) as that of bonds to be issued 
newly, RO(t) as that of the "other" external funds, and RF(t) as rate of oppor-
tunity costs for internal funds to be raised. Then, total costs of raising funds at 
the beginning of the rth period of the planning periods starting at period t, C(t, r), 
is written as below :

(4) C(t, r) = C[RL(t), RB(t), RO(t), RF(t), BRW(t, 1), BND(t, 1), OTH(t, 1), 
         F(t, 1), r]

     or = C[RL(t), RB(t), BRW(t, 1), BND(t, 1), r] + Co, 

where Co is the sum of costs of raising the "other" external funds and opportunity 
costs of internal funds.5's By choosing the second expression of equation (4), it 
will become easier to make clear how the interrelation between costs of raising

4 See E . A. G. Robinson (1931), Chapt. VI. 
5 The amount of internal funds to be raised is assumed to be predetermined , but it is easily to 

go to the more general case in which the amount of internal funds is also assumed to be endo-
genously determined, following Duesenberry. See Duesenberry (1958), pp. 94-95. 

 6 If it is assumed that repayment or pay-back is proportional to the debt payable in each 

period, the residual at the end of the r th period is (1 — 01)rBRW(t, 1) for borrowings, and 
(1 — 02)rBND(t, 1) for bonds respectively, where constants 01 and 02 are ratios of pay-back to 
borrowings and bonds respectively. If we take the assumption above, it may not be very impor-
tant whether to take assumption (v) or not.
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funds schedule and internal rate of return on investment works so as to determine 
the amount of fixed investment and that of funds to be raised respectively. 

 As will be seen later, to satisfy the necessary and sufficient conditions of max-
imization, the signs of derivatives in (4) should be as follows: 

 ac  _ acac=c>o , ac =c2>o,  (5)aRL—CRL>0' aRB__1 CRB>O' aBRWa BND 

z2 

aBRW2Cll>o'--------aBND2C22>0, 

za2c 

    a BR W a BND— c,2=a BND a BR WC2lO' 

where the two marginal costs of raising funds are assumed to be independent of 
each other, for the simplicity's sake. This assumption of `separability' seems to 
be very useful in approximating costs of raising funds schedule. Needless to say, 
these signs indicate marginal costs of raising funds are all positive and increasing 
as the amount of each fund to be raised increases. 

 In equation (4), the effects of external debts already received on the cost of raising 
funds are not taken into account at all. They may have dual effects on the cost 
of raising funds : the one is positive, reflecting increasing imputed costs for the 
higher level of debts at the beginning-of-period t, and the other is negative, re-
flecting increasing customership or partnership between debtor and creditor in 
financial transactions. Let us define SBRW(t — 1), and SBND(t — 1) as the out-
standing borrowings and bond-issuings at the beginning-of-period t respectively. 
Then the net effect of these two types of debts can be written as follows : 

22 

a SBRW(t —) a BRW(t, 1)0' a SBND(ta) a BND(t, 1)`0. 
The signs of derivatives above should be established only through empirical studies, 
and this will be done in another paper. 

 Another constraint to the maximization of profit 7r(T) is an identity saying that 
investment expenditures is equal to the sum of internal and external funds to be 
raised. This can be written as below :

 (6) Q = q(t, 1)I(t, 1) — F(t, 1) — BRW(t, 1) -- BND(t, 1) — OTH(t, 1) = 0. 

