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EMBODIED TECHNICAL PROGRESS AND ECONOMIC GROWTH

FusaJi TAKAHASHI

INTRODUCTION

Prof. Kaldor(4) has recently suggested an attempt to deal with techni-
cal progress from the standpoint of regarding it as an embodied type.
Since then, as well known, such attempts have been made by Prof.
Solow(7,8,9,10,11), Prof. Arrow(1) and Prof. Massel(6) in their own ways,
and the application of their concepts is bringing about a new aspect in
the theory of economic growth. These attempts heterogenized capital
by vintage, did not permit ex post substitutability after construction of
capital equipment, and introduced, as a more realistic aspect, the
inseparable relations between acquisition of new knowhow and construetion
of new capital.

An assumption of ex post rigidity among factors after completion of
equipment was first introduced by Prof. Johansen(3) into his growth
model. The problem is, as eriticized by Prof. Kurz(5), on the efficiency
of factor allocation as a result of leaving out the entrepreneurial be-
haviors. The vintage approaches in the aforesaid cases of Prof. Solow
and Prof. Arrow are the attempts to analyze the balanced growth in-
troducing entrepreneurial behaviors and anticipations under such ex post
rigidity. |

On the basis of these contributions, with regard to techniecal progress
of the embodied type which was made an issue in the two-sector growth
model of Prof. Solow(8), this paper, from the viewpoint of saving of
labor, will discuss in Section 1 the patterns and effects of such a
technical progress in the capital goods sector, discuss theoretically in
Section 2 its effects and motive power, and take up in Section 3 the
technical progress of the embodied type in Prof. Arrow’s case for a
comparative study. In the last section, the paper will introduce the
embodied technical progress, which was not treated in the two-sector
growth model of Prof. Solow, and the dynamic anticipations of entre-
preneurs as to wage rates into his original model, and analyze the
pattern of balanced growth with regard to the model that has been
modified to include the above two conditions and endogenized supply
of capital. Let us first of all touch upon the basic framework of the
model proposed by Prof. Solow. The ecomony consists of two sectors,

1 This paper owes greatly of Prof. Fukuoka’s enlightening suggestions and to his

paper (2). The responsibility for the weaknesses in this paper all rests with the
writer.
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that is, the capital goods sector and the consumer goods sector. Consumer

goods are homogeneous, and single final products are produced by a tech-
nical combination of capital goods (machines) and labor. Capital goods,
on the other hand, are heterogeneous, and different types of machines are
produced by labor alone. Labor is homogeneous in both sectors. If,
therefore, such an amount of machine as will give 1 unit output of
consumer goods in a certain period is chosen as numéraire of the
machine, then all types of machine will have the capacity of 1 unit
consumer goods in each period. When )\ be the amount of labor re-
quired for the operation of a certain type of machine, it will represent
‘the labor intensity of the said machine. In this way, any type of
machine can be heterogenized and eclassified with A as its index. It is
assumed that a machine of type )\ is produced by C,-units of labor,
and C, is a monotonously decreasing function of N. The physical life-
time of all types of machines is T period, and all machines last
unimpaired for that period and then disappear with no scrap value,
Also, it is assumed that a machine constructed in period ¢ will start
displaying its capability in period ¢ + 1. Using this kind of model, we
intend to finds out how the embodied technical progress will affect the
economy of labor. The effects of embodied technical progress will be
analyzed in the capital goods sector from the viewpoint of reducing the
amount of labor required for the production of 1 unit of machine, and
in the consumer goods sector from the viewpoint of reducing the amount
of labor required for the production of 1 unit output of consumer goods,
or falling coefficient of labor (rising labor productivity).

1. TECHNICAL PROGRESS IN CAPITAL GOODS SECTOR

In the capital goods sector, needless to say, there is no distinction
between embodied technical progress and disembodied technical progress,
‘because, according to the premise, production is made by labor alone
without existence of new capital goods combined with new techniques.
‘The technical progress in this sector is found effective only in the
economy of labor required for the production of machine for the same
period. In other words, the technical progress in this sector means
‘the outcome of the process in which the amount of labor required
for the production of a certain type of machine decreases as time
passes.

Letting I, be the amount of labor required for 1 unit of machine in
period £, we have:

lt = atCNt ( 1 )
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{where a, is a decreasing function of time and 0 < a, < 1). Assuming
that C, is continuously differentiable with respect to . Translating 1)
into logarithmic terms and partial differentiating it with respect to X,
‘we have:

o e
n 0 Ccy
AN AR 2
l a + C. (2)
Assuming, as Prof. Solow (11, p. 624), did
C,=Cr7" (>0 (3)
‘we have:
Cx’ - —’YCokl—y—l ( 4 )
"Then
Ccy v
A - 1 5
'Therefore, (2) is rewritten as:
oL da
N _ o _ v (2')
l a by

If daj/orn = 0 (for all \) in (2'), the technical progress is uniform (un-
‘biased) as the amount of labor required for 1 unit of machine decreases
uniformly for all types of machines. If da/ohn # 0, on the contrary,
‘the technical progress is biased.

If the technical progress is uniform, then from (2') we have:

ol 2
i — 2’/
o~ 1 7 (2%

And the partial elasticity of labor intensity with respect to the
-amount of labor required for 1 unit of machine 9 log /3 log \, is constant
(=).

The pattern of the technical progress in the capital goods sector, as
:shown above, is determined by whether the technical progress factor
@, 18 independent of, or dependent on A.

The following will graphically show the uniform technical progress:
In Fig. (1) we measure on the vertical axis the amount of labor required
for 1 unit of machine and on the horizontal axis the labor intensity \.
“The relationship between the two is given in the shape of a curve
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downward to the right. Let the F-curve represents the relationship in
case no technical progress occurs, then it will be shifted down as the
F'-curve when the uniform technical progress occurs. Suppose that, \.

R .
: : F
Lo P
— P
0 C A b
FIGURE 1

decreases, as from OA to OB, in case no technical progress exists, owing,,
for example, to a rise in wage rate, the system moves from point P to-
point @, and the slope of the tangent at point @ becomes steeper than
that at point P. This relationship is illustrated as follows:

From (5) we have:

C}" — __,7____ | ( 5’ )"

where C,/A is the slope of the ray connecting the origin to a point on.
the F-curve, which represents the ratio between the amount of labor:
required for the production of 1 unit of machine and amount of labor
required for the operation of the same machine. So, it increases when
the system moves from point P to point @. Since the slope of the
tangent at each point represents the marginal cost of labor in econo-
mizing the amount of labor required for the operation of a new machine,
the aforesaid relationship implies at the same time an increase in the
marginal cost of labor’, '

Let us now refer to the conclusion of analysis conducted by Prof..
Solow(8, 11) on the question concerning the relation under which aforesaid

' is placed in the static anticipation by entrepreneurs and by their-

2 This relationship is obvious also from the relation C) = y(r + 1)Co2~7—% derived.
from (3), which signifies that the second derivative with respect to 2 is positive.
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rational behaviors. If the entrepreneur makes the static anticipation
that the wage rate and the rate of interest at time ¢ will be maintained
for the future, or at least for the next T periods, and if he takes the
behavior so as to determine ) to maximize the present value of the
et flow of return expected in the future from 1 unit of machine, then
the following relation holds true:

ae = —@(0,) (6)

where p, is the rate of interest, and @(p,) is the present value of the
annuity for T periods, which expressed in equation:

S+ pgyr=l=God ()

‘will bring about 1 unit of consumer goods in each period.

