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Yukitami Tsuji§

Abstract
This paper proposes a model that determines optimal capital and debt struc-

ture when a firm uses two types of debt; a bank debt and a bond. Their difference
lies in whether a firm can renegotiate with a creditor or not. Renegotiation with
bondholders seems to be hard because bonds are dispersively held by many bond-
holders. So we assume that interest payments to the bank debt can be reduced by
the renegotiation when the firm goes worse but those to the bondholders cannot.
Benefit of the renegotiation makes the bank debt more favorable. However, since
the bank debt accompanies its additional costs, taking account of these trade-off,
the firm decides optimal composition of equity, a bank debt, and a bond.
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1 Introduction

How firms finance their projects is essential in corporate finance. In particular, many
economists have studied how firmsmake decisions about corporate capital structure, and con-
structed various models that endogenously determined the optimal amount of debt in capital
structure. Among them, the most representative is the trade-off theory, which derives it from
balancing tax shields and bankruptcy costs, and onwhich various refinements have beenmade
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4 of this paper is an attached description.
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until now.
The theory of capital structure including the trade-off models discusses the structure of

debt and equity. However, most of them are silent on how a firm determines the detail of
debt, what is called debt structure. The fact that large companies in the US, where corporate
bond markets have been developed, commonly issue bonds for long-term debt may avoid the
necessity of discussing the debt structure. In this study, we propose a capital structure model
which, explicitly considering a difference between a bank debt and a bond, determines the
capital structure and the debt structure simultaneously in the traditional trade-off framework.

Intuitively, there are various differences between a bank debt and a bond. Among them,
we focus on the possibility of renegotiation in a situation where a firm is about to go bankrupt.
It is often said that the bank debt is easily renegotiable because a few creditors are concerned
with it. If firm’s manager intends to renegotiate about the bank debt, all he/she should do is
to go to the bank, and renegotiating is not very costly. On the other hand, when creditors dis-
perse, renegotiatingwith themmight be difficult owing to the existence of a free-rider problem.
So it may be too costly for a firm to renegotiate about bonds. Our model in this study derives
the optimal capital and debt structure simultaneously from this difference.

Another characteristic of this study is that we use a continuous time model. These days
the trade-off theory has been refined variously in corporate finance, and a lot of models based
on continuous time have been developed in the asset pricing theory. A pioneer who proposed
a capital structure model on continuous time is Leland (1994). Thereafter, a number of contin-
uous time capital structure models have been presented as extensions of Leland (1994).1

Although there are many studies for capital structure, it is surprising that few studies con-
sider different kinds of debt. Hacbarth-Hennessy-Leland (2007) (hereafter, HHL) is almost only
one that simultaneously includes the capital structure and the debt structure in a continuous
timemodel. Among continuous timemodels for capital structure, there are other studieswhich
assume renegotiable debt though they do not consider the mix of different debt; MellaBarral-
Perraudin (1997) and Fan-Sundaresan (2000) (hereafter, FS). These develop a capital structure
model when debt is renegotiable.

In this study, we propose a capital structure model which can determine the debt struc-
ture, extending FS. FS’s model assumes the Nash Bargaining at the renegotiation. Models of
HHL and MellaBarral-Perraudin depend on the Take-it-or-Leave-it negotiation, where a firm
takes all the power of the negotiation. However, in FS model, the negotiation power is dis-
tributed between a firm and creditors, and then the two parties share benefits of the renego-
tiation, following the Nash Bargaining solution. When considering a renegotiable bank debt
and an unrenegotiable bond at the same time, our model analyzes how the mix of equity, a
bank debt, and a bond is determined optimally in the framework of the Nash Bargaining.

The basic idea of our model is as follows. When a firm uses debt, it takes advantage of the
tax shield and suffers from the probability of bankruptcy. Because bankruptcy accompanies
its costs, the use of debt increases expected costs of bankruptcy. A firm employs two types
of debt, which are a bank debt and a bond. With the bank debt, renegotiation with the bank
remits interest payments to the bank before bankruptcy occurs. We assume that a unique
state variable is firm’s asset value. If the asset value decreases and reaches a certain level, the

1 There are many studies of capital structure using continuous time models. The earliest are Black-Scholes (1973)
or Black-Cox (1976). Leland (1994) modeled his optimal capital structure, and then a lot of studies have developed
his model. For example, see Leland-Toft (1996), MellaBarral-Perraudin (1997), Leland (1998), MellaBarral (1999),
Fan-Sundaresan (2000), Goldstein-Ju-Leland (2001), Morellec (2004), Ju-Parrino-Poteshman-Weisbach (2005), Parrino-
Poteshman-Weisbach (2005), Hackbarth-Miao-Morellec (2006), and Hackbarth-Hennessy-Leland (2007).
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renegotiation starts. We designate the level at which the renegotiation occurs as a “renegoti-
ation point.” In the renegotiation, shareholders and the bank make a Nash Bargaining game
and share a continuation value if the firm is alive. Since it is impossible to renegotiate with
bondholders, the continuation value in the renegotiation amounts to subtracting a bond value
from firm’s asset value. Furthermore, when the asset value deteriorates more and reaches a
certain level, the firm goes bankrupt. The level that triggers the bankruptcy is designated as
a “bankruptcy point.”

A characteristic of our model is that introducing the renegotiation enables to decide the
optimal composition of equity, a bank debt, and a bond. HHL’s model also determines the mix
of them, but the optimum of their model is a corner solution. This is because the bankruptcy
point is independent of the use of the bank debt. Since they assume the Take-it-or-Leave-it
renegotiation, shareholders take all benefit of the renegotiation. Unless the bank debt affects
the bankruptcy point, the bank debt takes only advantage of the tax shields without accompa-
nying the expected bankruptcy costs. Therefore, it is optimal for the firm to employ the bank
debt as much as possible.

Our model is different from HHL’s in that the renegotiation depends on the Nash Bar-
gaining. From the Nash Bargaining renegotiation, where a bank as well as shareholders has
a share of the benefit, the bankruptcy point is not independent of the use of bank debt. As the
result, the amount of the bank debt affects the bankruptcy point. Although the renegotiation
makes the bank debt more favorable than the bond in terms of the trade-off between the tax
shield and the expected bankruptcy costs, it does not benefit only the bank. The bank debt
renegotiation decreases the bankruptcy point, which means that bankruptcy is postponed. It
also makes a bond value rise because the bondholders get a free ride on firm’s continuation.
A firm takes these effects into account and decides the optimal capital and debt structure.

Although the Nash Bargaining makes it possible to derive it as an inner solution, the opti-
mal debt structure dependsmuch on the bank debt. This reflects the fact that the renegotiation
benefit exists more in the bank debt than in the bond because the bank is a participant of the
renegotiation. On the other hand, past studies about a bank debt maintain that it also has
negative aspects (e.g., Bolton-Freixas 2000, Detragiache 1994, Rajan 1992). If the positive aspect
of the renegotiation is included, then negative aspects of the bank debt should be taken into
account. Our model assumes that the use of the bank debt incurs extra costs besides inter-
est payments. Considering the trade-off between them, a firm decides the capital and debt
structure optimally. Introducing the additional costs enables our model to generate the debt
structure that seems enough to be realistic.

This paper is organized as follows. Section 2 formulates our model. We describe how
the optimal capital structure and the optimal debt structure are determined when the firm
can use two types of debt. In Section 3, the model is numerically calculated, and simulation
shows how the optimal structure changes in response to a change in parameters. We modify
an assumption of the model in Section 4 and examine how the outcome of the model changes.
Section 5 provides concluding remarks.

