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Another Proof of Ostrowski-
Kolchin-Hardouin Theorem in

Difference Algebra
FZREBUZBIT 5
Ostrowski-Kolchin-Hardouin 7&¥E D Gk

Hiroshi Ogawara
Master's Program, Graduate School of Media and Governance, Keio University
NG GAA:
BEIEFETAAR PR IREOR - 2 7 1 7 WERHE L3R

This paper gives another proof of an analog of Ostrowski-Kolchin theorem in difference algebra,
which was proved by Hardouin. Let K be a field of characteristic 0 and (L, ) a difference extension
of a difference field (K, r). Denote the invariant field of (L, r ) and that of (K, ) by C,, C respectively.

Suppose C is an algebraically closed field. Suppose xi, . . ., x,,, v, . . . , y, are nonzero elements of L
satisfying = (x,) = wx;,z(y) =y, +v;, where u;, . . ., u,, vi, ..., v, € K. Then the analog states that
if x,,...,x,¥,...,y,are algebraically dependent over KC,, there exists a nonzero element a €

K satisfying ¢ (a) = (17, u’ki ) a for a nonzero element (k) €Z" or t(a) =a +%}, ay, for a nonzero
element (a) € C".
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1 Introduction

In [1], Hardouin has proved an analog of
Ostrowski-Kolchin theorem with one derivation
operator [2] using difference Galois theory. The
purpose of this paper is to give another proof in
difference algebra, in which we use module of
differentials and its fundamental propositions instead.

To state our theorem we prepare some notions
in difference algebra (cf. [4, pp.103 -115]). We always
regard any ring (field) as a commutative ring (field)
with characteristic 0. Let K be a field and 7 an
isomorphism from K to itself. We call the pair (K, zx)
a difference field and t the transforming operator of K.
Let L be an extension of K which is also a difference
field with a transforming operator z; . We call (L, z,)
a difference extension of (K,z) if v, | x= By Cy, we
denote the invariant field of (K, ty), that is, the field of
invariant elements of r¢ . For a =(ay,. .., a,) € K~
and k=(k, ... k) €Z’, we put «* =11 ¢ Then we

shall show the following theorem:

Theorem Let (L,7) be a difference extension of a
difference field (K, 7) and the invariant field C = Cy an
algebraically closed field. Suppose x,, ..., x,, vy, ...,

v, are nonzero elements of L satisfying

T (x) = ux;,
t() =y+v,
where uy, ..., u,, vy, ..., v, EKIfx;, ..., %0V ..,

v, are algebraically dependent over KC,, then there

exists a nonzero element a € K satisfying
r(a) = (li[ u,-ki ) a @
for a nonzero element (k) € Z" or
7 (a) =a+iaj\1j )
Jj=1

for a nonzero element (¢) € C".

2 Preliminaries

Let 4 be an algebra over a ring R. There exist
an A-module Q called the module of differentials of A
over R and an R-linear derivation d: 4 — Q called the
universal R-linear derivation if for any 4-module M and
any R-linear derivation D : 4 — M there is a unique
A-module homomorphism f: Q— M such that D =
fed (cf. [4, pp.91-92]). The following propositions are

well-known:

Proposition 1 (Rosenlicht [6]). Let L/K be a field
extension and () its module of differentials with the
universal K-linear derivation d. Then 7,,..., 7, €
L are algebraically independent over K if and only

ifdy,, ..., dy, € Q are linearly independent over L.

Proposition 2 (Rosenlicht [6]). Let L/K be a field
extension and () its module of differentials with the
universal K-linear derivation d. Suppose a4, . .., a, €
K are linearly independent over Q. If »,¢y,...,¢, €
L satisfy

r d )
dy+ 21”" 5'=0,

thendy =d{=---=d¢,=0.

Proposition 3 (Kubota [3]). Suppose (L, ) is a
difference extension of a difference field (K, ). Let
Q be the module of differentials of L/K with the
universal K-linear derivation d. Then there exists an

additive mapping z*: Q— Q such that

*(d8) = «(p)d(z () (9, EL).

3 Proof of Theorem

From the assumption, we may suppose that L is
finitely generated over K. In fact, there is a nonzero
polynomial FEKC, [X,, ..., X,, 1}, ..., Y,] satisfying

F(xly"'yxmrylv"‘vyn) =O'




Another Proof of Ostrowski-Kolchin-Hardouin Theorem in Difference Algebra

Let L'be an extension over K generated by x, . .
.y X V1, . .., ¥, and the elements of C, being in the
coefficients of F. Then we have r (L') C L', so that
(L, z)/(K, r) is a difference extension. Furthermore,
we only have to prove our theorem in case vy, ..., v,
are linearly independent over C.