From (5') we have:

19 = g ()
Therefore, in case the system moves from point P to point Q, Cy./\
becomes larger, and so ¢(o,) also should become larger. Since, from
(T), Pey is a decreasing function of p,, the aforesaid relations are
brought about by the smaller o,. In perfect competition where the rate
of interest being equal to the rate of return in equilibrium, the decrease
in A will after all result corresponding to the fall in the rate of return.
Likewise, the reverse also holds true.

In case technical progress is uniform, the F-curve will be isoelastically
lowered as is shown by the F’-curve, and if \ is constant, point P will
shift downward to point P’. The slope at point P’, is smaller than
that at point P. This is self-evident from 0 < @, < 1, hence a,C} < C,.
On the assumption mentioned before concerning the factor price on the
part of the entrepreneur and in the his behavior on the determination
of M\ (the case in which dynamic anticipation is made on the wage rate
will be treated in Section 2), (6) is replaced by (6”):

a.Cxi = — P ' , - (6

The movement from point P to point P’, therefore, means a decrease
in ¢, and at the same time means that the rate of return at point
P’ is at an higher level than that at point P, Thus, in case A is con-
stant, a rise in the rate of return is brought about by an uniform
technical progress,
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When A decreases from OA to OC, the system moves from the
original point P to point R. The slopes of the tangents at points P
and R are equal, and this fact implies that the rates of return at the
two points are equal. In this case, as well be shown in Section 2, the:
uniform technical progress also means the neutrality of technical pro-
gress in the Harrod’s sense. Also, if \ exceeds OC in this case, the
rate of return is larger than that at point B and at the same time
than that at point P, and smaller if N does not exceed OC.

As is obvious from the discussion above, if A decreases in the system,
the uniform technical progress offsets the falling tendeney in the rate of
return therein effected. This coincides with the traditional belief that.
technical progress makes for a ‘‘required offset’’.

Let J, be gross investment measured in the terms of consumer goods,
then

J, = a,Cyw.l, (8)
Let L! be employment, then

L} = a,C,I, (9)
where I is gross investment measured in capacity units, and w is wage

rate,
Therefore, the coefficient of labor L}/J, in period ¢ is given by (10):

_Iiz — a.Cy.1,
J, a,Crw,I,
10}
1 o
W,

From the above, it is clear that in the capital goods sector the
coefficient of labor is reciprocal to the wage rate and that, if the wage
rate rises regularly, the coefficient of labor continuously decreases at
the same rate,

2. TECHNICAL PROGRESS IN CONSUMER GOODS SECTOR

In the consumer goods sector, according to the premise, production
is carried by a technical combination of capital goods (machine) and
labor, and there is therefore a clear distinction between embodied
technical progress and disembodied technical progress. First of all,
productive capacity of machine due to disembodied technical progress in-
creases over time, while that due to embodied technical progress remains
constant if the numéraire is so chosen that it is one with respect to
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each time point. Secondly, as to the pattern of technical progress,
whether technical progress is uniform or biased in the disembodied
technical progress depends on whether or not the efficiencies of all
existing machines of different vintages are risen at an equal rate
(whether the technical progress factor is independent of, or dependent
on \). In the case of embodied technical progress, no such a distinction
exists because a rise in efficiency is brought about with respect to M\
of the machines completed at a certain date, while the machines com-
pleted at an earlier time are not influenced. In the embodied technical
progress in the consumer goods sector, such a difference appears through
the labor intensity of the machine completed at particular vintage, if
the effect of technieal progress is to be grasped in terms of the fall
in the coefficient of labor. Now, let us discuss in the following, by
what relation the fall in the coefficient of labor due to the embodied
technical progress is brought about, and what is the motive power for
it.

Let I, be the gross investment measured in capacity units in period
v, N, be the labor intensity of the machine, and @ be the output of
consumer goods, then the output of consumer goods @, in period ¢ and
employment LI’ in the same sector are given as (11) and (12) respectively:

Q=31 (11)
=3I (12)

Hence, the coefficient of labor in period ¢ is:

t—1
Ly _ &
Q- 51
t—-T

(13)

Therefore, the difference between the coefficient of labor in period ¢
and that in period ¢ + 1 shows the effect of the technical progress in
period ¢ + 1.

Hence
t t—1
LII ET:' Iv>"v Z Iv)"v
A?t=t— :—1 _t—:l (14),
‘ IS > 1,
t—T+1 t—T

where
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It is assumed, for simplicity, that gross investment in each period is
constant I, that is: .

I, =1 (for all v),

In this case the output of consumer goods @, and @Q,,, in periods ¢ and
t + 1 are equal to TI, and employments in the two periods are L;' =

_t—1 . St
I>\\, and LY, = 3, N, respectively, Therefore, the coefficients of
t—7 : e t=T+1 . -

labor in periods ¢ and ¢t + 1 are given as (15) and (16):

t—-1
Ny
I

@ T (15)
t

Fa oo™ 6
QT (16)

If labor productivity is used instead of the coefficient of labor and
is expressed from the viewpoint of production function, the following
holds true in an alternative way: In the capital goods sector, K} =
I i, a,C,,, showing the reproduction cost in man-years, if the technical

t—-T+1
progress is uniform and if K;* represents the (gross) capital stock at

the end of period ¢{ measured in labor-time units,

Hence

t
a,C
Kt* _ t—%l o~ Av

- 17
L%I t—1 I" ( )
t—T
From (15) and (17), we have:
Q@ _ T (K L
- (1) (18)
¢ Z avC}\v ¢
t—7T+1
or
T K} ,
= ———(z7) (18)
> a N
t—T+1 ! .
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If the gross capital stock is measured in terms of consumer goods

and given as K,, then K, = I Z a,C ,Ww,, and relations similar to the
t—T+1

above are derived. The only difference between (15) and (18') is in the
way of expression, and the form of (15) is more covenient than (18') for
the present discussions, By substituting (15) and (16) into (14), the
change in the coefficient of labor in the period ¢ + 1 is expressed below;
L}

A@j = —,_,:(7» M) (19)
Since T > 0 in the above, the change in the coefficient of labor is
conditioned by the relationship between A, and A, .

From (19), it follows that a fall in the coefficient of labor, that is
a rise in labor productivity, in the embodied technical progress appears
+ only when the labor intensity in period ¢ is lower than that in period
4+ — T with respect to period t + 1. Therefore, in case when gross
investments are constant in all periods, there must exist the following
relation, if a rise in efficiency due to the technical progress over time
is desired to be continued:

Ny > Npyy (for t —T =) ' (20)

"In case gross investment is constant, as shown above, so for as
Ay < N @8 a result of replacement of the )\, type machines with \,_,
type machines, that is, replacement of the ultra-modern machines with
the oldest-fashioned machines, the effect of technical progress in period
¢t + 1 increasing the efficiency of production is displayed under the
relation of (19). Meanwhile, the fact that the amount of gross invest-
ment is constant means that the output of consumer goods in constant
over time, and in this sense it implies a kind of stationary state.