2 Model

The value of assets a firm holds, At , is the only state variable of this model. The assets are
assumed to be tradable, so At is regarded as a security price that follows such a process as
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d At = (μ−β)At d t +νAt d Zt ,

where βAt is a cash flow generated from the assets and distributed to investors, and β is a
constant. At is also considered as an unlevered firm value. Zt is the Wiener process.

A firm issues two kinds of debt; one is a bank debt and the other is a bond. Suppose that
both of them are claims of the consols type. Interest payments to the bank debt and the bond
are b and c respectively, and these are paid continuously. The difference in the two kinds of
debt is that the bank debt is renegotiable but the bond is not. We assume that bankruptcy
occurs when the asset value At goes down to a bankruptcy point, AB . The firm can renegotiate
with the bank and cut out the bank debt interest before it goes bankrupt. The renegotiation
starts when At falls bellow a renegotiation point, AS .

When the state variable At reaches AB , the firm defaults and is liquidated. Liquidation
incurs bankruptcy costs, which amounts to k AB , so creditors receive (1−k)AB . We assume
that a fraction α of the liquidation value is distributed to the bondholders and (1−α) to the
bank. In the bankruptcy, shareholders get nothing.

It is practical to consider that the liquidation value is distributed in proportion to the
amount each creditor claims. For example, there are two creditors; one creditor claims $100
and the other claims $1000. In this case, the distribution of the liquidation value is in the ratio,
1:10. Realistically, negotiation power of creditors may affect the distribution. But we neglect
it for brevity and assume that the liquidation value distributed is proportional to interest pay-
ments debt promises. In other words, α= c/(b +c) holds.

When the asset value At falls to AS , renegotiation starts. How should shareholders and
a bank negotiate about their portions of the firm? Here the Nash Bargaining is assumed to
decide it.

Renegotiation between the shareholders and the bank means that the firm refuses to
pay the promised interest b + c. If debt were not renegotiable, refusing it would bring about
bankruptcy immediately. Hence, they have to compare their portions when the renegotiation
succeeds in remission from the payment and those when unsuccessful renegotiation ends up
with the bankruptcy. By the way, this model assumes that the firm continues paying inter-
est to bondholders in the middle of the renegotiation because the firm cannot renegotiate
with them. We denote values of the firm and the bond by V (At ) and C (At ). At the renego-
tiation, {V (At )−C (At )} is divided between the shareholders and the bank. Defining θ as the
proportion of the shareholders, the claims of the shareholders and the bank are expressed as
θ{V (At )−C(At )} and (1−θ){V (At )−C (At )} respectively when the renegotiation succeeds. If
the renegotiation fails, liquidation occurs, and then the bondholders and the bank share the
liquidation value in the proportion of α : (1−α). Therefore, the shareholders, the bank, and
the bondholders get values of 0, (1−α)(1−k)At , and α(1−k)At respectively.

Comparing between the successful and unsuccessful cases, the renegotiation increases
the value the shareholders and the bank can get by θ{V (At )−C (At )}−0 and (1−θ){V (At )−
C(At )}− (1−α)(1−k)At . Assume that η is negotiation power of the shareholders at the rene-
gotiation, so bank’s is (1−η). Considering the Nash Bargaining, θ∗ is solved from

θ∗ = argmax
θ

[θ{V (At )−C (At )}]η[(1−θ){V (At )−C (At )}− (1−α)(1−k)At ](1−η).

This first order condition shows

θ∗ = η−η
(1−α)(1−k)At

V (At )−C (At )
. (1)
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This is the optimal proportion in terms of the Nash Bargaining. During the renegotiation,
each stakeholder is distributed in the proportion calculated by Equation (1).

2.1 Valuation of Securities
The value of a security depends on the state variable. When the security pays instanta-

neous cash flows of f (At ), it is valuated as F (At ), which satisfies an equilibrium condition as
follows:

∂F (At )
∂At

(r −β)At + 1
2
∂2F (At )
∂A2

t

ν2 A2
t − r F (At )+ f (At )= 0.

This is a normal Euler’s differential equation. In the case of f (At )= m1 At +m2, where m1 and
m2 are constants, its general solution is written as

F (At )= m1 At

β
+ m2

r
+D1 Ax

t +D2 Ay
t , (2)

x ≡ 1
2
− r −β

ν2 +
√(

r −β

ν2 − 1
2

)2

+ 2r

ν2 > 0,

y ≡ 1
2
− r −β

ν2 −
√(

r −β

ν2 − 1
2

)2

+ 2r

ν2 < 0,

where D1 and D2 are arbitrary constants and derived from appropriate boundary conditions.
Here, security values of this model are formulated. What the shareholders and the bank

can obtain as the result of renegotiation depends on values of the firm and the bond. First
of all, we calculate the firm value. The cash flow that the firm pays to overall investors is
βAt +τ(b + c) in the case of At > AS . τ(b + c) is a tax shield of the debt. We assume that the
tax shield disappears in the region of renegotiation, so the cash flow is βAt in the case of
AS ≥ At > AB .2

Considering Equation (2), the firm valueV (At ) is formulated as follows. Since the function
of V (At ) depends on the cash flow, V (At ) is designated as VH (At ) for At > AS and as VL(At ) for
AS ≥ At > AB .

VH (At ) = At + τ(b +c)
r

+G1 Ax
t +G2 Ay

t if At > AS , (3)

VL(At ) = At +G3 Ax
t +G4 Ay

t if AS ≥ At ≥ AB , (4)

where four arbitrary constants, G1, G2, G3, and G4, are specified by following four boundary
conditions.

VH (At ) = At + τ(b + c)
r

if At � AS

lim
At ↓AS

VH (At ) = lim
At ↑AS

VL(At )

lim
At ↓AB

VL(At ) = (1−k)AB

2 The assumption that the firm loses the tax shield in the renegotiation region is also employed by Fan-Sundaresan
(2000). In reality, in such a situation that it must renegotiate with a bank, a firm earns no profits, and no tax shield oc-
curs because it does not pay taxes but debt interest. In this model, although a cash flow is generated in the region of
renegotiation, we can consider it to be generated by sales of firm’s assets rather than by profits.
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lim
At ↓AS

∂VH (At )
∂At

= lim
At ↑AS

∂VL(At )
∂At

The first condition is that, for sufficiently large At , the firm value is regarded as a perpetuity
that pays cash flows of βAt +τ(b+c) permanently. The second and the third are valuematching
conditions concerning AS and AB . The last is a smooth pasting condition, which makes VH (At )
and VL(At ) connecting smoothly around the renegotiation point AS .3 From these boundary
conditions, we obtain the firm values, VH (At ) and VL(At ).4

Since the distribution at the renegotiation is also affected by a bond value, it affects bank
debt and equity values. The value of the bond is formulated in the same way as the firm value.
Bond valuation is specified by boundary conditions concerning it.

A bond generates a constant cash flow as long as At is above the bankruptcy point AB ,
because bondholders cannot renegotiate. Thus, a general solution is written as

C (At )= c

r
+H1 Ax

t +H2 Ay
t if At > AB ,

where boundary conditions that decide arbitrary constants, H1 and H2, are

C (At ) = c

r
if At � AB ,

lim
At ↓AB

C (At ) = α(1−k)AB .

The first equation explains that, for sufficiently large At , the bond becomes a perpetuity that
pays interest c permanently. The second is a value matching condition at the point of AB . The
bond value is derived from these conditions.