As a matter of fact, the "other" funds OTH(t, 1) should be equal to the sum of 
other external funds (including new stock issues) minus advance-payments in the 

previous period for appropriation of investment goods in current period. 
 Thus, by assumption (i), top management of the firm is supposed to maximize 

the sum of the present values of net revenues during the planning horizon expected 
at the beginning-of-period t, subject to constraints (2) and (6). The function to 
be maximized under the constraint (6) can be written as below: 

 (7)co = 7r(T) — .151,
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where A is a Lagrange's multiplier. The necessary conditions for the maximization 

are: 

 (8) aL----=E1p. ax— w}(1-}-rt)-r = 0, 
 (9) alfr*----al }(1 + rt)-— q(1 + 2) =0, 

    aw T  (10) 
aBRWp*laBRW(l+rt)-r+2=0, 

            awT 
 (11) a BNDp*El a BND(1 + rtr+0, 

 (12)82=-9=0, 

As easily seen, 2 is marginal internal rate of return on fixed investment expendi-
tures qt. From (9), A can be written as below : 

T  
(9)'.1= El q~aI----(1 + rt)-r — 1 

 The optimal solutions for L, I, BR W, BND and A have to satisfy these five equa-
tions above, most of which are nonlinear in relevant variables. To satisfy the 
sufficient conditions of maximization, the principal minors of bordered Hessian 
(13), denoted by H below, alternates in sign such that sign of Hit = (— 1)°, where 
Hit is the principal minor of order i.

(13) H=

LL 2LI 

IIL 7711 

iBRW•L 2iBRW•I 

irBND•L irBND•I 

—nL —91 

  SGLL SGLI 

SGI L SGI 

 0 0 

 0 0 

  0 —q

2 L•BRW IL•BND 

I•BRW 11•BND 

irBRWBRW 2TBRWBND 

irBNDBRW irBNDBND

—9 BRW 

     0 

 0 

—SCll 

 0 

 1

— nBND 

 0 

 0 

 0 

—SC,2 

 1

— nL 

—9' 

—QBBW 

—'BND 

 0

 0 

—q 

 1 

 1 

 0

> 0,

where, 

  2T       jrxya ,~x= ax,S=p* E(1 + r)-r,Gx~= 
             Y for x,y=L,I and Ci;=a2C/aiaj for i, j = BRW, BND. 

 From inequality (3) and (5),

a2G  

axay
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 GLL<0, GII Go, GLI = GIL > 0, C11 > 0, C22 > 0, 

therefore, from the condition (13), a very important relationship can be deduced; 
that is, 

               1[G,,GILl/CllC22   (14)q2-G LLJ\CH T C22 • 

 As will be shown later, the right hand side of this inequality is the slope of the 
composite curve of the marginal raising costs of BR W and BND, and the left hand 
side is that of the curve of the marginal internal rate of return on fixed investment 
expenditures qt, which is negative, equal to zero or positive, according as returns 
are decreasing, constant or increasing with respect to scale (GIIGLL — GIL 0). 
This assures that an equilibrium point exists, which determines the optimal level 
of fixed investment, the optimal amount of borrowings, that of new issues of corpo-
rate bonds, and the marginal costs of raising funds that is equal to the marginal 
internal rate of return on fixed investment expenditures.

III. GRAPHICAL PRESENTATION

 The mechanism determining the optimal solutions of the amounts of fixed in-
vestment, borrowings from private financial intermediaries, and bond-issuings can 
be shown more clearly by graphical presentation. Figure 1 shows the curves of 
marginal costs of raising funds on the assumption of separability (C12 = 0). 
The marginal cost of borrowings and bond-issuings are taken on the vertical axis 
and the amounts of funds, on the horizontal axis respectively. 

 Along the horizontal axis, OF is the sum of internal funds available to top 
management of the firm, and is assumed to be predetermined, the marginal cost of 

which is assumed to be also exogenous and shown as oil(= Ff2).7 FG is the 
sum of the "other" external funds to be raised, and its marginal raising costs is 

also given exogenously, and shown as Fg1(=Gg2) in the Figure. For instance, 
the effective stock holders might press the top management to issue new stocks in 
their debt-financing so as to de vide part of the expected return on new investment 

to the stock holders. In Figure 1, the marginal raising costs oil and Fgi is taken 
arbitrarily, so that those magnitudes should empirically be taken as datum. 