The following discussion will be based on the more realistic assump-
tion that gross investment continues to increase regularly over time,
If gross investment I, , is given for the period ¢ — T and if gross
investment grows geometrically at a rate of g over time, the outputs
of consumer goods and employments in period ¢ and t + 1 are given
respectively as follows:

I, =IQ1 + gy ™ ' (21)
where
Io = It—z’

Hence
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Q, = 1, S‘: 1+ gy =1 1+g7—1 (22)

g9
LY = I, S\ (L + g)—-, (23)

t—T

Similarly
Qz+1 = I, (1 + g){(l -+ g)T —1 (24),‘
g

t

Lia =L 3\ L+ gy, (25)

Therefore, the change in the coefficient of labor between periods ¢ and
t + 1 are given by:

LM g { ¢ s t - }
4=t — 1 ( + )>\’v _ 1 (t T)X”
[} t—1
B L+9"—1 {—gt—r+1 (1 + g~ + (1 + g)" N,
p— )\-vt_g'} . | (26')

Since g/(1 + g)* —1> 0 in the above, the sign of AL!/Q, depends
upon the sign of the portion inside { }, which is alternatively shown
as follows:

Depending on
t—-1

Mer g 3 (L+ g) T

A = T+ 27
t << (1 + g)T—l ( )
% =Z (0 (the signs are taken in the same order as above)
t

Therefore, in the dynamic economy where gross investment grows at
a steady rate, the fall in the coefficient of labor due to the technical
progress is brought about only in the case of

t—1
Mot g 3 (1+ )TN,
(1 + g)T—-l

In the aforesaid case of constant gross investment (in this case constant
gross investment means g = 0), the fall in the coefficient of labor was
brought about owing to the simple relation that the labor intensity of
new machines is lower than that of disappearing machines. Inthe economy

Ay <
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in which gross investment grows regularly, on the other hand, the fall
in the coefficient of labor is brought about by the fact that the labor
intensity of new machines is lower than the total sum of those of dis-
appearing machines and existing machines weighted with 1/(1 + g)™**

t—t
and g 3, (1 + g)*~* respectively. Also, in the economy which grows
t—T+1

regularly, the coefficient of labor is invariable provided that A remains
constant over time. The right side of (27) is:

Mg+ GNpiy + oo+ g1+ 9)" Ny (28)
(1 + g)T—l

If \,=x=const.(t —T<v=t—1),

X + 1'—-1C'1gX + e + 1'_101'~2gr_23\" + gr—-IX — x (28’)
1+ ,,C9+ <+ + pCrg" + g™ .

Hence, since the equal sign holds true with respect to (27), 4L;'/Q = O.
In the dynamic economy which makes steady progress, needless to say,
such an assumption of A, = constant is unrealistic, and has no economic
significance in dealing with the technical progress. Also, in this kind
of economy, \, has probably a regular tendency without showing
a random one from the time series point of view, To grasp the long-
run, regular tendency of ),, as obvious from (27), is thought to be
useful in clarifying the fall in the coefficient of labor (rise in labor
productivity). In the following, therefore, theoretical discussion will
be developed on how X\, changes in the economy which progresses and
grows over time,

As to the mechanism of determing \,, as already stated, Prof. Solow
conducted analysis based on static anticipations on the part of entre-
preneurs and on the entrepreneurial behavior of maximizing the present
value of the net flow of quasi-rents of capital goods expected for
the future. In the dynamic process in which the economy is growing
and making progress, however, it seems to be more realistic to assume
that a contineous rise in wage rate is anticipated, even though there
may be no change in the anticipation on the rate of interest. From
such a point of view, the mechanism of determination of A, will be
studied in the following under the dynamic anticipations on the part of
entrepreneurs. Suppose first of all that the entrepreneurs anticipate
that there will be no change in the rate of interest for the future and
that the wage rate will rise geometrically at a constant rate, and that,
at the same time, uniform technical progress is introduced in the
capital goods sector. In this case, the present value of the net flow
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of return U,, which an entrepreneur expects to obtain in the future
from 1 unit of a machine of type ), is given as

U= 3 [l — w + 0N+ o) 4] — aw Gy (29)

t=t+1

t+-T

_ ?El {(1 + Pz)—(?_t) — wtxt(ll_:—(i>$~t} — a,w,C,, (29

where w is the wage rate, 6 is the anticipated rate of rise in wage
rate, 1 — w,(1 + 6)©*\, is the expected return in period ¢, 3 (1 + pt)““A‘”
is its discount factor, and a,w,C,, is the cost of production of a ma-
chine of type ». The expected return and the cost of production were
measured in terms of consumer goods, ¢ and ¢ denote the present and
future time points respectively.

(29') can be written in an alternative way as;

U: = Pen — Whido.0y — a,w,Cy, (29")
Where
-G
- —r
Pty — 1 (1 + tot) and ¢(p_9) = 1+ P)
m g
‘ 146

It seems that, in case the rate of interest and the wage rate are
given as the aforesaid relations, entrepreneurs so determine )\, as to
maximize the present value of the said net flow of return. Since p is
constant and uniformity in technical progress (da/or = 0) is assumed,
the following relation is needed in the aforesaid entrepreurial behavior:

aU
on
Hence :
—WPp0) — aw,Ci =0 - (30)
—dip-0) = @, C, (30"
where
C;\t = aCM

g

It should be noted that, in case dynamic anticipation is made on the
wage rate and the uniform technical progress is introduced as above,
the marginal cost of labor to economize on the amount of labor required
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for operation of new machine should be equalized with —g,.;, rather
than —g¢,,. Also, with w, and \, given, the rate of interest p should
be determined by assuming perfect competition in the market, at a
level where the discount value of the expected return obtained from
new machines will be equalized with the cost of investment (excess

return or loss will be zero) or with marginal efficiency of capital.
Therefore,

Pioy — W NP (p.0) = a,w,C\, (31)

Since it was assumed that ¢ and T are constant and that p, is also
invariable, ¢,, and ¢.., are constant.

@ = 0, = const, (32)
$(o0) = 0y = const, (33)
From (4), (30') is rewritten as (30”):
52 = at')'c(;\’t,_l (30")'
Substituting (30”), (82) and (33) into (31), we have:
0y — 0, W\, = 'B’Ylwt)“t (31')
Hence
o= Awt (34)
where : Eﬁ
_a(1 4 1) s N
A= 3_2(1 +1)7 >0
From (34), we have:
A gt < 0 (%)
dw _ '

Therefore, a rise in wage rate brings about a fall in labor intensity
(rise in mechanization). If in this case the wage rate actually rises at

a geometric rate of 6, A continuously becomes lower at a rate of —6/1 + 6.
From (34),

A we g Aw
A Wit Wit

(36)
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From dw,/w, = 0,

0
= ——7 36’
1+6 (36)

Since the relation of (34) is maintained in the same way at each time
point, the following holds true with respect to t — T < v:
A, = Awy? (34)
Since the rate of rise in wage rate is 6, if w,_, = w, (given), the
following relation exists with respect to t — T < v:
W, = Wy(1 + 6)*~* (37)
From (34') and (37),

— A ”n
Y (34

Then, it follows that the relation of (27) is influenced by the mutual
relation between

1 1 < 1
——— and ————— .
oy " Trom A TT a0

When ¢ is made closer to « as against finite 7 in order to examine
the aforesaid relations,

. 1 . 1
lim————0 and 1 {__.
lim g0 o I

S 1 }_ﬁ 1
g t—zz"‘+1 (1 + g)u—(t—-T)(]_ + g)t—n (1 + g)"_l :

When, on the other hand, ¢ is made closer to 0, 1/(1 + 6)” becomes
gradually larger, and takes on the maximum value 1 when 6 = 0, At
this point