Given the values of the firm and the bond, the bank debt can be evaluated. In the renego-
tiation region, interest paid to the bank is dependent on At and denoted as ŝ(At ). Cash flows to
the bank are b for At > AS and ŝ(At ) for AS ≥ At > AB . The function of ŝ(At ) is demonstrated af-
terwards. Corresponding to At , a bank debt value B(At ) has two functions; BH (At ) for At > AS

and BL(At ) for AS ≥ At > AB .
We consider the case of At > AS first. Then the bank gets the cash flow of b, so the value

of the bank debt is expressed as

BH (At )= b

r
+L1 Ax

t +L2 Ay
t if At > AS .

Boundary conditions for arbitrary constants are

BH (At ) = b

r
if At � AS ,

lim
At ↓AS

BH (At ) = (1−θ∗){V (AS )−C (AS )}. (5)

The first equation is the same as the bond. When the asset value is sufficiently large, the
bank debt becomes a perpetuity that pays b permanently. The second is a value matching
condition. When AS ≥ At ≥ AB , using Equation (1), the bank debt value must be BL(At ) =
(1−θ∗){V (At )−C (At )}. Thus, the value matching condition is formulated as Equation (5).

3 Considering arbitrage using a transition point of a cash flow, this condition must be satisfied for no-arbitrage. See Dixit
(1993) for detailed arguments.

4 See Appendix for detailed solutions of the firm and other security values.
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Next, the case of AS ≥ At ≥ AB is investigated. As the result of the renegotiation, the bank
debt must satisfy BL(At )= (1−θ∗){V (At )−C(At )}. At the same time, the payment to the bank,
ŝ(At ), must satisfy the equilibrium condition. That is

∂BL(At )
∂At

(r −β)At + 1
2
∂2BL(At )

∂A2
t

ν2 A2
t − r BL(At )+ ŝ(At )= 0 if AS ≥ At ≥ AB .

ŝ(At ) is computed by substituting BL(At )= (1−θ∗){V (At )−C (At )} into this equation. Since the
bank debt is a security, its value also satisfies the equilibrium condition. The Nash Bargaining
has already set the bank debt value. So we have to formulate the function ŝ(At ) in order that
the bank debt value holds the equilibrium.

The last is equity valuation. As well as the bank debt, the equity value S(At ) depends on
the state variable. S(At ) is designated as SH (At ) for At > AS and as SL(At ) for AS ≥ At ≥ AB .
In the renegotiation region, the equity value is SL(At ) = θ∗ {

V (At )−C (At )
}
as the result of

renegotiation. Substituting the values of the firm and the bond leads to the equity value.
On the other hand, for At > AS , a cash flow to shareholders includes not only what firm’s

assets generate, but also the tax shield effect of the interest payments. Hence, the cash flow to
the shareholders in the no renegotiation region is βAt − (1−τ)(b + c). The equity is evaluated
as

SH (At )= At − (1−τ)(b +c)
r

+ J1 Ax
t + J2 Ay

t if At > AS .

Two boundary conditions below decide arbitrary constants.

SH (At ) = At − (1−τ)(b +c)
r

if At � AS ,

lim
At ↓AS

SH (At ) = θ∗ {
V (AS )−C (AS )

}
.

From these equations, SH (At ) is calculated. Equity values, SH and SL , are obtained just as the
bank debt values are derived. We show these specific formulas in Appendix.

2.2 Bankruptcy Point, Renegotiation Point, and Optimal Capital Structure
It is common inmost studies that the renegotiation point and the bankruptcy point are cal-

culated from maximization of an equity value. This is denoted as a smooth pasting condition.5

AS and AB are decided from

∂SH

∂AS
= 0, (6)

∂SL

∂AB
= 0. (7)

If shareholders are able to set these points without any restriction, the renegotiation and bank-
ruptcy points are chosen throughmaximizing the equity value. We suppose that the sharehold-
ers make a rational decision about AS and AB .6

Once the renegotiation and bankruptcy points are given, the values of the firm and other
securities are functions of interest payments promised to creditors. Thus, we calculate interest

5 This paper models security valuation with AB and AS given. Irrespective of how to decide them, the value of a security
is computed once AB and AS are valuated.

6 Equations (6) and (7) make up a non-linear simultaneous equation system that AS and AB satisfy. See Appendix for
detail.
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payments, b and c, that maximize the firm value at time t = 0 so as to achieve the optimal capital
and debt structure.

∂V (A0)
∂b

= 0 (8)

∂V (A0)
∂c

= 0 (9)

b∗ and c∗ computed from these conditions are the optimal interest payments, and substituting
them into the valuation equations brings about the optimal value of each security.

2.3 A Numerical Example and Additional Bank Debt Costs
Our model focuses on the renegotiation of a bank debt. The difference between the bank

debt and a bond is that only the former is renegotiable. What is a characteristic of this model in
terms of firm’s optimal decision-making? In this section, giving some parameters, we analyze
the model by calculating simulation.

2.3.1 The Case of A Basic Model
Table 1 shows a numerical result when some parameters are exogenously set. These

parameters are an initial asset value A0, a corporate tax rate τ, the proportion of bankruptcy
costs k, volatility of the asset value ν, a riskless rate r , the negotiation power of shareholders
η, a cash flow ratio from the asset β. When a firm goes bankrupt, we assume that a bank and
bond creditors share firm’s liquidation value in the proportion of promised interest payments.
A distribution ratio in the liquidation is b : c, or α= c/(b + c).

In Table 1, these exogenous parameters are τ= 0.4, k = 0.3, r = 0.05, A0 = 4000, ν= 0.35,
η= 0.5, and β= 0.08. The result shows that the payment to a bank debt is far larger than that
to a bond and that the ratio of the bank debt to overall debt is more than 99％. Although the
debt structure is biased toward the bank debt, it is obvious from Figure 1 that a firm value
attains its maximum as an inner solution. This figure plots the neighborhood of the optimum
V , b, and c of Table 1. Optimum interest payments b∗ and c∗ exist such that Equations (8)
and (9) hold simultaneously. Capital structure and debt structure are optimized in that both
the equations can be solved into a unique solution. What is this economic interpretation? As
is often the case with traditional capital structure models, b∗ and c∗ are decided by a trade-off
between the benefits of tax shields and the costs concerning bankruptcy.

As for the tax saving, there are two kinds of debt, and they substitute for each other.
For example, according to DeAngelo-Masulis (1980), a non-debt tax shield like depreciation
restrains the use of debt. The reason is that the non-debt tax shield is substituted into interest
payments for a certain amount of overall tax shields. In other words, something which can
replace interest payments restrains debt. When renegotiation or bankruptcy does not occur in
our model, an interest payment to the bank debt has the same effect on the tax shield as that
to the bond. Since these payments are good substitutes for each other, b suppresses c, and
vice versa.

Next, the expected bankruptcy costs are influenced by interest payments through the
default probability. The interest paid on the bank debt as well as the bond has the same effect
on the expected bankruptcy costs. However, the bank debt is different from the bond in that
only the bank debt is renegotiable. When a firm uses the bank debt, its interest payment can
be reduced as the result of renegotiation. Hence the bank debt makes the bankruptcy point
increase less quickly than the bond. This means that the bank debt is more advantageous than
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Table1 Numerical Example (without Additional Bank Costs)
parameters

τ k r A0 ν η β

0.40 0.300 0.05 4000.00 0.35 0.50 0.08

results
b c AS AB θ(AS ) ŝ(AS )

621.7513 1.0794 2784.660 20.991 0.235 188.682

S(A0) B(A0) C (A0) V (A0) D.R. B.D.R.

1284.201 4185.224 19.286 5488.711 0.76603 0.99541

note: D.R. represents the debt ratio, or {B(A0)+C (A0)}/V (A0). B.D.R. rep-
resents the ratio of bank debt to whole debt, or B(A0)/{B(A0)+C (A0)}.

b

c

V
V

Figure1 Firm Value, V , and Interest Payments, b and c

note: This figure shows that a firm value V is maximized as an inner
solution in the calculation of Table 1.

the bond in terms of the trade-off between the tax shield and the bankruptcy cost.
It is notable that the renegotiation does not only benefit the bank debt but also the bond.