 Another vertical axis GG' is drawn in as the measure for the costs of raising 
external funds. The curves aa' and bb' illustrate them. Let us call aa' the curve 
for fund A, and bb', the curve for fund B. We do not know, a priori, which of 
those two curves corresponds to the marginal cost of borrowings, (or the cost of 
bond-issuings). This may be one of those things that should be made clear through 
empirical studies following the theoretical considerations developped hereafter.

7 This assumption is adopted only for the simplicity's sake , without loss of generality; that is, 
costs of raising internal funds can easily be dealt with just the same way as for those of external 
funds.
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Funds to be raised from inside and outside the firm 

The Composite Curve of Marginal Costs of Raising Funds

 The curve cc' shows the sum of external funds A and B to be raised at common 

marginal costs. For instance, Ga is the marginal cost of fund A at which the 

volume of fund A to be raised is unity, while cc*c;, which is of the same length as 

Ga, is the marginal cost of fund B at which the volume of fund B to be raised is 

Ge*. Thus, the total of external funds that can be raised at marginal cost Ga(= 

c*c) is Ge*, and the sum of funds to be raised from inside and outside the firm is 

ac*(= OF + FG -}- Ge*), where the volume of fund A is zero. Next, Gal is the 

volume of fund A to be raised at the marginal cost of alai. This is identical to the 

marginal cost of blbi at which the volume of fund B can be raised by the amount of 

Gbl. Consequently, the total of external funds that can be raised at the marginal 
cost of alai(= blb' = cici) is Gel.8 So, the final shape of the curve showing the 

total internal and external funds as against common marginal cost is the one going 
through the points (oflf2glg2bcc) in Figure 1. Let us call this the composite curve 
for the marginal cost of raising funds, or simply the composite curve. 

 The composite curve may shift as the curves flf2,glg2,aa' and bb' shift respec- 

fively or simultaneously. It is easy to point out factors making these curves shift,

 8 It should be noted that marginal costs alai or cici is very different from actual effective costs 

of raising funds observed in that the former includes imputed costs, but the latter does not. It 
is also worthy to point out that the imputed costs diferentials would not be reflected in the actual 
interest rate differentials. So, the fact that funds with different interest rate are raised at the same 
time, could be taken this way; that is, though interest rates are different with each other, marginal 
costs of raising funds including the imputed costs is equal to each other.
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and in equation (4), the only kind of shift variable introduced explicitly is interest 
rates. However, it should also be taken into account that the factors affecting 

psychological pressure of claimants on top management of the firm will make 
shift the composite curve. For example, in the postwar Japan, because of the 
dominance of indirect financing system, particularly through city and local banks, 
the downward rigidity of financial transactions between firm and banks is 
very important.' As is well known the debt-financing of Japanese busines firms has 
relied heavily on bank-borrowings for a long time in the past. And this tendency 
has produced a strong cooperation between the firm and the bank. From the 
viewpoint of the cost of raising funds schedule, this will have the following impli-
cations : the high degree of dependence on bank-borrowings in corporate financing 
is a result of a sort of `Habit-Formation' as in the modern theory of consumer 
behavior,10 and through its cumulative effects, the curve for marginal raising cost of 
borrowings from city banks shifts downwards. This will lead to a downward 
shift of the composite curve. 

 Next, the curve for the marginal rate of return on fixed investment can be drawn 
as curve 22' in Figure 2. This curve can be derived by differentiating the necessary 
conditions (8) and (9) with respect to fixed investment expenditures qI, given the 

price of investment goods q:

~0 

ICS w •q 
bA 
g 0 

Ea" r4   r4 
4) 

0 , 
C •d) 
•cd 

g •
bo 

cd F~ 

d) 

Ff

  0 F G  c*  1516 (qI)* 
                    Investment expenditures and volumes of funds 

      Fig. 2. The Optimal Level of Investment and the Demand for External Funds 

9 It is very suprising that'Duesenberry has already pointed out the same fact in the United States 

as in Japan. See Duesenberry (1963), p. 11. 
 10 See Tsujimura and Sate (1964) .
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 (15)d~ —S(GIIGLL '—GL) 0.11 d(qt) g2G
LL 