1 = 1 1 SHE
T — s —_—— L ]
Tro= A Troriso= S ar o= T g

Transforming the result, this shows that it is equal to one, independent
of g. In this case,

t—1
Mex g 3 (L g)E
t—T+1

N, =
1+ g
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and at the same time N\, = \,_, = -+« =\,_p. Thus, when 6 is changed
from 0 to ~ with respect to arbitrarily chosen g(>0), 1/(1 + ) never
-exceeds ¢ >,1/(1 + 6)*""(1 4+ g)**. In the economy which grows re-
gularly and progresses steadily, ¢ > 0, but at the same time there
probably exists a certain upper bound. In this model it is assumed that
-all machines uniformly have the physical lifetime of period 7. If 6 is
extraordinarily high, however, the situation will possibly arise where
.operation of machines of certain vintages will become disadvantageous
‘within their physical lifetime owing to a rise in wage rate. There-
‘fore, supposing that all existing machines will be utilized completely
‘within their physical lifetime without occurrence of such a situation,
‘then 6 has a certain upper bound. Letting 6* be such an upper bound
:and assuming that the return obtained from the machines constructed
in period v will become 0 in period v + T, we have:

1 — w1+ %™, =0 (38)
Or
w,(1 + 0*MK\, =1 (38)
From (34'),
_ — é l - "
'wvx,,_A—al(1+ 7) (34™)

“Therefore, (38’) is rewritten as:

1+ o*yrfen — 14 1 (39)

Pp) 7
Since o keeps constant in the assumption, 6* is given from (39). There-
fore, if all existing machines have non-negative quasi-rents and are
utilized completely as mentioned above, then 6* = 6 should hold true.
From the above discussions it follows that in the economy which is
growing regularly and in which the anticipated rate of rise in wage
rate @ satisfies 0 < 6 = 6%,

t—1
Moo+ g 20 (14 g T,
t—T 41
1+ 9"
-and from (26’), 4LY/Q, < 0. Thus, in the economy in which the em-
bodied technical progress takes place, the coefficient of labor inevitably

‘becomes lower.
The relation between the percentage rates of variation of coefficient

Ay <
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of labor and labor intensity is derived from (22)~(25) and (36’) as given
in (40):

t t—~1

Z Iv)\‘v I‘UNV

t—T+1 t

t = 1+g¢
e _ ot B T3 0y
L¥Q, S 1+g T+
—r v v
t—1
I,
t—T
Hénce
ALYQ, _ AN, "
TR, (<)

Therefore, the percentage rates of variation of coefficient of labor and
labor intensity are equal. It is self-evident that this relation is entirely
consistent with the above discussions. Meanwhile, the output in the
consumer goods sector and the rate of growth of employment are given
respectively as follows:

t t—1

21— 31,

¢ t—1
AL%I — —%11')7\,” B t—ZTvav _ 9 — 0 (43)
Ly = 146
S I,

The following will discuss the demand for labor in this model. In
Solow’s model (3), it is clear that the demand for labor in the consumer
goods sector decreases with a rise in wage rate. However what will
become of demand for labor in the capital goods sector? Solow’s model
shows that a rise in wage rate brings about an increase in demand for
labor in the capital goods sector. In this case, however, it is implied
that the rate of interest is varible and implicity becomes lower. Thus,
what may be called neo-classical conditions are presupposed. In the
model discussed above, however, the rate of interest is invariable and
its inflexibility was supposed, so the demand for labor in the capital
goods sector is subject to the influences which are different from those
in Solow’s case.

From (30”) and (3),
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»yatg‘_‘_ = 0, (44)
t
0, — B _ oongt, (44')
Ay 104
or
—_— 32 ”
a,CM - 7Xe (44 )

Differentiating both sides of (44”) with respect to w, on the assumption
that a, is independent of w, we have:

dCy _ 0 (45)

b aw v dw

Substituting of (45) into (85) and rewriting it, we have:

a0y _ —a;' 2 Aw™? (45"
dw Y

Under the aforesaid conditions, from (45’), the demand for labor per
unit of machines in the capital goods sector becomes smaller with a rise
in wage rate. Graphically this relation can be explained as follows:
Fig. (2) was drawn in exactly the same way as Fig. (1). Demand for
labor in the initial period is shown by curve F,, Assuming that ), is at
N, therefore the system is at point P, the F;-curve, as mentioned above,

ls

lop======—--—
hp---——----

Lf-—————————~,

!
/ :

]

l
0 A2 At Ao At
FIGURE 2
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shifts down with a lapse of time, for example, as shown by the F\-
curve or the F,-curve. Since p and ¢ are constant, a.C,,/\, is also
constant. The system, therefore, should exist on the same ray
passing through the origin over time., The fact that a,C,./\, is con-
stant implies, from (44) and (33), that the slope of each point of the
labor-demand curve is constant, that is, the rate of return in equilibrium
is constant. If A decreases in such a way as A, — )\, — A\, with a rise
in wage rate, therefore, the system shifts as P,— P, — P,, then demand
for labor per unit of machines in the capital goods sector continuously
decreases as I, — I, — [.. :

Next, the related question of determination of wage rate will be dis-
cussed. Under the statie anticipation on the part of entrepreneurs that
© and w will remain unchanged, Prof, Solow thought of determination
of w, at the point where total demand for labor >i.er,uw) LN + LN, (V
isa set of v(t — T < v <t — 1) which become 1 — wx\, = 0 in period ¢
under wage rate w,) and supply of labor are equal. In Prof. Solow’s
system, the demand for labor in the consumer goods sector is a
decreasing function of wage rate. In the capital goods sector, on the
other hand, under neo-classical assumption as already mentioned, the
demand for labor is an increasing function, so the shape of the total
labor demand curve comes into qustion, Prof. Solow, transforming (46)
into Sere,w) LN, = L, — O I, thought of determining the wage rate
from the conditions of an equilibrium between demand and supply of
labor in the consumer goods sector. In this case, assuming that total
labor supply is given heterogeneously, the supply of labor in the con-
sumer goods sector becomes a decreasing function of wage rate.
Primarily considering (46), the total labor-demand curve, as pointed out
by Prof. Fukuoka (2, p. 16), retains the property of downward to the
right on the whole so long as the property of upward to the right in
the curve in the ecapital goods sector does not offset the property of
downward to the right in the consumer goods sector which is shown
by a step curve. The total labor-demand curve has the shape of a
folded line which alternately consists of horizontal portions and portions
downward to the right, If a vertical labor-supply curve crosses the
labor-demand curve at a certain horizontal portion alone, the wage rate
is determined there, but it does not represent the stable equilibrium
value. If the former crosses the latter at a certain portion upward to
the right, the wage rate thus is determined there, but it is unstable. In
this case, as the portion upward to the right joins the upper and lower
horizontal portions, the labor supply curve crosses the total labor-demand
curve also in the upper and lower horizontal portions, and after all the
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wage rate is indeterminate, Thus, the property of downward to the
right in the total labor demand curve is at least a condition required
for consistency with the demand theory. A problem remains unsolved
in the fact that, even in the said case, it has such indeterminacy as
mentioned above,

Meanwhile, when the uniform technical progress is introduced and
when the rate of interest is constant, the demand for labor per unit
of machine in the capital goods sector in period ¢ is, by (45), a decreasing
function of w,. If I, is independent of w,, the same thing can be said
of the demand for labor @,C,,I, in the said sector.

