A Thesis for the Degree of Ph.D. in Science

Metric Theory of Diophantine
Approximations over Imaginary
Quadratic Fields

March 2016

Graduate School of Science and Technology

Keio University

Zhengyu Chen



= W X = g

b H 5 =2 K 4 bR AET

F i X E B
Metric Theory of Diophantine Approximations over Imaginary Quadratic Fields

(i WRIRIZBIT 5T 4 47 7 > b AL ORI EREOAFSE)

(NFEOEF)

T4 AT 7 b AUTPORIFEGGAIGE 1, BER n (126 L CEFE SN IEA SRR o G-z bn- L &
FEEHK| o —m/n | < ¢ ) 27T AEREDNEMETET 5 X 5 7058 o RIEOERIZONT, ZORE %5
METhsd, 22T, WHEITESmM & nlTAWVETHLILGAOREEZ D, ZOMFEE, Khintchine 2449 &
T2 < OBFEIT LY 20 HfdAFE L VITOIL TS, £OHT 1941 4, Duffin & Schaeffer [3kD & 5727
AR LU, BB, THLE(¢Mm) ¢ @m) = oo/ biF, 1ZEALEDFEE ol LT, FRio R SRR E DR
HfpaFro) EOTHETHD, ZOTRITIIETHIEII TRV, 22 To @i Euler B4 T n #2720 n
& HUNI RO A3 T, 1978 FITHAHIZRFER L LT, Vaaler 13 L ¢ @ = O/n) ToHiulX
Duffin-Schaeffer TAEA3 %Y 32> Z & ZRFH L7=,

T A AT 7 N ALUOREE, BEEA R RO IS 208 E UTET 5 Z &3 TE 5, 12720,
TV L HTe 0 | RIS EORESOFRRBOME T I B TR, IR D SO HN
IZRTHDH LA T TIVOFTEZLMEN DD, T7205, 1, aZ il KK EOEEE L, TOIEAT 7 /Ur)
WO L CER SIS L5 & Rz — ar| < P/ |r|, ged(a ) =DNIEE A ETRTOEF
(kU CIEBRIE DR (r, a) Z2FRF 720DV OB EET DR E L e L T& 5, 22T ged(a
=) 2IIATT/U) E@NBNEWIETHD Z L HERT D,

EIE L, ERORELEO T, BEOIZEERI DWW THEL L TV D, 3 EEOSAODuffin-Schaeffer
0 < Dk % TR DUV TR LT D, VT, 7 4 A7 7 & b AR OB A5 & 9 7252
DA D LebesguelllE0 & 725 X 9 723561220 T Z OHausdorff ot Z B9~ S Jarnik & Besicovitch DG H-<0%
N5 &2l L7-Harman DR, & 512, Duffin-Schaeffer TARIZ 35T 2 @) MEYEFAES 5 FE AR DES D
Hausdorffk SelZ W TR L CVD, RIS, VDT 2RO —RINCBET 27« A7 7~ b AR
PLIORIEIZOWT ZHE THIDIL TV ARERZFE LT D, BRI DR BR-OZEA O CEREL 2 E 2 B4
Nakada & Wagner D5 ED0-1EERIZ DUV TR TS,

HE T, V@ =0/ | r ) THIUIREX |z — ar| < @/ |r], ged(a v =@Q), 2NFLALTRTOEFEL:
V2o UCHEERYIE O (r, @) ZFFOZ L AFFH L QN D, ZAUTSEBORTEICIT D VaalerlZ K A& ROEFRL DR
RT3 2 FARBE T 25, fEI R RO Borel-Cantelli DD Renyi-Lampertil & (kDT A7 1+ 7
WZEEADWE b DO TH DD, EOFEPE IR THARN CThH Z L 2 1IE4{bT 5 7= DOEGmEamS. b
DEERNCIR D, ZOFETIIZF OEFRZFFC -2 T\ 5, B2, Duffin-Schaeffer AR RS, %
D [2(@@UE?|r|2) = o] BWUNETHDZ EOREWEEZIAMENZT 5720, TOFMNEIIVNETHDHZ L 2R
I D 7eBHE W DR AT T,