Compared with the situation where renegotiation is impossible, renegotiability delays bank-
ruptcy and increases probability of continuing projects, and then bondholders have a free ride
on it. That is, the renegotiation with the bank avoids or delays incurring bankruptcy costs,
which might be actually borne otherwise. So the bond, as well as the bank debt, also gains
from the renegotiation.

Synthesizing the effects mentioned above, a firm knows the optimal interest payments
from an inner solution of Equations (8) and (9), which decides its optimal capital and debt
structure. Although the bank debt and the bond are similar in balancing the tax shields with
the bankruptcy costs, the renegotiability gives larger advantage to the bank debt than the
bond, and leads to dominance of the bank debt. It is convincing that the renegotiation benefits
the bank debt far more than the bond because the bank is a participant of the renegotiation.

Our model is the same as HHL model in that a bank debt, a bond, and equity exist to-
gether. However, our model differs from HHL because the composition of the three securities
is derived as an inner solution in optimization. Substantially, HHL derives it as a corner solu-
tion, and a bank debt is used asmuch as possible. This is because the bankruptcy point of HHL
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model is independent of the bank debt. In HHL model, renegotiation is based on the Take-it-
or-Leave-it game, and the bank debt has no effect on bankruptcy because shareholders get all
benefit of the renegotiation. Using the bank debt gives shareholders all the benefit without
any increases in expected bankruptcy costs. Then it is optimal for a firm to make as much use
of the bank debt as possible.

By comparison, the use of a bank debt affects the bankruptcy point in our model. Assum-
ing a renegotiation process as the Nash Bargaining solution, the bank debt also increases the
bankruptcy point because the bank as well as shareholders retains some benefits of the rene-
gotiation. Although the possibility of the renegotiation strongly influences the bank debt, it is
also beneficial to a bond. This is because our model can decide the optimal capital and debt
structure as an inner solution.7

In HHL model, the use of a bank debt is limited to such an amount that the renegotiation
point is equal to firm’s initial asset value. As the result, renegotiationmay start just at the outset
in their model. Using our numerical example, renegotiation will start immediately when the
asset value is below the initial asset value A0 = 4000. In other words, the numerical calculation
of our model shows that the renegotiation point AS is about 2800, and it is improbable that the
renegotiation comes about from the beginning. In reality, it would not be common that banks
begin renegotiating with their clients immediately after lending. Our model is better on this
aspect.

2.3.2 An Extended Model: An Additional Bank Costs
Although our model exhibits the existence of the optimal capital and debt structure as an

inner solution, the optimal debt structure is one-sided toward the bank debt; the bank debt
ratio is beyond 90％. Why is the use of the bond so small? This reason is obvious from our
model. In our model so far, we focus only on the renegotiation of the bank debt, which is a
positive aspect, and which strongly benefits the bank debt because the bank is a participant of
the renegotiation. This is why the use of the bank debt is far lager than that of the bond in the
optimal debt structure. If our model is to be more practical, a negative aspect of the bank debt
must be introduced into it.

What is the negative aspect of the bank debt? A lot of past studies point out that the bank
debt accompanies its additional costs besides interest payments. The cost of capital on the bank
itself is one example (Bolton-Freixas 2000). It is supposed that shareholders and bondholders
can diversify their capital, but banks are restricted in diversifying their lending. Owing to this
difference, banks force their borrowers to pay costs of capital that the banks directly bear. This
brings about additional costs of the bank debt. As the firm borrows more from the bank, the
cost of capital borne by the bank is supposed to increase, which adds to additional costs of the
bank debt.

Although the bank debt is preferred to the bond due to the renegotiation, the renegoti-
ation itself might have some negative impacts. For example, the chance of renegotiation ag-
gravates the asset substitution problem, which increases the risk of firm’s project (Detragiache
1994). When the firm goes worse, the bank may have an incentive to bail out it through addi-
tional lending or remission of debt. If firm’s manager has already employed a large amount of
the bank debt, he/she might take higher risk, expecting to renegotiate about debt reduction.

7 In our model, we ignore the tax shield effect in the renegotiation region as Fan-Sundaresan (2000) does. As described
at Footnote 2, we do not think that this effect is important. If the tax shield were added in the renegotiation region, it would
benefit a bond, not a bank debt. The payment to the bank debt is reduced by the renegotiation, while that to the bond is
not. So the tax shield in the renegotiation region has a positive effect on the bond and makes it increase slightly.
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Table2 Numerical Example (with Additional Bank Costs)
parameters

τ k r A0 ν η β ξ

0.40 0.300 0.05 4000.00 0.35 0.50 0.08 0.008

results
b c AS AB θ(AS ) ŝ(AS ) M(b)

305.5009 87.5468 1721.815 805.072 0.163 57.312 10.519

S(A0) B(A0) C (A0) V (A0) D.R. B.D.R.

1469.067 2655.712 929.993 5054.772 0.70937 0.74064

note: D.R. denotes the debt ratio, or {B(A0)+C (A0)}/V (A0). B.D.R. represents the
ratio of bank debt to all kinds of debt, or B(A0)/{B(A0)+C(A0)}.

Then, if investors anticipate it, the costs must be incurred by the firm itself.
There is another study that describes that the bank debt has additional costs because of

its informational superiority. In Rajan (1992), a firm and a bank know the state the firm faces
at an intermediate date, but bondholders, which he calls “Arm’s-Length debt”, do not. When
the bank knows the state where the firm is good, then the bank requires rent against the firm.
The firm anticipating this rent-extraction reduces its effort level expended at an initial date, so
additional costs occur.

From the above reasons, it seems that the bank debt accompanies additional costs be-
sides interest payments. We also analyze our extended model which explicitly considers these
additional costs. For simplification, the additional costs are assumed to be a function of b, and
expressed as M(b)= exp(ξb)−1. We also assume that M(b) is directly borne by shareholders.

Since the additional cost M(b) is instantaneous and reduces cash flows for all investors
continuously, it affects the valuation of the firm value. When the cost exists, the firm value is
rewritten from Equations (3) and (4) into

VH (At )= At + τ(b + c)
r

− M(b)
r

+G1 Ax
t +G2 Ay

t if At > AS , (3’)

VL(At )= At − M(b)
r

+G3 Ax
t +G4 Ay

t if AS ≥ At ≥ AB . (4’)

Terms concerning M(b) are added to Equations (3) and (4) in valuation. Because the cost
lowers the firm’s cash flow, it decreases the firm values.

Shareholders ultimately bear this costs, so cash flows to them also decrease by M(b). On
the other hand, because bondholders do not bear them directly, the valuation of the bond itself
is not changed.8 The bank debt does not bear the cost directly, either. However, the firm value
works on the valuation of the bank debt through the Nash Bargaining renegotiation. Thus the
valuation of the bank debt includes terms concerning M(b). We show these specific formulas
in Appendix.