Since it is assumed that production iso-quant curve is convex, the right hand side 
of equation (15) should be negative, positive or equal to zero, according to the 
assumptions of decreasing, increasing or constant return to scale. On the other 
hand, from (4) and (5), using simplified notation just shown above, the marginal 
costs of raising funds equations can be composed near at the equilibrium point as 
below: 

r~-il*=SCll(BRW—BRW*) 

r~ — 7)* = SC22(BND — BND*), 

where ti is the marginal cost of raising funds composed of BRW and BND, and 
asterisks assign their equilibrium values. By solving these two equations with 
respect to (BRW-}- BND), the equation for the composite curve can be written as 
below :              

SGIlC22   (16) 77 = CII + C
22[(BRW-f-BND) — (BRW*-}-BND'`)]+7)*, 

where the coefficient of (BRW BND) is, needless to say, the slope of the com-
posite curve. From inequality (14), in combination with (15) and (16), the slope 
of the composite curve cc' should be steeper than that of the marginal internal 
rate of return on fixed investment expenditures (dA/d(qI)). In Figure 2, the inter-
section of the two curves cc' and AA' determines the equilibrium level of fixed in-
vestment expenditures qI(= Oh), the optimal amounts of external funds A(= Gl6 
= 1617) and B(= G16) to be raised, and the marginal internal rate of return on fixed 

investment (1417) simultaneously. As already pointed out, from (14), (15) and (16), 
this equilibrium point 14 is assured to be stable.

             IV. FACTORS AFFECTING THE EQUILIBRIUM POINT 

 The equilibrium point for fixed investment, external funds to be raised, labor 
inputs, and internal rate of return on investment 2, may shift through changes in 
money wage rate, the price of investment goods, netprice of output, the amount 
of internal funds available, interest rates for borrowings and bonds to be issued, 
and so forth. To see the influences of these factors, a conventional way is to 
differentiate equations (8)—(12) with respect to these predetermined variables re-
spectively. Here, as in Sections 2 and 3, the assumption of separability between 
the two marginal costs of raising funds, C12 = C21 = 0, is adopted for the first 
approximation.

(A) Influences of Money Wage Rate 
 To see the influences of money wage rate on fixed investment, labor inputs, 

11 See Appendix B to this paper.
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borrowings, bond-issuings and the internal rate of return on fixed investment, 
differentiate equations (8)—(12) with respect to money wage rate w, then we have, 

 (17) SGLL----aw+SGLIaw — C(T) = 0 

 (18) SGIL-----aw+ SGLIawqaWo 

 (19) —SClla BRW—Scl2aaWD+OA                                  I= 0 

 (20) —SC2la~RW— SC22awD+---aw= 0 
a I a BR W a BND   (21) —q 
aw + aw + aw = 0

                T 

where C(T) =E (1 + r)-r. Equations (17)—(21) can be solved with respect to 

r-l aL/aw, al/aw, aBRW/aw, aBND/aw and Raw, in matrix expression, as below:

(22)

where,

(23)

aL  

aw 

al  

aw 

a BRW

aw 

a BND

aw 

aA 

aw

SGLL SGLI 

SGIL SGIL 

¢= 0 0 
   0 0 

_ 0 —q

 =0-1

0 

0

-SCll 

- SC2l 

 1

C(T)

0

0

0

0

0 0 

 0 -q 

-SCl2 1 

-SC22 1 

1 0

and the value of the determinant of matrix  95 is identical to that of (13); that is, 