AGRSLDOFEITTIL, T IRIE E T S n7-Jarnik & BesicovitchBUEEE A~ Z0fHRZ 52 T\b, 3
bbb, AERKz - a/r[<r| OO PERYEONE IRk EOBE SR, AR X 5 7etis e 08GO HausdorffoT
ZERNC -2, ZOREROFIAZZEL <IBRTWD, IBIT, ZORERE VT, B IRIA EODuffin-Schaeffer
TRIZEBWNT TEWNZHE ] OFFEI BRANT & & | fiENSEYETE T HEREERDOES 73 OHausdor ik It732
LD Z LD E B T0D, ZORERIE, EFREOE _RIAOEFZ X TR CDuffin-Schaeffer ! 748
IMIELWZ & 2 e H5RED—D2 & 725,




SUMMARY OF Ph.D. DISSERTATION

School Student Identification Number SURNAME, First name
Science and Technology Chen, Zhengyu

Title
Metric Theory of Diophantine Approximations over Imaginary Quadratic Fields

Abstract
Metric theory of Diophantine approximations deals with the size of the set of real numbers o

which have infinitely many rational numbers m/n such that |a—m/n| <\(n)/n for a given non-negative
real valued function y(#). Here we usually only consider the case that m and n are co-prime. Many
works have been done since the earlier 20th century by Khintchine and some other
mathematicians. In 1941, Duffin and Schaeffer made a conjecture that if Z(q(n)y(n)/n) = o, then for
almost all real numbers ¢, the inequality has infinitely many integer solutions 7 and n. Here () is the Euler
function which counts the positive integers less than or equal to » that are relatively prime to n. As one of
partial answers to this conjecture, Vaaler proved that the conjecture is true if y(r2) = O(1/r) in 1978.

Metric theory of Diophantine approximations can be extended to complex numbers if we use the rational
numbers over imaginary quadratic fields to approximate the complex numbers. In the case of imaginary
quadratic fields, the prime factor decomposition of integers is not unique in contrast to the real numbers case,
so we use principal ideals instead of integers to deal with the co-primeness of two integers. Let 7 and a be two
integers over imaginary quadratic fields and () be a non-negative real valued function of ideal (7). Then we
want to know a necessary and sufficient condition on ¥ so that the inequality |z—a/r| <W(r)/|H, g.c.d.(a, r) =
(1), has infinitely many solutions 7 and a for almost all complex numbers z. Here g.c.d.(a, ) = (1) denotes
ideals (@) and () are co-prime.

In the first chapter of the thesis, we explain some known results on the metric theory of
Diophantine approximations. Next, we consider the Hausdorff dimension of the sets of Lebesgue
measure 0 arising from some Diophantine inequalities and explain the result given by Jarnik and
Besicovitch as well as the result generalized by Harman. Finally, we explain some results on the
metric theory of Diophantine approximations over the complex numbers.

In the second chapter of the thesis, we describe the Duffin-Schaeffer conjecture over
imaginary quadratic fields and give a Vaaler type theorem for the complex number case, i.e., the
conclusion of the Duffin-Schaeffer conjecture is true whenever W(r) = O(1/r)). We give its proof
following the idea of the generalized Borel-Cantelli's lemma. Then, we show that the divergent
condition of the Duffin-Schaeffer conjecture is reasonable by giving an example of function P.

In the third chapter of the thesis, we describe a generalized theorem of Jarnik and Besicovitch
over imaginary quadratic fields. That is, we give the Hausdorff dimension of the set of complex
numbers z which have infinitely many integer solutions » and a over imaginary quadratic fields
such that |z - a/ < |4 . We give its proof and use this result to estimate the Hausdorff dimension
of the set of the complex numbers which satisfy the property in the statement of the
Duffin-Schaeffer conjecture over imaginary quadratic fields.
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