-1 7
Then, what about demand for labor tZIvkv in the consumer goods
t—T

sector in period ¢t? If the rate of rise in wage rate in each period coin-
cides with the anticipated rate of rise 6 and if 6* = 9 > 0, the amount
of \,-type machine I, concerning ¢t — T < v <t — 1 for wage rate w,,
as already stated, retains non-negative quasi-rents in all vintages of
machines, so that the machines can be utilized completely. Also, as I,
and ), are pre-determined, the demand for labour I, I, is given,

If the supply of labor L, in period ¢ is given exogeneously, and if it is
enough to meet the total demand for labor, then it is shown as follows:

t—1
;TIJ"@ +aC\I, =L, (46)

Substituting (44”) and (34) into (46), we have:

wo=A%_ L (47)
T L, — S I,
t—T

where L, N, and I, are given, and I, also is already known under the
assumption of steady growth (later, I will be dealt with as given en-
dogeneously). It can safely be said, therefore, that the level of w, is
determined uniquely from (47).

Then, let us graphically discuss the mechanism of determining the
equilibrium rate of wage in 6* = 6 as mentioned above. In Fig. 3,
wage rates are taken on the vertical axis, and the amounts of labor on
the horizontal axis. The F',-curve shows the demand for labor L! in the
capital goods sector in period ¢; the F,-curve, the demand for labor LI
in the consumer goods sector in the same period; the F;-curve, the total
demand for labor obtained as the resultant of the foregoing two; and
the F-curve, the supply of labor L,. The curve is given as a curve
downward to the right owning to the relation given by (45’). The F}-
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Li, Li', Lt
FIGURE 3

curve is a vertical line in case the wage rate is below the wage rate
w* given by 6* (if w,_, = w,, this is shown as w = w,(1 4 6*)"), while
when the wage rate is higher than the said wage rate, it is shown by
a curve stepping up as shown by P,Q and R. Thus, the total labor
demand curve is drawn as the F,curve. If supply of labor is given
enough to meet the total demand for labor which is the sum of the
demand for labor L! for production of A, type machines in an amount
I, and the demand for labor L}' for operation of \, type machines I,
concerning t — T < v <t — 1, the vertical labor supply curve F, will
be, as shown in Fig. 3, to the right of point P’ on the F,-curve, having
a stable point of intersection with the Fy-curve, Under such conditions,
the point of intersection E is a stable equilibrium point and the
equilibrium rate of wage is determined corresponding to it. The wage
rate in (47) is determined with such a situation in the background. If
the supply of labor curve is to the left of point P’, and if the curve,
as shown by the F'-curve, intersects the first portion, from point P’,
downward to the right, the equilibrium rate of wage is determined to
correspond to the point of intersection E’. In this case, since the oldest-
fashioned machines (those with the largest \; if it is noted that \
decreases with a lapse of time in case technical progress is introduced,
it implies the A\,_, type in this case) are not utilized, and no demand
for labor connected with such machines arises, we have the continuous
total labor demand curve below point @ (shown by the dotted line in
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Fig. 8). Therefore, if the ‘“n’’-th portion downward to the right in
the total demand curve, as counted from point P’, intersects the labor

t—1

supply curve, then (46) can be written as >, I, + a,C,.I, = L,, and

t—=T+n
in this case the equilibrium rate of wage is given by:

Ao, I,
i—1
fth - Z kl,v

t—=T+n

w, = (47')

Therefore, w, > w} holds true, and the actual rate of rise in wage rate
6 in this case is (1 + 0*)7/T —1 < § < (1 + %77~}
From (34"),

wu+nx"a+n = A

Since, on the other hand, w\, = A and w,(1 + 6*)™\, =1,
L+ =1+06%, 6=(1+06)5—1
Hence
L+ 6 —1 <9< (L4045 —1

Next let us consider the relative share of labor in the consumer goods
sector with regard to the model discussed above. The share of wages
in the output of consumer goods in period ¢, w,L}'/Q,, can be written
as:

-1
o—(¢t—T)
w,LI" _ W, t% 1+ 9) Ny

48
Q. CtoF —1 (48)
g
Substituting (34’) and (37) into (48) we have:

w. X t=1 A 1+g o—(t—T) ,

St — 0 1 N*B =
= w1t o) grw0(1+0) (48))

here B = g

(W ere AT o= 1)

Hence

8 In this case, considering that the return from a machine of At—r+» will become
0 in period T — », we have:
Wot+n(l + OT~"p4n =1
(where » is an integer which satisfies 1< n < T)
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w, Ly < t—o v—(t+T) r”
o= ABR L+ +9) (48”)

t
Since the relation expressed by (48”) exists with respect to all £(=¢),
the relative share of labor is kept constant over time, This conclusion
can easily be derived from the fact’ that, alternatively, the rate of rise
in productivity is equal to the rate of rise in wage rate. The rate of
distribution of labor can also be expressed as follows:

__wb”‘ = A-B{(L + 0 + (1 + g)(L + 0" + -+ + (L + g)"*(L + 0)}
(for £=1t) (48"

Prof. Solow (6, pp. 629~631) found the relationship that the production
function is of the Douglas type on the condition that there exists a
stationary state where I, and \, are constant and no technical progress
takes place. Since it has constant return to scale, the neo-classical
criterion of distribution is established, in perfect competition all products
are distributed into both factors without any excess or deficiency.
Although the constancy of the relative share of labor in this system
is as well-known, as disccused above, so far as the system is growing
steadily, so far as the wage rate is rising at a constant rate, so far as
the rate of interest is kept constant and so far as the technical progress
is uniform, the relative share of factors remain constant over time.

Finally, let us consider the production in the consumer goods sector.
The (gross) capital stock in terms of consumer goods at the end of

period ¢ is:
11

Kt = Zl a’vc)\vwvl'v (49)

t—7T+1

which gives the undepreciated cost at that time. The relation of (44’)
holds true with respect to v, too. Therefore,

a,Cy, = 22, (44"
Y

If the rate of interest remains constant, from (44’”’) and (34"’) we have:

4 Deriving the rate of rise in productivity in the same way as (40), we have:

1+g

4Q,/Ly T4

Qt/LItI =1+g~1=9¢
t 1+e

Therefore, the rate of rise in productivity in the consumer goods sector is equal to
the rate of rise in wage rate.
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K =4% s, (49')

Q= 1;3 K, (50)
or

Q _ v K., '

L¥~ A5, LY (50)

From (50) it follows that, when the rate of interest remains constant,
the coefficient of capital in the consumer goods sector is constant
(Ad,/v). Also, from a,C,w, = Ad,/v, it is obvious that the cost of
production of 1 unit of machine is constant. Therefore, from the facts
that the rate of interest is constant and that, in case uniform technical
progress takes place, the cost of production of 1 unit of machine in
terms of consumer goods is constant at each vintage, we can say that
the coefficient of capital in terms of consumer goods is constant.
Although the cost of production of machines is thus constant, as a re-
sult of the technical progress, the quicker is the tempo of technical
progress, the larger become the differences in the market price and the
reproduction cost between ultra-modern and old-fashioned machines’.

From (50) it is self-evident that, in the process of steady growth,
the output of consumer goods and gross capital grow at the same rate.