Table 2 shows the result of numerical calculation whenwe set the same exogenous param-
eters as those in Table 1. The parameter that represents the additional cost of the bank debt is
ξ= 0.008. Optimal interest payments to the bank debt and the bond are b∗ = 305 and c∗ = 87.5

8 The value of the bond is indirectly affected by the additional costs through the optimal debt policy. The existence of the
additional costs changes b∗, c∗, and AB , which affect the bond value. Because these variables are supposed to be already
given in the valuation equation, so the equation itself is not affected by M(b).
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note: This plots optimal firm values and bank debt ratios (B.D.R.) when ξ is changed
from 0 to 0.067 by 0.001. The same values as those of Table 2 are used in other
parameters.

respectively. The renegotiation point is AS = 1722 and the bankruptcy point is AB = 805. An
optimal bank debt ratio is about 74％. Comparing with the former calculation, the additional
cost makes the bank debt less attractive, so the firm uses more bonds while less bank debt is
used. Then the bankruptcy point rises and a larger expected bankruptcy cost is borne by the
firm. A firm value becomes about V (A0) = 5055 in Table 2. Since an unlevered firm value is
A0 = 4000, the optimal capital structure can increase it by about 25％. Then its optimal debt
ratio is about 71％, which seems very high in terms of actual firms.9

Figure 2 shows firm values and bank debt ratios when the parameter ξ is changed. As ξ

is larger, the bank debt ratio gets smaller. ξ = 0 corresponds to the result of Table 1, so the
ratio becomes close to 1. The bank debt ratio decreases as the additional bank costs become
larger. The ratio is 0 at ξ= 0.067.

The renegotiability of the bank debt makes it more favorable than the bond. When the
additional bank costs are trivial, the bank debt dominates the bond. The larger the costs are,
the advantage of the renegotiation gets smaller, and the bond relatively becomes better. When
the additional costs are very large, it is optimal for the firm to make as much use of the bond as
possible in spite of the effect of the expected bankruptcy costs. Then the bank debt is replaced
with the bond and the bank debt ratio becomes negligible.

3 Simulation

In Section 2, the capital structure model including the debt structure is analyzed with
the numerical examples. In this section, we simulate how endogenous variables in the model
change through numerical calculation. The exogenous parameters in the model are the value

9 In general, it seems that optimal leverage becomes high in continuous time capital structure models. For example,
Leland (1994) and Fan-Sundaresan (2000) also show high leverage in their numerical calculation.
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Table3 Changes in A0

A0 b c AS AB V (A0) D.R. B.D.R.

2000.00 31.9755 9.1356 1087.675 198.273 2616.766 0.74212 0.94004

3000.00 285.7588 30.9679 1419.004 433.595 3849.990 0.71959 0.86980

4000.00 305.5009 87.5468 1721.815 805.072 5054.772 0.70937 0.74064

5000.00 304.6047 176.2041 2044.257 1227.186 6255.890 0.70788 0.60252

6000.00 299.1672 272.4831 2370.128 1621.456 7460.923 0.70650 0.49939

note: Parameters except A0 are the same as those of Table 2. D.R. represents the debt ratio
given by {B(A0)+C (A0)}/V (A0). B.D.R. represents the percentage of bank debt in total
debt given by B(A0)/{B(A0)+C (A0)}.

Table4 Changes in ν

ν b c AS AB V (A0) D.R. B.D.R.

0.20 244.1263 69.5713 1944.770 1085.023 5116.671 0.73359 0.74931

0.25 270.8022 69.0762 1890.049 940.609 5099.894 0.72649 0.76436

0.30 290.4794 75.8092 1810.581 855.964 5079.433 0.71833 0.75816

0.35 305.5009 87.5468 1721.815 805.072 5054.772 0.70937 0.74064

0.45 325.2845 126.2084 1553.278 765.761 4996.939 0.69198 0.68278

note: Parameters except ν are the same as those of Table 2. D.R. represents the debt ratio
given by {B(A0)+C (A0)}/V (A0). B.D.R. represents the percentage of bank debt in
total debt given by B(A0)/{B(A0)+C (A0)}.

of holding assets at the beginning A0, a tax rate τ, the ratio of bankruptcy costs k, volatility
ν, a riskless rate r , the negotiation power of shareholders η, a cash flow ratio from the assets
β, and the parameter of additional bank costs ξ. Given these values, the model determines
an optimal payment to the bank debt b∗, one to the bond c∗, a renegotiation point AS , and a
bankruptcy point AB . Furthermore, based on these variables, a stock value S(A0), a bank debt
value B(A0), a bond value C(A0), and a firm value V (A0) are derived.

3.1 Simulation Results
Initial values of the parameters are the same as those in Table 2. Tables 3 to 9 show

how each endogenous variable reacts with a change in an exogenous parameter. Table 3 is
simulation for changes in A0. When A0 increases, the bond is used more, and the bank debt
ratio decreases. Then the bankruptcy point also increases. Hence the renegotiation of the
bank debt is more favorable for a smaller firm, which tends to have the bank debt more. On
the other hand, although the debt ratio is less influenced than the bank debt ratio, the former
decreases with larger A0. A firm value of the optimal capital structure increases by about 30％
if A0 = 2000, and it increases by about 23％ if A0 = 6000. So there is more advantage of using
debt for a smaller firm.

Table 4 shows simulation for changes in ν. As volatility increases, the bank debt ratio
increases at first and decreases afterward. Intuitively the renegotiation seems more impor-
tant when volatility gets large. In fact, interest payments to the bank debt rise with volatility.
Although payments to the total debt also increase, the debt ratios get smaller since volatility
itself makes the bank debt value down.

Results of simulation for changes in r are Table 5. The bank debt ratio decreases with
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Table5 Changes in r

r b c AS AB V (A0) D.R. B.D.R.

0.01 271.0675 8.4098 1393.420 278.090 4953.197 0.66720 0.95317

0.03 297.2566 27.9158 1538.694 469.522 5003.388 0.68062 0.88575

0.05 305.5009 87.5468 1721.815 805.072 5054.772 0.70937 0.74064

0.07 300.5938 171.9342 1890.113 1103.170 5116.483 0.73550 0.60228

0.09 294.6289 260.9435 2028.145 1328.828 5183.170 0.75467 0.50173

note: Parameters except r are the same as those of Table 2. D.R. represents the debt ratio
given by {B(A0)+C (A0)}/V (A0). B.D.R. represents the percentage of bank debt in
total debt given by B(A0)/{B(A0)+C(A0)}.

Table6 Changes in τ

τ b c AS AB V (A0) D.R. B.D.R.

0.35 301.2066 49.3835 1673.942 618.834 4844.098 0.68194 0.82767

0.40 305.5009 87.5468 1721.815 805.072 5054.772 0.70937 0.74064

0.45 302.6709 141.3797 1761.815 984.358 5305.167 0.73687 0.64380

0.50 294.9300 208.7459 1787.879 1137.880 5608.127 0.76256 0.54997

0.55 283.8567 290.2075 1800.260 1264.664 5981.202 0.78641 0.46327

note: Parameters except τ are the same as those of Table 2. D.R. represents the debt ratio
given by {B(A0)+C (A0)}/V (A0). B.D.R. represents the percentage of bank debt in
total debt given by B(A0)/{B(A0)+C (A0)}.

Table7 Changes in k

k b c AS AB V (A0) D.R. B.D.R.

0.100 297.2770 157.8719 1838.432 1222.598 5167.980 0.77573 0.63025

0.300 305.5009 87.5468 1721.815 805.072 5054.772 0.70937 0.74064

0.500 293.9055 62.7630 1731.551 564.848 4963.030 0.65596 0.77524

0.700 273.4924 55.6831 1794.363 436.404 4874.436 0.60806 0.76754

0.900 246.2686 56.7591 1864.567 373.160 4783.528 0.56190 0.73043

note: Parameters except k are the same as those of Table 2. D.R. represents the debt ratio
given by {B(A0)+C (A0)}/V (A0). B.D.R. represents the percentage of bank debt in
total debt given by B(A0)/{B(A0)+C (A0)}.

a riskless rate. If a riskless rate is regarded as a discount rate, a firm is less dependent on
the bank debt because an increase in a riskless rate might abate a renegotiation value in the
future. But it seems strange that r increases a firm value. The reason is that an increase in
the riskless rate expects a growth rate of the assets to rise in the non-arbitrage condition about
assets values.