First, suppose that x;, . . ., x,, are algebraically
dependent over KC, and take the minimal number
, X, are algebraically dependent
over KC,. Let Q be the module of differentials of

L/KC, with the universal KC;-linear derivation d :

m' such that x, . ..

L — () . Then there is a nontrivial equation of linear

dependence over L,

where a; € L and a,,= 1. Applying the additive

mapping «* of Proposition 3 to this equation, we have

}m‘; (@) ‘ix" 0.

=1 i

Hence we getby = (a,/) =a,, =1,

m

dx;
=0.
Xi

(r(@)-a)

i

0
.

Since dx,, . . ., dx,._; are linearly independent over
L from Proposition 1, it follows that r (a;) = a; for
each i. Hence every g, is a member of C,. There are
elements ¢y, . . ., ¢, € C, such that they are linearly

independent over Q and satisfy

>

a; = En,_-,-cj (n; €7).

Jj=1

Then not all n; are zero. Putting z, = [T, x% , we

have

From Proposition 2, each z, is algebraic over KC,.
Take some z; of them such that not all n,;, . . ., n,,
are zero. Considering its minimal polynomial, we can
take a nonzero element z € KC, satisfying
r(2) =ulm z, 3
where 7, is a positive integer and (r.n,)) = (r.ny;, . . .,
7N,
Next, suppose that xj, . . ., x,, are algebraically
independent over KC,. Take the minimal number
n'such that x;, . .., x,, ¥, . . ., y, are algebraically

dependent over KC,. There is a nontrivial equation of

linear dependence over L,

dx, <
+ E ( b,dy, =0,
=

m
a;
i=1 Xi

where @, b, € L and b, =1. Applying * to this equa-
tion, we have

m dx,- n'
D@+ >, cb)dy, =0.
1 i h=1

‘xl

Hence a,, b, are included in C,. Take ¢, ..., ¢, € C,,
n; € Zand z; € L following the same procedure as

above. Then we get

r dZ n’

St d( >, buh) 0.

Jj=1 Zj

Hence 3., by, is algebraic over KC,. There is also an
element w € KC, satisfying

n

(W) =w- E r.buv,

h=1

@

for some positive integer r,,.

We can embed C,; into the field of formal power
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series C((f)) over C as a field, since C, is finitely
generated over C. We see C, and K are linearly
disjoint over C, and so are K and C((?)). In fact,
suppose a, . . ., a, € C, are linearly dependent over
K. If r = 1, clearly q, is linearly dependent over C.
a,, are linearly independent over

k, € K with k, = 1 such that

Assume thatay, . . .,

K. Therearek, ...,

ikia, =0
=)

Applying ¢ to this, we have

rzr(kl)ai =0

i=1

Hence we obtain 7 (k) = k;, so that k; € C. This means

ai, ..., a,are linearly dependent over C. Next,
suppose ki, . .., k. € K are linearly dependent over
C((®)). Then there are formal power series i; et .

,Zp ¢,t" € C((H)) which make a nontrivial equation
of linear dependence,

Eki i c b = i( E k,-c,-v)tv =0
1 v

vp \ sl

So we get 21 k;c;, = 0 for all v. Since some ¢;, is a
nonzero element, 4y, . . ., k, are linearly dependent
over C.

Hence there is an embedding from KC, into
the field of formal power series K((f)) over K as a
difference field defining « (#) = ¢t in K((t)). The above z
can be described in K((?)) as

oo

z= Z a,t" (a,€K, a, F 0).
u=p
From (3), we see
E (Q/ )l‘/l E (}" nlj)a tu

u=p

Therefore we obtain z(a,) = u(rzn"/) a,, the form of (1).
We also put

we St bie et
u=q H=q

where y, € K,3,,€ Cand ,,=1. From (4), we see

ir (y/‘)ﬂ Eﬂﬂ HE Vi i/ghﬂtﬂ =
B =g
2 (-

H=q

=

u
Ty Igh " vh) t

h=1

Since vy, . . ., v, are linearly independent over C from

the assumption, we see y, F 0. Therefore y,is a
nonzero element satisfying = (y,) = yo-é 7, BwoVvi, the
form of (2).
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