Let us now refer to the relations between the coefficient of capital
and the rate of interest.

ey
-
K, , _ Ao, _ 24 Py = Pip)
= = o =
Q, o o 1+
5 Letting k: be the market price of 1 unit of machine in period ¢, kf be its re-
production cost and k, be their difference,
Fe = ke — k¥ = a:Clw; — aiChy = L2 — €@ 4y, = _Plo) 1——-
t t t t twi t t 1 T 2 (1 T T) t 1 T " ( )
Therefore, taking k as the difference in &k between the machine introduced in period
t and the disappearing machine,

B Rer= o (-
We—-T

(51)

1
W
If wi—r = wo in the above, from w; = 'wo(l + 6)¢, we have:
—her=_022_ 1 _a+e-13>0
1+7 wo
Therefore, the quicker is technical progress, (that is, the larger is 6), the larger
becomes k; — ki—r.
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Since ¢, is a decreasing function of p, the coefficient of capital is a
decreasing function of the rate of interest, and this relation is consistent
with a neo-classical point of view. In this paper, as it is assumed that
there will be no change in the future in the entrepreneurs’ anticipation
concerning the rate of interest, the coefficient of capital is constant over
time,

Since labor productivity rises at a constant rate (4) owing to the
technical progress as mentioned above,

%:x(1+o)t (52)
or
Q. = £(L + 0)'L¥ (52)

where k£ is a constant.

From (50) and (52') it is possible to express the production function
in this sector alternatively as (53) under a linear homogeneous condition:

Q; = F'{K,, 1 + 6)'Li} (53)

This formulation is similar to that used by Prof. Uzawa (12, p. 64),
and corresponds to the case of neutral technical progress in the Harrod
system. In this way it is possible to formulate the production function
which has heterogeneous-capital fixed-coefficient technology in the case
of uniform technical progress, constant rate of interest and constant
rate of rise in wage rate.

3. RELATIONS WITH PROF. ARROW’S EMBODIED TECHNICAL PROGRESS

The fall in coefficient of labor in the consumer goods sector due to
the embodied technical progress in the case of Prof. Solow, as is clear
from the analysis in the previous sector, was owing to the lowering of
A, over time and was brought about by the continuous rise in wage
rate in the growing economy. In that case, the tendency of gradual
decrease in )\, and the cumulative process of I, were independent of each
other. Prof. Arrow’s standpoint, on the other hand, was to introduce
the relationship of the former dependent on the latter explicitly into
his analysis. The following will discuss effects of the embodied technical
progress with respect to Arrow’s model and compare it with the extend-
ed Solow’s model which was discussed in the foregoing section.

Firstly, a brief description of the basic framework in Arrow’s model
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is as follows: In the economy, with the aggregate production function
of Q= F (G, L) --- (54), output Q is produced with the cumulative value
of gross investment G and the amount of labor L. In this connection,
the machines which were constructed when G came to satisfy G = G,,
are called machines with serial number G, (hereinafter briefly denoted
as G,). Machines with differing vintages are made heterogeneous from
one another. Let A\, be the amount of labor required for operation
of 1 unit of machine which have the value of G,, and v, be the output
produced through the operation of 1 unit of the said machine. Here
M, is assumed that it is a monotonously decreasing function of G,, it
is formulated as (55):

M, = bGy’ 0<o<l) (55)
This relation is nothing other than an application of the learning curve
hypothesis.

Withe regard to v,, since it is assumed that the productive capacity
of machines is constant.

?y(gv) = a = const. (56)

If it is assumed that machines of new vintage are more efficient than
those of old vintage and that, therefore, new machines are given
respectively by (57) and (58):

Q= vorda (57)

E::Swade (58)
(223

(where G, denotes G, of the oldest type among the existing machines.)

Let L be the amount of supply of labor, assuming that it is given
exogeneously, then the equilibrium of demand and supply of labor is
written as E = L -+ (59).

Setting I'y = Svg-dG, we have:

Q=1Tg— e (57"
From (56)

Q=aG— G,) (57")
Also, from (55)

b
L — l1—o __ l*—o
Tj;@ G°) (60)
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-l

l1—o¢ a

Therefore, the coefficient of labor L/Q is given by (61'):

Ll o ST
TG e

From (61') it follows that, provided that G/Q is kept invariable, the
coefficient of labor falls with an increase in output or in the cumulative
value of gross investment. The problem, therefore, is whether such a
relation can exist with respect to G/Q.

In case the rate of rise in wage anticipated by entrepreneurs is
constant and in case the rate of interest is determined by perfect com-
petition in the market, Prof. Arrow (1) found out the the relation that
w,\,[Y, 18 constant provided that the economic lifetime of machines
never exceeds their physical lifetime and that the rate of interest is
kept constant. Such a constancy of w,\,/v, under a constant rate of
interest is consistent with the relation of (34"’) which was discussed
in section 2. The mechanism for determining w, is as follows: It is
thought that in full employment no profit is obtained from those
machines which have marginal G,. Therefore, in the same way as
Prof. Solow,

Yo — Whgy = 0 (62)

Deriving G, from (57”), substituting it into (62) and transforming the
result, we have:

_ 0 (n_QY
w=g (=) (63)
From (55) and (56),
Wks — 39 D G (64)
Ve a
From (63),
—(1_1Qy '
=(1-22) (64)

Therefore, if w,\,/vq, is to be constant, Q/G should be constant,. This,
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needless to say, implies that @ and G grow at the same rate.
Q_G (65)
Q G
Therefore, translating (61’) in logarithmic terms and differentiating

the result with respect to time, we have, as G/Q = const.

L _ ;9 9 66
e ’q°" (66)

From (65),
= _ag— <0 (66")

Thus, the coefficient of labor falls at a rate which is the rate of growth
of @ or G multiplied by o.
From (55),

— o 0 67
A G< (67)

Hence, in the same way as (41),

(L/Q) _ A
R — 2 <0 68
LR~ (68)
Since w,\,/7s, = const. and therefore w/w = —\/\, letting 6 be the rate
of rise in wage w/w, we have:
W p
w_ L= 69
py N (69)

Then, if the wage rate rises exponentially at a rate of #, the co-
efficient of labor should continue to become smaller at the same rate.

(L/Q) _ _
@ (70)

In Prof, Arrow’s case, the embodied technical progress is introduced
through the cumulative process of G, the subsequent fall in the co-
efficient of labor (rise in productivity) is at the same rate as the decrease
in labor intensity, and, at the same time, it is at the same rate as
the rise in wage rate. Also, since the rate of fall in the coefficient
of labor (rise in productivity) due to the technical progress is thus equal
to the rate of rise in wage rate, the relative share of wage is maintained
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constant. These conclusions, in substance, entirely coincide with the
results derived in section 2, Prof, Arrow regarded ) as a decreasing
function of G, while in Prof, Solow’s case, it was assumed in section
2 that gross investments grow regularly, although such a clear re-
lationship as that in Prof. Arrow’s case does not exist. In both cases,
after all, the same pattern was shown as explained above, for A de-
creases with a rise in w. In Prof. Arrow’s case, from (67) and (69),
the rate of growth of the cumulative value of gross investment G is
larger than 6°, Also, in case the uniform technical progress is intro-
duced into Solow’s model, as will be shown in a later section, such an
analogous relation is obtained that the rate of growth of gross investment
is higher than #. That is to say, in case the entrepreneurs anticipate
that there will be the technical progress and that the wage rate will
rise, in the balanced growth, the rate of growth of gross investment
or its cumulative value should be higher than the rate of rise in wage
rate.

The relation of (55), which was derived through application of the
learning curve hypothesis, features Arrow’s system and plays an im-
portant role in defining the character of the system. The production
function’, which is derived together with (56), shows increasing returns
to scale, Thus, there is peculiarity with respect to the returns to scale.

4, EMBODIED TECHNICAL PROGRESS AND SOLOW’S TWO-SECTOR
GROWTH MODEL

In the foregoing section, theoretical discussion was conducted concern-
ing the embodied technical progress. In this section, the embodied

¢ From (67) and (69), we have:

G_9
G o'
. G
Since 0 <o <1, 6>0'
Explanation can also be made as follows:
Q_ . Q_L  @0L)

If Q =g is set from 0" L +_(Q/L) ,
Hence g—0=n>0.

then g=n+94.