Table 6 is concerning a tax rate τ. A tax rate increases the debt ratio and firm values.
Since the marginal effect of the tax savings is larger for a higher tax rate, a firm uses more
debt. Then it makes less use of the bank debt. It is beneficial for a firm to use more debt owing
to the tax shield effect when a tax rate is higher. However, if a firm has already depended on
sufficient debt, the marginal cost of debt gets larger in the bank debt than the bond, which
makes the percentage of the bank debt decrease.

Simulation for changes in the bankruptcy cost ratio k is summarized in Table 7. The
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Table8 Changes in η

η b c AS AB V (A0) D.R. B.D.R.

0.00 326.9803 96.3889 1593.690 812.628 5180.346 0.76969 0.74521

0.20 318.9200 94.0207 1642.860 815.403 5133.454 0.74792 0.74176

0.50 305.5009 87.5468 1721.815 805.072 5054.772 0.70937 0.74064

0.80 292.7680 72.3652 1808.305 747.532 4963.608 0.65840 0.75832

1.00 287.5181 52.6733 1872.116 644.182 4895.200 0.61130 0.79893

note: Parameters except η are the same as those of Table 2. D.R. represents the debt
ratio given by {B(A0)+C (A0)}/V (A0). B.D.R. represents the percentage of bank
debt in total debt given by B(A0)/{B(A0)+C(A0)}.

Table9 Changes in β

β b c AS AB V (A0) D.R. B.D.R.

0.04 311.1250 68.6294 2121.726 758.617 5239.728 0.74532 0.77372

0.06 308.9748 75.0818 1897.050 773.396 5138.643 0.72571 0.76384

0.08 305.5009 87.5468 1721.815 805.072 5054.772 0.70937 0.74064

0.10 299.6725 107.6641 1588.548 851.634 4986.262 0.69715 0.70303

0.16 266.4740 209.7954 1351.880 992.059 4852.326 0.67858 0.54038

note: Parameters except β are the same as those of Table 2. D.R. represents the debt
ratio given by {B(A0)+C (A0)}/V (A0). B.D.R. represents the percentage of bank
debt in total debt given by B(A0)/{B(A0)+C(A0)}.

bankruptcy costs decrease the debt ratio and a firm value, and increase the bank debt ratio.
When the bankruptcy cost parameter gets larger, the marginal expected bankruptcy costs rise
with the marginal tax shield effect fixed. Hence, the optimal behavior is to decrease the debt.
Then the renegotiation of the bank debt is more important. So a firm makes more use of the
bank debt in order to avoid bankruptcy through the renegotiation. In fact, the bankruptcy
point decreases with k.

Results for changes in stockholders’ negotiation power η are Table 8. As the negotiation
power increases, firm values and debt ratios decrease. On the other hand, the effect of the
negotiation power on the bank debt ratio is different between low η and high η. While the
bank debt ratio decreases in the case of low η, it increases in the case of high η.

Table 9 shows results of simulation for β. β decreases both of the debt ratios and the
bank debt ratios. β is a cash flow ratio to investors and is considered as a payout ratio. Hence,
this fact represents that a firm with a high payout ratio decreases the debt ratio and is less
dependent on the bank debt.

3.2 Comparison with Facts Found in Previous Studies
The above simulation suggests what our model is like. There are many empirical studies

which have pointed out many facts about capital structure. Frank-Goyal (2008) indicates some
variables which are empirically robust as capital structure determinants

Our model also considers debt structure. There are few empirical studies about it not
only in the U.S. but also in Japan. However, there exists empirical observation about factors
for debt structure. In this section, we discuss validity of ourmodel through comparing between
observed facts in previous studies andwhat ourmodel derives about capital and debt structure.
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The initial assets value A0 in our model is regarded as firm’s size. From our simulation
result, a large firm has a low debt ratio for capital structure although its effect is not very
strong. The simulation for debt structure shows that a large firm has a low bank debt ratio.
Many studies about debt structure determinants such as Cantillo-Wright (2000), Denis-Mihov
(2003), Hosono (2003), and Houston-James (1996) observe that larger firms have lower bank
debt ratios and tend to use more marketable debt like a bond. Therefore, this fact is consistent
with our model.

On the other hand, typical observation for capital structure is that a debt ratio has positive
correlation with firm’s size. Hence the effect of the size on the debt ratio in our model is
contradictory to the fact. However, in terms of a static trade-off model, it is often pointed out
that a debt ratio and firm’s size are positively correlated because a large firm is more stable.
The larger firm generally diversifies its assets, the more it stabilizes earnings and puts down
default probability. In other words, it might be the stability of earnings, not the size itself, why
a debt ratio has a positive relation with size. Our numerical calculation shows that volatility
and a debt ratio have a negative relation. Our simulation captures this aspect in that a large
firm with less volatility has a high debt ratio.

It is often observed that a tangible asset ratio has a robust factor for capital structure,
where the ratio is measured as a proportion of tangible assets over total assets. Frank-Goyal
(2009) finds that a debt ratio and a tangible asset ratio have positive correlation. Generally, the
more tangible the assets are, the lower the bankruptcy costs are because the liquidation value
of the assets is higher. In our numerical calculation, when the bankruptcy cost parameter k is
smaller, the debt ratio becomes higher. The degree of the change is relatively large, and this
result is considered consistent with the fact.

Furthermore, some studies point out that asset tangibility has an effect on debt structure.
Cantillo-Wright (2000), Houston-James (2001), and Johnson (1997) find that firms with more
tangible assets tends to use bonds and their bank debt ratios are low. On the other hand,
although it is not consecutive, our numerical calculation indicates that k increases the bank
debt ratio over plausible values of k, This is consistent with the fact.

In addition, Frank-Goyal (2009) empirically observes that firms paying dividends tend to
have a lower debt ratio. However, there are few studies about the effect of dividends on debt
structure. Houston-James (2001) points out that firms with a high payout ratio is less depen-
dent on the bank debt. In our numerical calculation, β represents a payout ratio to investors,
and an increase in β lowers a debt ratio and a bank debt ratio. Our results are consistent with
the facts.

Finally, it is pointed out that capital structure affects debt structure. Houston-James (1996),
Johnson (1997), and Denis-Mihov (2003) observes that a debt ratio is negatively correlated to
a bank debt ratio.10 However, it is difficult to consistently interpret the fact in our model. In
the numerical calculation, some parameters change the debt ratio and the bank debt ratio in
the same direction and others change them in the opposite one. For instance, when A0 or β
changes, the debt ratio and the bank debt ratio move in the same way. But in the case of r and
τ, they move contrariwise. Therefore, our model does not always has a negative correlation
between the debt ratio and the bank debt ratio.

10 It is considered that capital structure and debt structure are determined simultaneously. Therefore, an endogenous
problem in regression arises when a debt ratio is used as an explanatory variable. Johnson (1997) overcomes the problem,
separating a debt ratio into two parts determined exogenously and endogenously. Specifically, he regresses a debt ratio
on independent variables such as firm’s size and age, and uses its residual as the exogenously determined part.
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4 Fixed Bankruptcy and Renegotiation Points

In the model described above, we assumed that shareholders could choose the bank-
ruptcy and renegotiation points without restriction. As a result, they could fix the points that
maximize the equity value. However, what occurs to the capital structure and the debt struc-
ture of the firm if the shareholders are prevented from choosing these points? In this section,
we consider the case that the bankruptcy and renegotiation points are given in advance.