101 = S3[(GIIGLL — GIL)(Cll + C22) - g2GLLCllC22] > 0, 

where C11 = C21 = 0. The inverse of matrix 0 is presented in Mathematical 
Appendix C. Making use of -1, the solution (22) can be written explicitly as 
below:
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(24)

 aL 

 aw 

al

aw 

a BRW

 aw 

aBND

aw 

a2 
aw

= IoI-l

FUMIMASA HAMADA

CS2{GII(C11 + C22) — g2CllC22} 

—CS2GIL(C11 + C22) 

—b S2gGI L C22 

—b S2gGI L C11 

—bSsgGI LCllC22

0

0

0

0

0

 The reason why the effects of money wage rate on fixed investment is negative, 
is that the net price of output is fixed together with other prices and rates, so that 
the optimal level of output turns out to be reduced. Inequality (24) implies that 
since wage rate does not have any influence on the cost of raising funds schedule 
at all, downward-shift of the curve for marginal internal rate of return on invest-
ment, caused by wage increase, will move the intersection of these two curves. 

(B) Influences of the Price of Fixed Investment Goods 
 The same calculations can be applicable to arrive at the effects of price of fixed 

investment goods on labor inputs, fixed investment, borrowings, bond-issuings 
and the internal rate of return on fixed investment; that is,

   ~ aL  

aq 

al  
     aq 

(a BR W 25)     aq 

aBND  
aq 

aA  
aq

=101-1

—S2GIL{(1 T A)(C11 + C..22) + SgIGILCilC22} 

 S2GLL{(1 I /1)(C11 + C22) + SgICllC22} 

S2C22{SI(GLLGII — GiL) + gGLL(1 + A)} 

S2Cll{SI(GLLGII — GiL) -I- qGLL(1 -f- A)} 

SsCllC22{gGLL(1 + A) -}- SI(GLLGII — GiL)}

•0 

•0

•0

•0

0

 The reason why the signs of the effects on borrowings, bond-issuings, and the 

internal rate of return on investment cannot be assured, is that they depend on the 

relative scale of reduction of investment and increase in the price of investment 

goods; that is, given the levels of internal funds and other funds available, 

                 aq(gI) = qaq -}-IZ-o, 
and it also depends on the assumption of decreasing, increasing or constant re-
turn to scale GIIGLL — GiL 0.



FIXED  INVESTMENT AND THE COST OF RAISING FUNDS 15

(C) Influences of Interest Rates 
 In this analysis, there are three rates that have different economic implications 

from each other; that is, interest rates for borrowings and bond-issuings reflect 
upon themselves complex institutional factors respectively. Furthermore, the 
marginal internal rate of return on investment does not coincide with the discount 
rate which may be a very important factor in the conventional theory of investment 
behavior, since the optimization behavior of an entrepreneur or top management, 
in this analysis, leads to equalization of the marginal internal rate of return on 
fixed investment and the marginal costs of raising funds, including not only cash-

payments for interests, but also the imputed cost to top-management of the firm. 
 Taking into consideration these things, any direct connection between these 

rates and the marginal internal rate of return on investment is not introduced 
explicitly, except for assuming the existence of implicit term-structure of interest 
rates; that is,

(26)

(27)

(28)

dC dT 
drdr[ — 

1

T 

(1 + r)-r] = — E r(1 .+ r)-(1+r) = 
r- 1 

    dr  

    dRL=rRL>0, 

     dr  =rEB>0.    d
RB

br < 0

 The effects of interest rate for borrowings RL on the five endogenous variables 

are as below :

(29)

aL  

a RL 

al  

a RL 

a BRW

a RL 

aBND

a RL 

a RL

=iol-'

S'p*q{ rrBL(C11 + C22) — SCC22Cl.RL}GIL

—Sp*q{brrRL(C11 + C22) — SCC22Cl.RL}GLL

—Spg2C22{CrrRL — SCCl•RLIGLL

where, the necessary conditions 

is from the necessary conditions

<0

<0

<0

-Sp*{g2CllGLLbrrRL—SCCl•RL(GLLGII—GIL)} 0 

—S2p*[{q2(l + 2)GLLCllC22 — A(C11 + C22) 

      x (GLLGII — GIL)ICrrRL> 0 
     — S'C22Cl•RL(GLLGII — Gil)]/ 

itions are used to simplify the expression above; that 

          (4), 

SGI—q(l-I-SCI)=0 

SG' —q(1+SC2)=0,

consequently,
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 GI—qC1=GI—qC2=q/S>0. 