Since %=%, the rate of growth of the cumulative value of gross investment

is larger than 6.

1
7 Prof. Arrow derived @ = a,G{ 1-— (1 _4 ; g Gf’_ ~ )1“’} as the production

function in his model. Although this is not a homogeneous function (algebraic form),
it is obvious that, for inputs of the same multiple, @ shows an increase larger than
a proportional one. It therefore follows that @ shows increasing returns to scale.
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technical progress will be introduced into Prof. Solow’s two-sector
model, and studies will be conducted on the pattern of the balanced
growth with regard to a model in which capital formation is endogeneous.
It is assumed in this case that, as shown in section 2, entrepreneurs
anticipate that the wage rate rises at a rate of ¢ and that the rate of
interest remains constant. It is further assumed that 6 =< 6,, that is,
until the existing machines fulfil their physical lifetime T, they will
at least maintain their non-negative quasi-rents and will not become
disadvantageous in operation.

As for the equation system in this model, in addition to (29”) and
31), Q,= ‘i I, is given first of all, in the same way as (11), as a
function W}tl—iZh determines the output of consumer goods.

Since the demand for labor in the consumer goods sector is :2; I\,

and since that in the capital goods sector is @,C,.I,, the total demand
for labor in period ¢ is given by (71):

t—1
E, = t__ZTIJ\'u + a,Cy 1, (71)

If the supply of labor L, in period ¢ is given exogeneously, the
condition for equality in the demand and supply of labor is given by

E, = L,, and, as shown by (46), S I\, + a,Col, = L,.
t—-T
If it is assumed that gross capital is formed endogeneously in the
system and that the gross savings are obtained by multiplying the total

output in the former period Y,_, by the saving ratio s, the equilibrium
between gross savings and gross investment is expressed as:

It: SY.,'_1 (72)

Since the output of capital goods J, is measured in terms of consumer
goods as J, = a,w,C\.I,, from Y,_, = @, + J,_, (73) we have:

Y. . =Q_+a_w,_Cr_d, (73"
Hence
I, = 5@ + a,_w, ,Cy, 11, ) (72"
= S( _Zn I, + “t—1wt—1CM—1Iz-1> (72")
t—T-1

If it is assumed in this case that the supply of labor grows at a
certain compound rate 7, the following is given as a labor supply
function:

L, = Lyl + n)* (m>0) (74)
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The complete system of the two-sector model is constructed in this
way. Meanwhile, it is possible, by (44"”), to express the left side of
(46) as a function of the product of N and I as in (46').

zn+52u_L (46')

Also, by (44"), (72) can be rewritten as:

I, = S( ti Iv + "ig' wt—17\Jt—-1It—1> (75)
t—7T—1 0%
From (34"") ‘
(21+A52 .) (75)
t—17—1

Thus, the right side of (72') can be expressed as a function of I alone.
In the system, there are stocks of machines available for use at the
end of period ¢ I,_,., machines of type N\,_r.:, I,_r.,, machines of type
Ne—riz, *++ and I, machines of type A,. Assuming that, in the system,
an equilibrium rate of interest is realized and the wage rate rises as
anticipated, by selecting w,_, = w, as the initial value gives, the wage
rates become respectively w, = w,(1 + 6)*~*"™ and w, = w,(1 + 6)*. The
supply of labor is given to the system exogeneously under the relation
shown by (74). With these conditions given, let us consider the pattern
of balanced growth in this model.
From (75’) we have:

I, — s 4o, I, —sl, v —8l,p ,=0 (75”)
4

which is a linear difference equation of order T+ 1 with constant co-
efficients. If we can chose the dominant real root larger than 1 among
the characteristic roots derived from the said equation, when it is set
as \; = 1 + §, gross investment I, will probably grow dominantly as:

I, = ai(1 + )’ (a; > 0) (76)

where § denotes the rate of growth of gross investment which incessantly
maintains dynamic equilibrium between savings and investment. Since
(41) shows that the rate of growth of the output of consumer goods
is equalized with the rate of growth of gross investment, it is possible
to say that § means the rate of growth of gross investment or output
of consumer goods which equalizes the demand and supply of additional
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capital. Also, the rate of growth of gross investment measured in
terms of consumer goods J is equal to the rate of growth of I and Q.

A_Jt — @y 1:Crhe0iWe sy — a,Crow 1, (77)
J, a.Crw. I,

From (44") and (34"")

a1,
I,

Also, from (42)

— 49,
Q.

Since the rates of growth of @ and J are equal to each other, and
the total output also grows at the rates of §, § is the rate of growth
of total output or gross investment that will incessantly maintain full
utilization of capital.

As for (46’), meanwhile its left side, as already stated, is a function
of A1, and the coefficients included therein are not constant with respect
to I. However, since ) is determined by w from (34) and since w, as
mentioned above, is taken as known, they are already known in the
system. That is to say, if N,y = X\, is set, then

Ao

M= T L)
and
No ’
T L
Hence
0 No I,
8 I = L, 79
v 1+ 0) A §(1+0)”—“ - ()

Substituting (74) into (79) we have:

b Mg Ay

—fy- (1 + 0)1’ t ‘(1__[_—0)2-_1- It—l + oo 4+ )’tIt-T == LO(]_ - n)t (79;)

It is thus possible to obtain a non-linear difference equation of order
T with constant coefficients.
From (79’), the general solution of I, is given in the form of the
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sum of an arbitrarily chosen particular solutions and the general solutions

:T__‘, B\t of a linear difference equation which is equivalent to (79)
i=1

with its right side set as 0. Assuming that it is possible to choose a
dominant real root larger than 1 among the roots, let us set the real
root as \; =1+ §. If 1+ = is not the characteristic root of (79'), the

particular solution in this case is

I, = &1 + n)* (¢ is constant). (80)
Then,

I, = el + n)* + B,(1 + §) (e, B;>0) (81)

shows the movement of gross investment in question. If § > 7 in this
case—this is an acceptable assumption in light of the many empirical
facts that capital is growing at a tempo quicker than that of labor—
ultimately, gross envestment I, will geometrically grow at the rate of
gd. In that case, § means the rate of growth of gross investment or
total output which incessantly maintains full employment., The rate of
growth of employment in the capital goods sector is the same as that
in the case of the consumer goods sector, which was givenas g — 6/1 + @
in (43). If the rate of growth of employment in the capital goods
sector is 4L'/L', then with regard to period ¢, we have:

4L} _ a,.,Criiifiss — @,C\i1, 82
L; a,C.1, ( )

From (44")
>\‘t+IIt+1 "“ )“tIt

Nl
From (21) and (78)
_9—0 89
1+6 (82)

Therefore, total employment also grows at the rate of g — 6/1 + 6.
In case the rate of growth of gross investment or total output which
will continuously maintain full employment is g, the condition for
equalizing the demand and supply of labor is expressed as

g9—0 _ 83
1+0 " (83)

This is consistent with the relation given above, for n > 0 and there-
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fore § > 6 should hold true.