4.1 How to Decide the Bankruptcy and Renegotiation Points
In this section, unlike Section 2, the bankruptcy and renegotiation points are defined as

follows. First, as to the renegotiation point, we define it as such a level of the state variable
that firm’s earnings fall below the promised payments. Shareholders must pay for the interest
payments b + c and bank debt additional costs M(b) from cash flows βAt generated by firm’s
assets. Hence, if the cash flows from the firm’s assets run short, the shareholders have to
request reduction or exemption of the interest payments by renegotiating with a bank. Con-
sidering the tax shields of the interest payments, the renegotiation point is defined as follow:

AS = (1−τ)(b + c)+M(b)
β

. (10)

In the area that the value of assets At is lower than AS , the renegotiation is carried out between
the shareholders and the bank, and interest payments to the bank is reduced to ŝ(At ).

In this case, there is a probability that the shareholders pay the promised payments by
issuing new shares. In order to see this, consider the situation that the shareholders can issue
new shares to pay for the payments. If the renegotiation is not carried out, the equity value
is SH (At ). If the existing shareholders raise funds from new shareholders whose shares are
(1−χ) in order to cover the deficit, then (1−χ)SH (At )= (1−τ)(b + c)+M(b)−βAt holds.

The value of the existing shareholders is diluted to χSH (At ). Since χSH (At ) = SH (At )−
(1−χ)SH (At ), χSH (At ) = SH (At )+βAt − (1−τ)(b + c)−M(b) is obtained. On the other hand, if
the existing shareholders renegotiate with the bank without issuing new shares, their value is
SL(At ). When χSH (At ) > SL(At ), the existing shareholders choose to issue new shares. When
χSH (At ) < SL(At ), the renegotiation is favorable. So in the renegotiation point, χSH (AS ) =
SL(AS ) is satisfied, that is, SH (AS )+βAS−(1−τ)(b+c)−M(b)= SL(AS ) holds. Recalling SH (AS )=
SL(AS ) as the value mating condition, the renegotiation point is given as Equation (10).

Next, we consider the bankruptcy point. Intuitively, the firm will become bankrupt in the
situation that the firm’s earnings go from bad to worse and that the shareholders cannot pay for
even the renegotiated interest payments. Thus, the bankruptcy point is defined as such a level
of the state variable that the firm’s cash flow βAt is below ŝ(At )+ c. That is, βAB = ŝ(AB )+ c.
Using ŝ(At ) derived from BL(At ), 11 12

AB = c +M(b)
β{1− (1−α)(1−k)}

.

When the value of assets At reaches AB , the firm goes bankrupt and is liquidated.
These renegotiation and bankruptcy points are quite different from those derived from

the maximization condition or the smooth pasting condition. In theory, the former is inferior

11 The formula of ŝ(At ) is indicated in Appendix.
12 In the case that the shareholders can issue new shares, the same argument as above holds.
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Table10 Numerical Example: Fixed Bankruptcy and Renegotiation Points
parameters

τ k r A0 ν η β ξ

0.40 0.300 0.05 4000.00 0.35 0.50 0.08 0.03

results
b c AS AB θ(AS ) ŝ(AS ) M(b)

63.7322 0.3614 552.782 252.009 0.145 34.438 5.766

S(A0) B(A0) C (A0) V (A0) D.R. B.D.R.

3292.007 925.462 5.309 4222.778 0.22042 0.99430

note: D.R. denotes the debt ratio, or {B(A0)+C(A0)}/V (A0). B.D.R. represents the ratio
of bank debt to all kinds of debt, or B(A0)/{B(A0)+C (A0)}.

to the latter in terms of a firm value. But it is practical that a bank exempts a borrower from
incurring debt services when the borrower cannot fulfill his/her obligation. In addition, the
limited liability of shareholders forces a firm to fall into bankruptcy when the cash flows to the
shareholders are below zero.

Deciding the renegotiation and bankruptcy points in this way, we can calculate the interest
payments, b and c, that maximize the firm value. Then, substituting these b and c into the
security value equations, each security is evaluated.

4.2 A Numerical Example
When the renegotiation and bankruptcy points are determined as mentioned above, what

becomes of capital structure? Here, in the same way as Section 2.3, we analyze the capital
structure and the debt structure by numerical calculation. The exogenous parameters are the
same as those in Section 2.3: τ = 0.4, r = 0.05, A0 = 4000, ν = 0.35, η = 0.5 and β = 0.08. The
parameter for the additional bank cost is given ξ= 0.03.

Table 10 presents calculation results under these parameters. In the case that the renego-
tiation and bankruptcy points are fixed, the debt ratio is very low. In this calculation, the debt
ratio is about 22％. From the bank debt ratio, the bank debt is used in 99％ of total debt. It is
also characteristic that the increase in the firm value is about 5％ by using debt. This results
from the reduction of the tax shield owing to a decrease in the optimal debt ratio.

However, this calculation is lack of stability, unlike the case that the bankruptcy and rene-
gotiation points are derived from the maximization conditions. In particular, if the additional
bank debt cost gets lower slightly, the debt ratio becomes 100％, and if the additional cost gets
higher slightly, the debt ratio suddenly drops to 0％. Therefore, setting these points arbitrarily
raises defects of the model and causes the lack of stability.

5 Conclusion

In our paper, we propose the model that discusses capital structure and debt structure
at the same time, and determines the proportion of a bank debt, a bond and equity in terms
of the trade-off theory. There are many differences between the bank debt and the bond. In
this study, we focus on the possibility of renegotiation when a firm goes into deterioration in
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earnings. The bank debt, which is owed to a few specific lenders, may be easier to renegotiate
than the bond held by public and unspecific creditors.

Hackbarth-Hennessy-Leland (2007), which discusses the debt structure as well as capital
structure, has the drawback that proportions of the bank debt, the bond, and the equity are
determined as a corner solution. Their model makes the renegotiation come about at a initial
time. To the contrary, our model decides these proportions from an optimal inner solution.
This result contrasts with Hackbarth-Hennessy-Leland (2007) in that the renegotiation is not
implemented at an initial time.

Although we got the inner solution of the optimal conditions, the numerical calculation
in our basic model shows that the bank debt occupies more than 90 percent of total debt.
The reason why the bank debt is dominant is that the renegotiation benefits the bank, but
not bondholders. On the other hand, many previous studies pointed out that a bank debt
accompanies some additional costs. In our study, a firm is assumed to incurs the additional
costs with using the bank debt, and our model is extended into this assumption. As the result,
since the bank debt becomes less advantageous, the bonds is used more. In our numerical
calculation based on themodel with the additional bank debt costs, the debt structure achieves
a more realistic aspect.

In our model, the bankruptcy and renegotiation points were derived from the maximiza-
tion conditions of the equity value, which is a general method in continuous time capital struc-
ture models. In other words, we implicitly supposed that shareholders could choose these
points without restriction. In the last section of this study, we consider the case where these
points are given in a intuitive way, assuming that the shareholders cannot choose them freely.
Under this assumption, we indicated that the optimal debt ratio is very low in our simulation.
However, the result of the calculation lacks stability, unlike the case of the maximization con-
ditions. Therefore, setting these points arbitrarily may cause defects of the model.

By the way, although our model can achieve a realistic bank debt ratio as debt structure,
it is impossible to realize realistic capital structure. This is the common problem in continuous
time capital structure models; in many previous studies, debt ratios predicted by models are
far larger than actual ones. One of the possible reasons is that expected bankruptcy costs
are very small relative to the benefit of the tax shield of debt. Using debt may accompany
something negative other than the bankruptcy costs. For instance, Morellec (2004) introduces
an agency problem between investors and a manager into his trade-off model, and presents
realistic debt ratios.13 It remains possible that ourmodel is improved by introducing something
accompanied by debt. This is another challenge in our future research.