 The sign of aBRW/aRL can be made clear, using the sufficient condition (14); 
that is, 

               GLLGII —GILCllC22 1+ A  

q2GLL < C11 + C22A 
where, needless to say, (1+2)/A > 1. However, the sign of aBND/aRL cannot 
be assured and it depends on an inequality : 

y 
_ GLLGII— GIL z brYYrRLCll                                               S`, g2GLLCl.RL • 

 The effects of interest rate for bond-issuings RB on the five endogenous vari-
ables are as below :

(30)

aL  

aRB 

al

aRB 

a BRW

aRB 

aBND

a RB 

aRB

= IoI-l

Sp*q{(rrRB(C11 + C22) — SCCllC2•RB}GIL 

—Sp*q{CrrRB(C11 4- C12) - SCCllC2•RB}GLL 

-Sp*{g2C22GLLCrrRB-SCC2•RB(GLLGII -GIL)}

—Sp*{g2CllGLL(brrRB — SCC2.RB) 

  ~r— SbyyC2•RB(GLLGII — GIL)}-I —S2p*[{q2(l-I-A)GLLCllC22 —

yA(CllTC22).          (GLLGII — GIL)}brrRB 
       —SCCllC2•RB(GLLGII — GIL)]

where the sign of aBRW/aRB depends on an innequality: 

_  GLLGII — GIL  S  brrRBC22  
                         ^2GLL  S%C2•RB • 

(D) Influences of Other Variables 
 The effects of the net price of output and of internal fu 

can be written as follows :

<0

<0

•0

<0

<0

 The effects of the net price of output and of internal funds raised, among others,

/  aL  
ap* 

al  
ap* 

(31)aBRW ap 

aBND  
ap* 

ap* ,

 =  101-1

—S-  --[(C11+ 

 P 

   Pc2 [(C11+ C22)KWGIL—qGLL}] 

        PgC22(bwGIL— qGLL) 

       PgCll(~N'GIL— qGLL) 
S3 3 

[gCllC22{CwGIL—q(1+A)GLL} 
 P

_          A(CllJJC22)(GIIGLL — GIL)]

0

0

0

0

0
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(32)

aL~ 

aF 

a 

aF 

a BRW

aF 

aBND

aF 

as 
aF

= IoI-l

SsgGI L C11 C22

— SsgGL L C11 C22

—SsC22(GLLGII — GIL)

—SsCll(GLLGII — GIL)

—S4CllC22(GLLGII — GIL)

>0

>0

<0.

<0

<0

V. CONCLUDING REMARKS

 In this study, the cost of raising funds schedules by type have been introduc-
ed explicitly, and their workings have also been analyzed in relation to the margi-
nal internal rate of return on fixed investment. The mechanism determining the 
amounts of funds by type to be raised was also presented, in terms of the compo-
sition of funds by type, in relation to the optimal level of fixed investment. 
Furthermore, the conditions of existence and stability of the equilibrium point or 
the intersection of the curve of marginal internal rate of return on fixed investment 
and that of marginal raising cost of the composite funds to be raised, have been 

obtained explicitly; that is, the slope of the composite curve of the marginal costs 
of raising funds schedules should be the reciprocal of the sum of reciprocals of the 
second partial derivatives of the cost-of-raising-funds function, which should be 

positive, and steeper than that of the curve of marginal internal rate of return on 
fixed investment. 