Although it was shown from (40) that, owing to the uniform technical
progress, the coefficient of labor in the consumer goods sector falls at
the rate of —6/1 + 6, the coefficient of labor in the capital goods sector
also falls at the same rate,

From (10), we have:

1 _ 1
ALi/Jt — wt+1 wt
Li/J, 1
w;
From (36)
0
= — 84
146 (84)

Expressing the aforesaid relation in terms of labor productivity, the
rate of rise in labor productivity in the consumer goods sector is ¢ and
so is that in the capital goods sector. Therefore, the rate of rise in
total productivity is 6, which is the same as the rate of rise in wage
rate, and consequently the share of wages in the total output is main-
tained constant,

Letting w,L,/Y, be the share of wages in the total output, since
L,=L'+ L¥and Y, = Q, + J,, we have:

t—1
oz, w{eCul+ 1)
Y t—1
’ ;Iv + a.Crw. I,

A,BI 1+§T AL =1 1+’g‘}v-—(t—-1’)
1 07'{____2__0,___ 44,
w0 w0(1+0> + woth(__Ha) .

LS 1+ gy + __—A-izfo A + 4
Since, from (83), § — 0/1 + 0 = n,
1+39_ 4 86
16 + n (86)
oY
1+§=(1+6d+mn) (87)

Hence
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t—1
L R %N
whe _ v tx ~ (85')
oo lSat004+np-+ 2 M 0
A iTr v A v

‘where

M=1—{(1+0)(1+n)}"T’ Nzl—(l—l-’n)“r
QA+60)1+n—1 n

‘Thus, the share of labor is maintained invariable with respect to £ = ¢.

The balanced growth in this model is attained in the case of § = §
where full utilization of capital and full employment of labor are attained
simultaneously. In the consumer goods sector, the production function
in the system is, as shown by (563), @, = F'{K, ,, (1 + 6):L}. In the
capital goods sector,

J. = FY{(1 + 0)'L}} (88)

for the only factor is labor, and labor productivity increases at the rate
of ¢. Therefore, we have Y, = F™{K, ,, (1 + 6)'L"} + FY{(1 + 6):L}
and on the whole the system behaves in line with the fixed proportion
production function. In such a system, it is when both rates of growth
.coincide with each other, needless to say, that unemployment of both
factors is avoided and that the system can continue to be on the dynamic
-equilibrium path,

Then, let us discuss the determination of the equilibrium rate of
interest at which full utilization of capital and full employment of labor
are compatible with each other.

From (51), we have:

K,_ 0%
i o NP A (89
.~ A, )
At the same time,
J, atCAttht ( 90 )
1
Kt—l 2 a’vCM;vav
{—r
From (34”) and (44"
= = (90)
21,
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__ 7
90['
I—A+9 &

Since Y, = Q, + J, -+ - (91), substituting (89) and (90’) into (91) we have:

Y, _ o g
K. 45, 1—-0+9—° (91)

‘On the other hand

J— t4+1 It+1 92 ‘)
t—l K —-1/ ( ’
‘where
It+1 — It+1 — It 1 ( 93 )
t—1 -1
Kt—l E avCA.kuIu ﬁ t Iv
1 v T

T AL — 1+ 9) 7

Also, from (72) we have: I,,,/Y,=3s
Hence

Y, ___ 1 +39) )
K., Ads{l—(@1+ 7)™ (93”)

“Then, from (91) and (93")

9 _ v§ + §)
R ) X e (94)
A%, _ A+ 9) g v
Y S{l—(1+g)"‘r}/1_—(1+§)—f (9 )

In the equilibrium growth, since § = § as already mentioned, where
g is given in the form of § = (1 + 6)(1 + n) — 1 from (83), and since
Ady[v is @/l + v owing to (51), (94') can be rewritten as:

g =1 +7{E0LED _ LY (94”)

Then, since @, =1 — (1 + 0)~7/p, (94") takes the form of a function
.of p. If a positive real root can be obtained from the said equation,
it is nothing other than the equilibrium rate of interest which makes
-full utilization of capital and full employment of labor compatible with
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each other in the system.
As for the wage rate, setting I, = I,_,, L, = L,_, and \y = \,_, from:
(47), we have:

w, = Pp) I(1 + g)°
t—1 1 A\v—(t—=1)
PV LA 4wy~ I 3 ()
— _Pw I{d + o)1 + n)}* (47"):

LY L+ )7 — I S5 (1 + myeiem
t—T

where t — T = 0, which can be rewritten ast¢ = T.
Hence

— _Pw I + 6)' (47"}
1+~ L,— I\N

Since N =1 — (1 + n)"¢/n, the smaller is n, the larger becomes N..
Therefore, the smaller is the rate of growth of supply of labor, and,
though a matter of course from the premise, the larger is 4, the higher-
becomes the wage rate, owing to (47”) respectively and vice versa.
Substitution of the equilibrium rate of interest determined as above
into (47"”) simultaneously determines the equilibrium wage rate.

Likewise, with the equilibrium rate of interest substituted into (32)
and (33), A is determined owing to (34"'). Therefore, substitution of"
A and 0,, which were thus given, into (85’) determines ultimately the:
equilibrium share of wages in the total output.

CONCLUSION

In this paper, the writer, centering around Prof. Solow’s two-sector-
model and also introducing the embodied technical progress and entre--
preneurs’ dynamic anticipations concerning wage rate, has discussed
various effects of the uniform technical progress, made comparative-
studies with the embodied technical progress in Prof. Arrow’s learning-
curve hypothesis, and finally investigated the pattern of balanced growth
concerning a model which endogenized the supply of capital. The con--
clusion obtained in this paper is summarized as follows: :

In the aforesaid two-sector economy, when competition is perfect,
when in entrepreneurs’ dynamic anticipation the anticipated rate of rise-
in wage does not make the economic lifetime of machines shorter than.
their physical lifetime, when the rate of interest is constant, and when
the uniform technical progress is introduced, if the rate of growth of*
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total output of gross investment that completely utilizes capital is equal
to the rate of growth of total output or gross investment that com-
pletely employs labor, then it is possible for the system to make sus-
tained balanced growth. In this case, capital and labor are utilized
simultaneously and completely. Also, total output, output of consumer
goods and output of capital goods grow at an equal rate, and the rate
of growth of capital is equal to the said rate. The coefficients of capital
in the consumer goods sector and in the economy as a whole are in-
variable respectively. In the uniform technical progress, the rate of
return is constant, and the rate of distribution of factors is maintained
constant over time. Labor productivities in the consumer goods sector
and the capital goods sector rise at a rate equal to the wage rate ().
Labor productivity in the economy as a whole is equal to the said rate,
while labor intensity falls at the same rate. It is necessary that the
rate of growth of gross investment or total output should be higher
than the rate of growth of labor and higher than the rate of rise in
wage rate, It is a characteristic conclusion that the anticipation that
technical progress will takes place in itself influences the rate of growth
of gross investment. As shown in section 3, this is consistent with
the conclusion derived in Arrow’s model.

The essential character of the model disccused in the above is in-
fluenced by the relation that the system as a whole has a fixed capital
coefficient—has a fixed proportion production function. This, as well
as the embodied technical progress, is attributable above all to the
premise of constant anticipation concerning the rate of interest on the
part of entrepreneurs. This model in character can be said to be at a
position opposite to the Solow’s analysis (7) of growth by a macro
model which has a Douglas type production function which is constructed
from the standpoint of vintage analysis which assumes ex post insub-
stitutability. In that model, if labor is incessantly reshuffled so as to
maximize the total output and if capital can be measured in terms of
value under prefect prospect, then it is taken for granted that stable,
balanced growth is possible as in the neo-classical theory of growth
which assumes the disembodied technical progress. In that case, how-
ever, it is obvious that, once the rate of interest continues to have a
stationary value, the pattern of growth basically coincides in nature
with that in the case of the model disccused above.
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