Appendix

Firm Value Formulas
A cash flow to all investors is βAt +τ(b + c)−M(b) for At > AS . Assuming that there is no

tax shield of debt under renegotiation, a cash flow is βAt −M(b) for AS ≥ At ≥ AB . Hence, a
firm value V (At ) is represented by the following equations.

13 In the model of Morellec (2004), because the objective function of a manager who decides capital structure is not to
maximize the firm value, its capital structure dose not maximize the firm value. On the other hand, a trade-off model
between costs and benefits of debt determines the capital structure, maximizing the firm value. So both models are a quite
different framework.
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VH (At ) = At + τ(b +c)
r

− M(b)
r

+G1 Ax
t +G2 Ay

t if At > AS

VL(At ) = At − M(b)
r

+G3 Ax
t +G4 Ay

t if AS ≥ At ≥ AB

x and y are defined in Equation (2). Boundary conditions of the next four equations are im-
posed.

VH (At ) = At + τ(b +c)
r

− M(b)
r

if At � AS

lim
At ↓AS

VH (At ) = lim
At ↑AS

VL(At )

lim
At ↓AB

VL(At ) = (1−k)AB

lim
At ↓AS

∂VH (At )
∂At

= lim
At ↑AS

∂VL(At )
∂At

Arbitrary constants are specified by the above conditions, and the firm values, VH (At ) and
VL(At ), are calculated as follows.

VH (At ) = At + τ(b +c)
r

−
{

1−
(

At

AB

)y } M(b)
r

− x

x − y

τ(b +c)
r

(
At

AS

)y

+ y

x − y

τ(b +c)
r

(
AB

AS

)x (
At

AB

)y

−k AB

(
At

AB

)y

VL(At ) = At −
{

1−
(

At

AB

)y } M(b)
r

− y

x − y

τ(b +c)
r

(
At

AS

)x

+ y

x − y

τ(b +c)
r

(
AB

AS

)x (
At

AB

)y

−k AB

(
At

AB

)y

A Bond Value Formula
As long as At ≥ AB , bonds generate a cash flow c. A bond is valuated as C (At ).

C (At )= c

r
+H1 Ax

t +H2 Ay
t

Boundary conditions of the following two equations are imposed.

C (At ) = c

r
if At � AB

lim
At ↓AB

C (At ) = α(1−k)AB

From these conditions, C (At ) is calculated as follows.

C(At )=
{

1−
(

At

AB

)y } c

r
+α(1−k)AB

(
At

AB

)y

The first term represents the present value of the cash flow c as long as the firm does not go
bankrupt, and the second is the present value of α(1−k)AB obtained in the case of bankruptcy.

Bank Debt Value Formulas
Interest to the bank debt under renegotiation is paid ŝ(At ). Cash flows to the bank debt

are b for At > AS and ŝ(At ) for AS ≥ At ≥ AB .
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First, in the case of At ≥ AS , a bank debt value BH (At ) is represented as:

BH (At )= b

r
+L1 Ax

t +L2 Ay
t if At > AS .

Boundary conditions of the following two equations are imposed.

BH (At ) = b

r
if At � AS

lim
At ↓AS

BH (At ) = {1−θ∗}{V (AS )−C (AS )}

From these conditions, the bank debt value BH (At ) is calculated as follows.

BH (At ) =
{

1−
(

At

AS

)y } b

r
+η(1−α)(1−k)AS

(
At

AS

)y

+ (1−η)
[

AS

−
{

1−
(

AS

AB

)y} M(b)
r

− y

x − y

τ(b +c)
r

+ y

x − y

τ(b + c)
r

(
AB

AS

)x−y

−k AB

(
AS

AB

)y

−
{

1−
(

AS

AB

)y } c

r
−α(1−k)AB

(
AS

AB

)y ](
At

AS

)y

In the case of AS ≥ At ≥ AB , BL = (1−θ∗){V (At )−C (At )} must be satisfied by the result of
the renegotiation. Thus, BL(At ) is calculated as next.

BL(At ) = (1−η)
[

At −
{

1−
(

At

AB

)y } M(b)
r

− y

x − y

τ(b +c)
r

(
At

AS

)x

+

y

x − y

τ(b + c)
r

(
AB

AS

)x (
At

AB

)y

−k AB

(
At

AB

)y

−
{

1−
(

At

AB

)y } c

r

−α(1−k)AB

(
At

AB

)y ]
+η(1−α)(1−k)At

The equilibrium condition for AS ≥ At ≥ AB is:

∂BL(At )
∂At

(r −β)At + 1
2
∂2BL(At )

∂A2
t

ν2 A2
t − r BL(At )+ ŝ(At ) = 0 if AS ≥ At ≥ AB .

Substituting BL(At ) into this equation, we obtain the following.14

ŝ(At )= {(1−η)+η(1−α)(1−k)}βAt − (1−η){c +M(b)}

Equity Value Formulas
For AS ≥ At ≥ AB , an equity value is θ∗{V (At )−C (At )} through the renegotiation. The

equity value in this area is denoted by SL(At ), which is calculated as follows.

SL(At ) = η

[{
1− (1−α)(1−k)

}
At −

{
1−

(
At

AB

)y } M(b)
r

− y

x − y

τ(b +c)
r

(
At

AS

)x

+ y

x − y

τ(b + c)
r

(
AB

AS

)x (
At

AB

)y

−k AB

(
At

AB

)y

−
{

1−
(

At

AB

)y} c

r
−α(1−k)AB

(
At

AB

)y ]

14 In our numerical calculation, ŝ is not always lower than the promised interest b.
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On the other hand, since a cash flow to shareholders is βAt − (1− τ)(b + c)− M(b) for
At > AS , an equity value SH (At ) is represented by the following equation.

SH (At )= At − (1−τ)(b +c)
r

− M(b)
r

+ J1 Ax
t + J2 Ay

t if At > AS

Boundary conditions of the following two equations are imposed.

SH (At ) = At − (1−τ)(b +c)
r

− M(b)
r

if At � AS

lim
At ↓AS

SH (At ) = θ∗ {
V (AS )−C (AS )

}
From these conditions, SH (At ) is calculated as next.

SH (At ) = At −
{

1−
(

At

AS

)y } (1−τ)(b +c)
r

−
{

1−
(

At

AS

)y } M(b)
r

−
[

{(1−η)+η(1−α)(1−k)}AS +η

{
1−

(
AS

AB

)y } M(b)
r

+η y

x − y

τ(b +c)
r

−η
y

x − y

τ(b + c)
r

(
AB

AS

)x−y

+ηk AB

(
AS

AB

)y

+η
{

1−
(

AS

AB

)y } c

r
+ηα(1−k)AB

(
AS

AB

)y ](
At

AS

)y

Renegotiation and Bankruptcy Points
Renegotiation and bankruptcy points are derived from the conditions to maximize the

equity values.

∂SH

∂AS
= 0

∂SL

∂AB
= 0

From these, we obtain the following equations with which AS and AB are satisfied.

η
x y

x − y

τ(b + c)
r

(
AB

AS

)x−y

+ {(1−η)(1− y)+η(1− y)(1−α)(1−k)}AS

+ y
(1−τ)(b +c)

r
+ y(1−η)

M(b)
r

−η
y2

x − y

τ(b + c)
r

−ηy
c

r
= 0

y
τ(b + c)

r

(
AB

AS

)x

− (1− y){k +α(1−k)}AB − y
M(b)

r
− y

c

r
= 0

Hence, we can get AS and AB by solving the simultaneous equations.
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