 Next, the influences of money wage rate, the price of fixed investment goods, 
interest rate for borrowings from private financial intermediaries, interest rate for 
new issuings of corporate bonds, the net price of output, and the amount of internal 
funds available for fixed investment expenditures, on the equilibrium level of fixed 
investment, labor inputs, the optimal amounts of borrowings and bond-issuings, 
and the marginal internal rate of return on fixed investment, have also been ana-
lyzed. This will throw some lights on investigation of the reason why actual 
interest rate differentials are not reflected in the composition of funds raised for 
investment expenditures in corporate businesses, and consequently, the demands 
for various types of long-term funds do not appear to be uniquely dependent on 
interest rates in reality. 

 It is possible to deal with the amount of internal funds as an endogenous variable 
in the same way as for the case of two types of external funds (BRW and BND). 
It is also easy to extend this analysis to the case of m types of external funds. In 

this case, the slope of the composite curve is [ C22l]-1, where Ci; is the coefficient 
i=1
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for the second partial derivative of the costs-of-raising-funds function C, with 
respect to the ith type of fund, and  Cit > 0 for all i. 

 The effects of the outstanding external debts on the five endogenous variables 
in question, which could be almost equivalent to the inequality (30) with the op-

posite sign, may be very interesting to see the effect of the customership or partner-
ship between the debtors and the creditors. The effect of deterioration of fixed 
capital has been neglected here, but this does not make any crucial change in the 
conclusions. Finally, it should be noted that the theory presented here, is pos-
sible to be statistically tested. A stochastic model and its estimation will be 
developed in another paper. 

                                            Keio University
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MATHEMATICAL APPENDIX A. 

 The value of bordered Hessian determinant concerning the sufficient condition 
of maximization of profits is obtained as  below: 
From (15), 

      SGLL SGLI 0 0 0 

      SGIL SGLI 0 0 —q 

0 0 — SCll 0 1 

0 0 0 —SC22 1 

0—

11 1 0> S3[(C11+C22)(GLLGII— GIL) — g2GLLCllC>                                                    22~ 0, 

Following the sign-conditions (3) and (5), 

T C11 > 0, C22 > 0, GIL > 0, GLL < 0, GII < 0, and S = P'k E (1 + 
                                                                                                r=1 

the value of this determinant should be positive. The inequality above can be 

rewritten as below: 

              1 rGIL  lCllC22  
q2CGIIGLL~ICll + C22 • 

This is the inequality (14). 

MATHEMATICAL APPENDIX B. 

 The slope of marginal internal rate of return on fixed investment expenditures 
can be derived as followings: 
Equations (8) and (9) can be rewritten in terms of simplified notation as below: 

 (8)'SGL — C(T)w = 0 

(9)'SGI — q(1 + A) = 0. 

By differentiating these two equations with respect to qI, given q as an arbitrary 
value, 

            S(GLL d(qI)+ GIL) = 0 
          s(GI,dL —dA _ q+GILd(qI))qd(qI) 

Using matrix expression, these two equations can be rewritten as next:

 SG,, 0

SGLL -q

dL - - _   SGIL 
d(qI) q 

dASGIL  
d(qI) - --  q
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and consequently, 

 dA _S(GLLGII —GIL)  
d(qt)q2GLL 

MATHEMATICAL APPENDIX C. 

 The inverse matrix 0-1 can be shown in full form: 

0-1 = 
-S2(GIICs-g2CM) —S2GILCS —S2gGILC22-S2gGILCil —SsgGILCM-

 -S2GILCSS2CLLCS S2gGLLC22S2gGLLCllSsgGLLCM 
-S2gGILCl2S2gGLLC22 S2(g2GLLC22-GX) S2GxSsC22Gx x 4-1 
-S2gGILCllS2gGLLCll S2GxS2(g2GLLCll-GX) SsCllGX 

--SsgGILCMSsgGLLCM SsC22GxSsCllGXS4CMGX -

where CS = C11 + C22, CM = CllC22, GX = GLLGII — GIL, and 

4 = S3[(C11 + C22)(GLLGII — GIL) g2GLLCiiC•22] > 0.


